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PREFACE 



IT is a remarkable fad in the hiftory of faience, 
that the oldeft book of Elementary Geometry 
is dill confidered as the beft, and that the wri- 
tings of Euclid, at the diftance*of two thoufand 
years, continue to form the mod approved intro- 
dudion to the mathematical fciences. This pe- 
culiar diftindlion the Greek geometer owes to 
the elegance and corrednefs of his demonftrations, 
added to an arrangement mod happily contrived 
for the purpofesof inftrudlion; advantages which, 
when they reach a certain eminence, fecure the 
works of ail author from being forgotten, more 
effeftually than even originality of invention. In 
paOing, however, through the hands of the an- 
cient editors, during the decline of fcience, the 
excellence of his writings had been confide rably 
obfcured, and much fkill and learning have been 
employed by the modern mathematicians to deli- 
ver them from blemiflies, with which, it is certain, 
that they were not originally marked. Of thefe 
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iv PREFACE. 

niathematicianSy Dr Simson, as )ie may be acr 
counted the lad, has alfo been the moll f^ccefsf\il, 
and has left very little room for the ingenuity of 
future editors to be exercifed in, either by amend- 
ing the text of Eucup, or py improving the 
tranilations from it. 

Such being the merits of Dr Simson^s edition^ 
and the reception it has met with having been 
(every way fuited to them, the work now offered 
to the public will perhaps appear unneceffary. 
And indeed, if that gjcomefer, Ijad written with 
^ view of accommodating t:ie Elements of Eu- 
clid to the prefent ftate of the mathemali- 
pal faiences, it is not likely that any thing new 
in Elenientary Geometry would have been foon 
attempted. But his defi^n was different; it 
was his objeft to reftore the writings of Eu- 
clid to their original perfeftion, and to give them 
to modern Europe as nearly as poffible in the 
^ate wherein they made their firft appearance in 
ancient Greece. For this undertaking no body 
could be better qualified than Dr Simson ; who, 
to an accurate knowledge of the learned languages, 
and a moft indefatigable fpirit of refearch, added 
a profound fkill in tjie ancient Geometry, and an 
admiration of it almoft entbufiaftic. According- 
ly, he not only reftored the text of Euclid where- 
pver it had been corrupted, but in fome cafesf 
removed imperfedlions that probably belonged 
■ ' " ■ tq 
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PRES^ACE. V 

to the original work ; though his extreme par- 
tiality for his author never permitted him to 
fuppofe, that this was an honour thac could fall 
to the (hare either of himfelf, or of any other of 
the modems. 



S 



But, after all this was acconlplifhed, fomethin 
ftill remained to he done, fince, not with (landing 
the acknowledged excellence of Euclid's Ele- 
mentSy it could not be doubted, that fome altera- 
tions might be made upon them, that would ac- 
commodate them better to k ftate of the mathe- 
matical fciences, fo much more improved arid 
extended than at any former period. This ac- 
cordingly is the objedl of the edition now of- 
fered to the public, which is intended not fo much 
to give to the writings of Euclid .the form which 
they originally had, as that which may at prefent 
render them moil ufefuL 

One of the alterations that has been made with 
this view, refped^ the Dodlrine of Proportion, the 
method df treating which, as it is laid down in 
the fifth of Euclid, h&s great advantages, accom- 
panied with confiderable defedls ; of which, how- 
everj it muft be obferved, that the advantages 
are eflential to it, and the defe^ls only accidental. 
To explain the nature of the former, requires a 
more minute examination than is iuited to this 
place, and which muft, therefore, be relerved for 
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vi P RE FACE. 

the notes ; and, in the mean time, it m^y be ftit 
iicient to remark, that no definition of proportion- 
als, except that of Euclid, has ever been given, 
from which their properties can be deduced by 
reafonings, which, at the fame time that they-^ffe 
perfeftly rigorous, are alfo fimple and direft* 
As to the deteds, on the other band, the prolix- 
nefs and obfcurity, that have fo often been com^ 
plained of in thr» book, they feem to arile entire^ 
ly from the nature of the language ; for, in 
mathematics, common languagie can feldom be 
applied, without much tedioufnefs and circum- 
locution, in reafoning about the relations of fucb 
things as cannot be reprefented by means of dia^ 
grams, which happens hece, where the fubjedi 
treated of is magnitude iu general. It is plain^ 
therefore, that the eoncife language of Algebra 
is diredly calculated to remedy this inconveni- 
ence ; and fuch a one I have, accordingly, endea*. 
voured to introduce, in the fimpleft form, and 
without changing at all the nature of the reafon- 
ing, or departing in any thing from the rigour of 
geometrical demonftration. By this contrivance 
the fteps of the reafoning which were before fo) 
far feparated, are brought near to one another, 
and the force of the whole is ib clearly and di- 
re£Uy perceived, that I am perfuaded no more diif- 
ficulty Avill be found in underftanding the prx>- 
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PREFACE. vii 

pofitions of the fifth Book, (han of any other of 
the Elements. 

A few changes have alfo been made in the 
enunciations of this book, chiefly in thofe of the 
fabfidiary propoiitions which Euclid introduced 
for the fake of the reft ; they are expreiled here 
in the manner that feemed baft adapted to the 
new notation. 

The alterations above mentioned are the moil 
material that have been attempted on the books of 
Euclid. There are, however, a few others, which, 
though lefs confiderable, it is hoped, may in fome 
degree facilitate theunderftandingof them. Such 
are thofe made on the definitions in the firft Book, 
^nd particularly on that of a ftraight Iine« A 
new Axiom is alfo introduced in the room of the 
I2th, for the purpofe of demonftrating more eafi- 
ly fome of the properties of parallel lines. In 
the third Book, the remarks concerning the angles 
made by a ftraight line, and the circumference 
of a pijrcle, are left out, as tending to perplex one 
who has advanced no farther than the elements 
of the fcience. The 27th, 28th and 29th of the 
6th are changed for eafier and more fimple pro- 
poiitions, which do not materially differ from 
them, and which anfwer exadly the fame pur- 
pofe. Some propofitions alfo have been added j 
but, for a fuller detail concerning thefe changes, 

a 4 I 



viii PREFACE. 

I muft refer to the notes, in which feveral of the 
more difficult, or more interefting fubjeds of Ele- 
mentary Geometry are treated a^ confiderable 
length. 

Thus much for the part of the Elements that 
treats of Plane Figures. With refpeft to the Geo- 
metry of Solidsj I have departed from Euclid al- 
together, with a view of rendering it both fhort- 
er and more comprehenfive. This, however, is 
not attempted by introducing a mode of reafon- 
ing loofer or lefs rigorous than that of the Greek 
geometer ; for this would be to pay too dear even 
for the time that might thereby be faved ; but it 
is done chiefly by laying afide a certain rule, 
which, though it be not eflential to the accuracy 
of demonftration, Euclid has thought it proper; 
as much as poilible, to obferve. 

The rule referred to, is one which regulates the 
arrangement of Euclid's propoiitions through 
the whole of the Elements, viz* That in the 
demonftration of a theorem he never fuppofes 
any thing to be done, as any line to be drawn, or 
any figure to be conftrufted, the manner of do- 
ing which he has not previoufly explained,' Now, 
the only ufe of this rule is to prevent the admif- 
fion of impoffible or contradidory fuppofitions, 
which no doubt might lead into error ; and it 
is a rule well calculated to anf wer that end ; as 

it 



PREFACE. ix 

it does not allow the exiftence of any thing to be 
fuppofed, unlefs the thing itfelf be adually ex- 
hibited. But it is not always necefiary to make 
ufe of this defence, for the exiftence of many 
things is obvioufly poflible, and far enough from 
implying a contradidion, where the method of 
adually exhibiting them may be altogether un- 
known. Thus, it is plain, that on any given fi- 
gure as a bafe, a folid may be conftituted, or con- 
ceive^ to exift, equal to a given folid, (becaufe a 
folid, whatever be its bafe, as its height may be 
indefinitely varied, is capable of all degrees of 
magnitude, from nothing upwards), and yet, it 
may in many cafes be a problem of extreme dif- 
ficulty to aifign the height of fuch a folid, and 
adlually to exhibit it* Now, this very fuppofi- 
tion is one of thofe, by the introdudlion of 
which, the Geometry of Solids is much fhort- 
ened, while all the real accuracy of the demon- 
ftrations is preferved ; and therefore, to follow, 
as Euclid has done, the rule that excludes this, 
and fuch like hypothefes, is to create artificial 
difficulties, and to embarrafs geometrical inveftiga- 
tion with more obftacles than the nature of things 
has thrown in its way. It is a rule, too, which 
cannot always be followed, and from which even 
Euclid himfelf has been forced to depart, in 
more than one inftance. 

In the two Books, therefore, on the Properties 
of Solids, that I now ofier to the public, though 

I 
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I have followed Euclid very clofely in the fimpler 
parts, I have no where fought to fubjefl: the de- 
monftrations to fuch a law as the foregoing, and 
have never hefitated to admit the exiftenee of fuch 
folids,or fuch lines as are evidently poilible, though 
the manner of a^ually defcribing them may not 
have been explained. In thi^ way alfo, I have been 
enabled to oflfer that very refined artifice in geo* 
metrical reafoning, to which we give the name of 
the Method of Exhauftions, under a much fimpler 
form than it appears in the 12th of Euclid ; 
and the fpirit of it may, I think, be beft learned 
when it is difengagcd from every thing not ef- 
jfential to it. That this fnethod may be the bet- 
ter underftood, and becaufe the demonftrations 
that require it are, no doubt, the mod difficult in 
the Elements^ they are all conduded as nearly as 
ppffible in the fame way through the different fb- 
lids, from the pyramid to the fphere. The com- 
parifon of this laft folid with the cylinder con* 
eludes the eight Book, and is a propofition that 
may not improperly be confidered as terminating 
the elementary pa|t of Geometry* 

In the beginning of the Book juft mentioned, 
I have treated pretty fully of the rectification 
and quadrature of the Circle, fubje^s that are of- 
ten omitted altogether in works of this kind. They 
are omitted, however, as I conceive, without any 
good reafon, becaufe, to meafure the length of 
the iimpleft of all the curves which Geometry 

. treats 
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treats of, and the fpace contained ivitbin il^ are 
problems that certainly belong to the elements 
.of the fcicnce, efpecially as they are not more 
difficult than other propolitions where the method 
of exhaullions is employed. When I fpeak of 
the redification of the circle, or of meafuring the 
length of the circumference, I mud not be fup- 
poied to mean; that a ftraight line is to be made 
.equal to the circumference exa£lJy, a problem 
which, as is well known. Geometry has never been 
abk to refplve : All that is propofed is, to deter- 
mine two ^riaight lines that differ very little from 
one another, not more, for inftanoe, than the four 
hundred and ninety- fcventh part of the diameter 
of the circle, and of which the one is demonftrated 
to be greater than the circumference of that 
circle, and the other to be lefs« In the fame man* 
ner, the quadrature of the circle is performed 
only by approximation^ or by finding two red^ 
angles, nearly equal to one another, the one of 
them greater, and the other lefs than the fpace 
i^ontained within the circle. 

The Data of Euclid has been annexed to fe-^ 
reral editions of the Elements, and particularly ta 
Dr Simson's, but in this it is omitted altogether. 
it is omkted, however, not from any opinion of ita 
being in itfelf ufelefs, but becaufe it does not be- 
long to this place, and is not often read by begin- 
ners* It contains the rudiments of what is properly 
]& > called 
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called the Geometrical Analyfis, and has itfelf an 
analytical form ; and, for tbefe reafons, 1 would 
willingly refer ve it, or rather a compend of it^ 
for a work on that analyfis, which I have long 
meditated. 

Plane and Spherical Trigonometry, on th6 
other hand, make a part of this volume, becaufe, 
iA every courfe of mathematical ftudies, that is di- 
reded toward ufeful purpofes, thefe two branched 
neceflarily come after the Elements, In ex* 
plaining the elements of fuch fciences, there is 
not much new that can be attempted, or that will 
be expefted by the intelligent reader. Except, 
perhaps, fome new demonfirations, and fpme 
changes in the arrangement, thefe twb treatifes 
have, accordingly, no novelty to boaft of. The 
Plane Trigonometry, though pretty full, is^ fo di- 
vided, that the part of it that is barely fufficient 
for the refolution of Triangles, may be eafily 
taught by itfelf. In a fcholium the method of con- 
ftruding the trigonometrical Tables is explained^ 
and a demonftration is added of the properties 
of the fines and co-fines of the' fums and differ- 
ences of arches, which are the foundation of thofe 
new applications of Trigonometry that have been 
introduced with fo much advantage into the high^^ 
er Geometry. 
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In the Spherical Trigonometry, the rules for 
preventing the ambiguity of the folutions, whcre- 
ever it can be prevented, have been particularly 
attended to ; and I have availed myfelf as much 
as poffible of th ^t excellent abftraA of the rules 
of this fcience, which Dr Maskelyne has pre- 
fixed to the new tables of Logarithms. 

It has been objefted to many of the writers 
on Elementary Geometry, and particularly to 
Euclid, that they have been at great pains to 
prove the truth of many fimple propofitions, 
which every body is ready to admit, without any 
demonftration, and thus take up the time, and' 
fatigue the attention of the ftudent, to no purpofe. 
To this objedlion alfo, if there be apy force in it, 
the prefent treatife is certainly as much expo- 
fed as any other, for,' of all the alterations th^t 
may be made in the Elements, the laft I (hould 
think of, is to coniider any thing as felf-evident 
that admits of demonftration. Indeed, thofe who 
make the objection juil dated, do not feem to 
have refleded fufEciently on the end of Mathema- 
tical Demonftration, which is not only to prove 
the truth of a certain propofition, but to fhew 
its neceffary connexion with other propofitions, 
and its dependence on them» The truths of 
Geometry are all necefiarily conneded with one 
another, and the fyftem of fuch truths can never 

be 
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be rightly efcplained, unkfs'that cdnne<aion be 
accurately traced, wherever it txifts. It is upon 
this that the beauty and peculiar excellence of 
the mathematical feiences depend ; it is this thart 
prevents any one truth from being fingle and in- 
fukted^ and conned^ the difTerent parts fo firm- 
ly, that they ttiXfi all ftand^ dr all fall together. 
The demotiilration, therefore, even of an obvious 
propofition, dnfwers the purpofc of conneding 
that propofition with others^ and afcertaining its 
place in the general fyftem of mathematical truth. 
Ifj for example, it be alleged^ that it is needlefs 
to demonfftrate that any two fides of a triangle are 
greater than the third ; it may be replied, that this 
is no doubt a truths which, without proof, mod 
men will be Jpplined to admit ; but, are we for 
that reafon . to account it of no confequence to 
know what the propofitions are^ which would ceafe 
to be true if this propofition w^e fuppofed to be 
&k]ih?ls it tiot ufeful to know, that unlefs it be true, 
that any two fides of a triallgle ar^ greater than 
the third, ];)^jithQr could it be true, that thegreat* 
erfide of every triangle is pppofite to the greater 
angle, nor that the equal fides are oppofite to equal 
angles, nor» iaftly, that things equal to the f^mc 
thing are equal to one 9:nother ? By a fcientific 
]|iind this infof matioa wiU not be thought lightly 
of; and it is exadly thiat *hich Ttc receive from 
Euclid's detiionftration. 
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« 

To all this it may be added, that the mind, 
efpecially when beginning to ftudy the art of 
reafoning, cannot be employed to greater ad- 
vantage than in analyfing thofe judgments, 
which, though they appear fimple, are in rea- 
lity complex, and capable of being diftinguifti- 
ed into parts. No progrefs in afcending higher 
can be expeded till a regular habit of demon* 
ftration is thus acquired ; and I fliould great- 
ly fufpeft, that he who has declined the trouble 
of tracing the connedion between the propo- 
rtion already quoted, and thofe that are be- 
low it, would never be very expert in tracing its 
connexion with thofe that are above it ; and that, 
as he had not been careful in laying the founda- 
tion, he would never be fuccefsful in railing the 
fuperftrudure. 

College of Eoinburcb, 
0^. 21* I7P5* 
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B O O K I. 

DEFINITIONS. 

I. 

^ A Point is that which has pofition, bat not magni- Sce Notts. 
" jtX tude/' 

n. 

A line is length withdnt breadth. 

^ CoB^LLART. The extremities of a Hne are points ; and 
^ the interfedions of one Hne with another are alfo points." 

III. 

^ lines which cannot coincide in two pcnnts, without coin- 
** ciding altogether, are called ftraight lines. 

** CoR. Hence two ftraight lines cannot indofe a fpace. Nei- 
^ ther can two ftraight lines have a common fegment ; 
** that is, they cannot coincide in part, without coinciding 
^ altogether." 

IV. 

^ A inperfieies is that which hath only length and breadth. 

,^ GoR. IBhe extremities of a fuperficies are lines ; and the 
. . ^ imnwHoniol one fiiperficies with another are alfo lines." 

; B V, 
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VT V. 



A plane fuperficies is that in which any two points being ta^ , 
ken, the ftraight line between them lies wholly in that fu* 
perficies. ^ , . 

VI. 

A plane 'reflilineal angle is the inclination of two ibraight 
•lixie&to one anofjxer, whi^h medt- togetbef, but are. Apt in 
^fiune ftjaightiine. I'i 17i D 1 " / 
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N. B. * WhenTevehil'-anglcs^are stt* bde point B, any on« 
of them is expreffed by three letters, of which the letter 
that is at the vertex of the ?Bngle, that is, at the point ift 
which the ftraigl^t lines; that contSMJi t^e angb in^et dbe afr- 
other, is put between the other two letters, and one .^ thcfe 
two is fomewhere upon one of thofe flxaight lines, and thc^j 
other upon the other line : Thus the angle which is con- 
tained by the ftraight lii>es AB; CB, isf named the ah^ 
ABC, ,9f CBA ; that .which is contaiiied .by ABy BD % 
i^amed;tiie angl^ AQf)^ or PBA > and that which is ti 
tained by BD, CB is called the angle DBC, or CBD ; 
if there be only one angle ^t a point, it may be exprefledl 
bj a letter placed at that point \ as the angle at £.^ ^ ^ 

VII. 

When a ftraigl^t. line ftanding on an- 
other ftraight line makes the adja- 
cent angles equal to one another, 
each of die angles is called a right 
angle ; and the ftraight line which 
itaads on the other is called a per- . 
pendicular to it* 
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vm. 

Aa ofoife angk is tfa«t vddcb/is gnater thaa a rif^t angle. 
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* IX. 

Acmc)it«.«»gjk is tbst which i» kis tibiaa a xi^ M^> . '. 

X. 
A figure is that which is incIoieA by (me or more boundaries. 

, . f - . < . » ' f . ^ 

■ 'xi. ■ ■ 

A circle is a plane figure contained by one line, which h 
called the circumference^ and is fuch that all flraight lines 
jdniwn from a certain pDiot .within the £gmr tothe circiM.- 
ference, are equal to one another. 




. mi. 

And this point is called the centre of the .qrcle. 

XIII. 

A diameter of a circle is a- ftraight line drawn through the 
centre^ and terminated both wajs bj the circum^ence. 

^ XIV. 

, A fcmicirclf! is the figure contained bj^ajdiameter and the 
' part of the circumference cut o£f bj the duuneter. 
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XV. 



\ 



Rfftilineal figotei are duife S^ch are contained bj ftiaight 
' lines. 

XVI. 
Trilateral figures, or triaa^es, l^j three flraigkt Unas. 

XVIt 

Quadrilateral,.by.fonr&aight lines. 

XVIII. 

Muldlatertl 'figoces, or polygons, by more than four ftraigbt 
lines. 

Of three fided figures, an equilateral triangle is that whid^ 
has three ei^ual fides. 



. Aa Ubiceles triangle is that which' has only two fides equal 






Ji. {c«lene triangle, i« that which has thpee unequal fi4Q3f 

XXII. 

A ngbt angled triangle, is that which has a right angle. 

XXtll. ' 
J^ obtnfe angled triangle, is that which has an obufe angle,. 
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XXIV. »ookl. 

An acnte angled trian^e^ is that yibioh has tibree iKnteaagks. 

' iucV. 

Of taoT fided figures, a iquare is that which has all its fidts 
equal, and all its angles xight angles. 




XXVI. 

An oblong, is thattwh^ch has all its angles xight angles, W 
has not all its £des equal. 

' XXVII. 

A rhombus, is that which has all its fides equal, but its angka 
are not right angles. 





t xxvm. \ 

*. A rhomboid, is that which has its oppoiite fides equal to one 
) another, but all its fides are not equal, nor its angles right 
apgles. 

XXIX. 

All other font fided figures bcfides thefe, are caDed Tra« 
peziums. 



XXX. 



EL EM E N T 3. 

i?<*^^ XXX. 

Fatfanel-ftni^ lines, are JToch as are in tlte ^me plane, aMi 
Which, being produced ever fo. far both ways, do not meet. 



POSTULATES. 



LET it be granted tbat a ftnft^ Ime-mftj be drawn froat 
any one point to any o£her point. 

» * 

That a terminated ftraight line may be prcdSsu^A it) any kngtb 
in a ftraight line. ' ' ' j 

III. 

And that a circk may be de£bnlMd firom any c^tre, atanj: 
diftance from that centre. 



AXIOMS. ! 



I. 



THINGS wKich are dgual to 
to one another. 



the fame thing are equal 



. II. 

• • - • 

If equals be added to equals, the wholes are equal. 

If equals be taken from equals, the remainders are equal.. 

IV. 
If equals be added to unequals, the wholes are unequal. 

V. 

If «quals be taken from unequals, the remainders are unequal. 

I VI. 
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VI. 
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Things which are double of the bmt, ar&cqual to toe another. ' 

- .• VU. . .: 

Things which are halves of the fame, are equal to one anothcg. 

VIII. 

Magnitudes which coincide with one aaother, that is, whifib 
tX2idly fill the &me fpace, are equal to one another. 

IX. 

The whole is greater than its part. 

X. 

* 

All right angles are equal to one an<nher» 

XI. 

** Two fbraight lines cannot be drawn through the fame point, 
'< parallel to the fame ihraight line, without coinciding witb 
" one another. 



■«'..• 



P R O P O- 
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ELEMENTS 



Booici. PROPOSITION I. PROBLEM, 

TO defcribe an equilateral triangle upon a given 
finite ftraight line. . 

Let AB be the giVen ftraight line ; it is required to defcriW 
an equilateral triangle upon it. 

From the centre A, at 

the diftance AB^ de- 
a3.Poiltt. fcribeathe circle BCD, 
^*^ and trom the centre B, at 

the diftance BA, defcribe 

the circle ACE; and 

from the point C/ in 

which the circles cut on% 

another, draw the ftraight 
¥ X. Poft. lines b CA, CB to the 

points Ay B : ABC fhall 

be an equilateral triangle. 

Becaufe the point A is the centre of the circle BCD, AC 
« II. Be- ^ equal c to AB; and becaufe the point B is the centre of the 
fioition. circle ACE, BC is equal to B A : But it has been proved that 

C A is equal to AB ; therefore CA, CB are each of them 

equal to AB ; but things which are equal to the fame are 
4 I. Azt. equal to one another ^ ^ therefore CA is equal to CB ; where- 
9m* fove C A^ AB, BC are equal to one another ; and the triangle 

ABC is therefore equilateral, and it is defcribed upon the gi* 

yen ftraight line AB. Which was required to be done* 




\ 



PROP. II. PR OB. 



F 



ROM a given point to draw a fl:raigbt line equal 
to a given ftraight line. 



Let A be thelgiven point, and BC the given ftraight fine j 
it is required to flraw from the point A a ftraight Ime.^ equal 
toBC. 



From 
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f'rom the point A to B draw » ^^-r=5*-w look I. 

tlie ftraight Ime AB ; and upon it 
deicribe b the eqnilatend triangk 
DAB, and produce c the ftraight 
lines D Ay DB, to £ and F ; from 
die centre B, at the diftance BC, 
deicribe d the circle CGH, and 
from the centre D, at the diftance 
DG, defcribe the circle GKL. 
AL fliall be equal to BC. 

Becaufe the point B is the centre 
of the circle CGH, BC is equal e 
to BG ; and becaufe D is the 

centre of the circle GKL, DL is equal to DG, and DA, DB* 
parts of them, are equal -, therefore the remainder AL is e^ual 
to the remainder f BG : But it has been fhewn, that BC is fy^ 
equal to BG; wherefore AL and BC are each of them equal 
to BG ; and things that are equal to the fame are equal to one 
another; therefore the ftraight line AL is equal to BC. 
Wherefore from the given point A a ftraight line AL has 
been drawn equal to the given ftraight line BC. Which was 
tobedone. 




e II. DaC 



a 2. t. 



PROP- IIL P R O B. 

FROM the greater of two given ftraight lines te 
cut off a part equal to tho lefs. 

Let Afi addC be the two gi- 
ven ftraight lines^ whereof AB 
i^ the greater. It is required to 
cot off from AB, the greater, a 
part equal to C, the leis. 

Fr^m the point A draw » the 
ftraight Une AD equal . to C ; 
md from the centre A, and at 
die diftance AD, defcribe b the 
circle DEF ; and becaufe A is 
die centre of the circle DEF, AE fliall be eqtial to AD ; but 
the ftraight line C is likewife equal to AD j whence AE 
and C are each of them eqvial to AD ; wherefore the 
ftraight line AE is equal to c C, and from AB, the greater c i. Ax. 
of two ftt^ght lines, a part AE has been cut off equal to C 
the leis. Which was to be dene. 

PROP. 




b^. Ptoft. 
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Book I. PROP. IV. THEOREM. 

IF two triangles have two fides of the one equal ta 
two fides of the other, each to each ; and have 
likewife the angles contained by thofe fides equal to 
one another; their bafes, or third Jides^ fhall be 
equal ; and the two triangles fliall be equal ; and 
their other angles fhall be equal, each to each, vix. 
thofe to which the equal fides are oppofite. 

Let ABC, DEF be two trianrfes which have the two fides 
AB, AC equal to the two fides I) £, DF, each to each, viz. 
AB to DE, and AC A. 
to DF ; and the angle 
BAC equal to the 
angle EDF, die bafe 
BC ^all be equal to 
the bafe EF ; and the 
triangle ABC to the 
triangle DEF ; and 

the other angles, toB C E 

which the equal fides are oppofite, fliall be equal, each to each, 
viz. the angle ABC to the angle DEF, and the angle ACB 
to DFE. 

For, if the triangle ABC be applied to the triangle DEF« 
fo that the point A may be on D, and the ftraight line Ai 
. upon DE ; the point B fliall coincide with the point £, 
becaufe AB is equal to DE ; and AB coinciding with DE, 
AC fli^iU coincide with DF, becaufe the angle BAG is equal to 
the angle E£>F ; wherefore alfo the point C fliall coincide with 
the point Fj becaufe AC is equal to DF : But the point B 
coincides with the point E -, wherefore the bafe BC Siall co- 
a cor,def.3.incide with the bafe EF a, and fliall be equal to ih Therefore 
alfo the whole triangle ABC fliall coincide with thfe whole 
triangle DEF, and be equal to it *, and the remaining an^es 
of the one fliall coincide with the remaining angles of the other, 
and be equal to them, viz. the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. . Therefore, if two tri- 
angles have two fides of the one equal to two fides of the 
other, each to each, and have likewife the angles contained hj 
thofe fides equal to one another, their bafes fliall be equal, and 
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the manned Aiall be equal, and their other angles, to which Boo W.- ^ 
die eqttal fides are oppofite, (hall be equal, each to each. 
Which was to be demonftratefl. 

PROP. V. THE OR. 

THE angles at the bafe of an Ifofceles triangle 
are equal to one another ; and, if the equal 
iides be produced, the angles upon the other fide of 
the bafe ihall alfo be equal. 

Let ABC be an ifofceles triangle, of which the fide AB is 
equal to AC, and let the firaight lines AB, AC be produced 
to D and £, the angle ABC £all be equal to ^e angle ACB, 
a^ the angle CBB to the angle BC£. 

In BD take any point F, and from AE the greater cut off 
AG equal a to AF, die lefe, and join FC, GB. » 3- 1- 

Becaufe AF is equal to AG, and AB to AC, the two fides 
FA^, i^C are; equal, to the two GA, AB, ea^ to each, and 
they contam the angle FAG 
Qoamion to the -two triangles, 
AJFSCji AGB ; therefore the 

bafe FC is equal b to- the bafe / \ b4-i- 

GB, and. the triangle AFC to 
the triangle AGB ; and the re- 
maining angles of the one are 
equal t> to the remaining an- 
gles of the other, each to eochy 
to which the equal fides are op- 
pofite, viz. the angle ACF to 
the angle ABG, and the angle 
AFC to the angle AGB : And 

becaufe the whole AF is equals to the whole AG» aftd the 
J>art AB to the part AC ; the remainder BF fliaU be :c- 
qual c to the remamder CG ; actui FC was proved to be equal c 5. 4«. 
to GB, therefore the two fides BF, FC are equal to the two 
CG, GB, each to each ; but the angle BFC is equal to the 
'angl^GGB ; wherefore the triangles BFC, CGB are equal b, 
and their remaining angles are equal, to which the equsd fides ' 

are oppofite ; therefore the angle FBC is equal to the angle 
GCB, and the angle BCF to the angle CBG. Now, fince it has 
beendemonfirated, that the whole angle ABG is equal to the 

whole 
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S<>ok I. iivhole ACFy and the part CBG to the part BCF, the re^ 
maining angle ABC is therefore equal to the remaining 
angle ACB^ which are the angles at the bafe of the triangk 
ABC : And it has aKo been proved that the angle FfiC ii^ 
equal to the angle GCB, which are the angles upon the o» 
ther fide of the bafe. Therefor^ the angled at the bailey &Cr 
. E. D. 



tloRoLLART. Hence every equilateral triangle is alio equi- 
angular. 



PROP. VL THEOR. 

IF two angles of a triangle be equal to one another, 
the iides which fubtend, or are oppojite to, thofe 
angles, Ihall alfo be equ^l to one another. 



Let ABC be a triangle having the angle ABC equal to t&e 

angle ACB; the fide AB is alfo equal to the fide AC. 

For, if AB be not equal to AC, one of them is greafet'than 
4 g. X. the other : Let AB be the greater, and from it cut « off DB q- 

dual to ACy the leis, and join DC *, there- 

fore, becaufe in the triangles I>BC, ACB, 

1)B is equal to AC, and BC common to 

both, the two fides DB, BC are equal to 

the two AC, CB, each to each ; but the 

angle DBC is alfo equal to the angle ACB ; 

therefore the bafe DC is equal to the bafe 

AB, and the triangle DBC is equal to the 
U4. 1. triangle ^ ACB, the leis to the greater; 

which is abfard. Therefore AB is not 

unequal to AC, that is, it is equal to it. ^ 

Wherefore, if two angles, &c. (^E. D. 

Cor. Hence every equiangular triangle is alfo equilateral* 




PROP. 
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PROP. Vn. THEOR. 



UPON the fame bafe, and on the fame fide of it» Sm n. 
. there cannot be two triangles that have their 
fides whichare terminated in one es^tremity of the 
bafe equal to one another, and likewife thofe which 
are terminated in the other extremity, equal to one 
another. 

If it be poffible, let there be two triang^s ACB, AOB, 
upon the lame bafe AB, and upon the fame fide of it, which 
have Itheir fides C A, DA, terminated in A equal to one an- 
other, and likewife their fides 
CB, DB, terminated in B, equal 
to one another. 

join CD ; then, in the cafe 
in which the vertex of each of 
thetritftfgles is without the other 
triangle* ,becaufe AC is equal to 
AD, the angle ACD is equaU 
to the angle ADC : But the 
angle ACD is greater than 
the angle BCD ; therefore the ^' 
angle ADC is greater alfo than 

]BCD 'f much more then is the angle BDC greater than the 
nngle BCD. Again, becaufe CB is equal to DB, the angle 
BuC is equals to the angle BCD ; but it has been demons 
firated to be greater than it ; which is impofiible. 

But if one of the vertices, as D, be within the otl^r tri^ 
angle ACB ; produce AC, AD to 
E, F -, therefore, becaufe AC is e- 
qual to AD in the triangle ACD, 
the angles • ECD, r DC upon he 
ptber fide of the bafe CD are e- 
qual a to one another, but the angle 
JE.CD is greater than the angle 
BCD -, wherefore the angle FDC 
is likewife greater than BCD; 
much more th^jn is ihe^ngle BDC 
greater than the angle BCD. A- . j 
gain, becaufe CB is equal to DB, ^ 
^e angle BDC is eqaal a to the angle BCD , but BDC has 

been 





J-- 
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BookX boen proved to be greater: than .the fame BCD ; which is im- 

*^' ^ ^poflible. T^he cafe in which the vertex of one triapcle^js 

' ^ upon a fide of the other, needs no demonilration. : ^ 

Therefore, uponthe fame bafe, slnd oa the fame-fide of x, 

there qanaot be twotrianglcsLthat have their fides whidi are 

ttfTijaiiiated ib one extremity, of .t)^e^ b^e equal, to on^jfuiiotber, 

mnd likewife thofb which are tetmiQated:iQ,.the,aU^.^xtirc^ 

tnity. C>,E.D. ,.^ ,^^ 

) P R,0 P. VIIL , Xft* gi?p, , : J 

TF two triangles liaye twb fide^of the ;6tie j^giial to 
two fides of the otker, each to each, ^lid have 
likewife their bafes equal ; the^a(ngle whiphi^ cofv- 
tained by the two fides of the one fiiaU be equal to 
the angle contained by the t wo( iides of ^he 6ther« 

Let ABC, DEF be two trislngles haVtn^ the two fide9 A^ 
AC, equal to the two fides DE, DF, each ta eacU, viz. A8 
to DE, and AC to DF i and alfo the bafe BG equal tdttos 



-' . . < 




bafe EF. T^e an^le BAG is equal t6 the angle EDF. 

For, if the triangle ABC be applied to the triangle DEF, 
fo that the ,point B be on E, and the ib-aight line BC upr 
on EF ; the point C (hall alfo coiniiide with the point F, 
bccaufe BC is equal to EF : therefore BC coinciding with 
EF, B A and AC Ihall coincide with ED and DF ; for, if 
JBA, and C A do not coincide with ED," and FD, but have a 
different fituation as EG and FG ; then, upon the £ame 
bale EF, and upon the fame fide of it» there can be 
$wo triabgles EDF, EGF, that bav^ their fides, which 

are 
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are terminated in o^e ettremity of the bafe equal toone J^l^I- 
another, and like wife ^ Aeir fides . temunated in the other 
extremity,: But this is impoiSble « ; therefore, if the bafe BC a 7. i. 
coincides with the bafe £F, the fides BA, AC cannot but 
coincide with the fides ED, DF; wherefore likewife the 
angle BAG coincides with the angle EDF, and is equal >> to b 8. Ax. 
it. Therefore i^ two triang](ts, Sec- Q; £• D. 



bl. I* 



PROP. IX. PR OB. 

TO h\[e& a ^iven redilineal angle, that is, to di- 
vide it iiit6 two equal angfes. 

• -» » 

' Jjit BAC be the given ' redifineal angle, it is reqtdred to 
bifeait. :• » 1. 

Take any point D in AB, and from AC cut > off A£ e- a 3. t. 
qual to AD ; join OE, and upon it 
d^fldtTbe ^ ah equilateral triangle 
DEF; then joifi AJ"; the ftraight 
line AF bifefta the angle BAG. 

* Becaufe AD is equal to AE, and 
AF is common to the two triangles 
DAF, EAF; the two fides DA, 
AF, are equal to the two fides E A, 
AF, each to each; but the bafe DF 
is alfoequtd to.the^afe EF; there- 
fore the angle l3AF is equal c to the 
angle EAF ; wherefore the given 
f^dilineal angle BAG is bifeSed by ]Q 
the ftraight line AF. Which was to be done* 




c8. u 



T 



PROP. X. PR OB. 

I 

Obifed a given finite ftraight line, that is, to 
divide it into two equal parts. 



Let AB be the givfen ftraight line ; it is required to divide 
it into two equal parts. . 

Defcribe a upon it an equilatferal triangle ABC, and bifeft ax. r,, 
b the angle AGB by the ftraight line CD. AB is cut into b 9. u 
p^Q ^^ual parts in the point Dv < 

Becaufe 



x6 
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Book I. Becatife AG is equal to GB, and CD 
'common to the two triangles A€D, 
BCD : the two fides AC, CD are equal 
to the two BC, CD, each to each ; but 
the angle AGD is alfo equal to the angle 
BCD ; therfeore the bafe AD is eqixal 
to the bafe c DB, md the firaight Une 
AB is divided into two equal parts in 
the point D. Which wasjto be done. 



hit 



1 4* X. 
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PROP. XI. PRQB. 

1 — 

TO draw, a ftraight line at right angles to a giyeni 
ftraight line, from a gi\|^n point in the fkme. 



b z. z. 



Let AB be a given ftraiffht line^ and C a point givea in it; 
it is required to draw a ftraight line from the point C at right 
angles to AB. 

Take any point D in AC, aiid ^.make CE equal to CD, 
and upon D£ defcribe b the 
equilateral triangle DFE, 
and join FC ; the ftraight 
line FC, drawn from the gi- 
ven point C, is at right an- 
gles to the given ftraight line 
AB. 

Becaufe DC is equal to 
C£, and FC common to the 
two triangles DCF, ECF, the two fides DC, CF, are equal 
to the two £C, CF, each to each ; but the bafe DF is alfo equal 

eS. I, to the bafe EF ; therefore the angle DCF is equal c to the 
angle ECF ; and they are adjacent angles. But, when the 
adjucenc angles which one ftraight line makes with another 
ftraight line are equal to one another, each of them is called a 

^7 def. right d angle \ therefore each of the angles DCF, ECF, is a 
right angle. Wherefore, from the given point C, in the gi- 
ven ftraight line AB, FC has been drawn at right angles tp 
AB. Whioh was to be done. 




PROP. 
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PROP. XII. P R O B. 

TO draw a ftraight line perpendicular to a given 
ftraight rline of an unlimited length, from a gi- 
ven point without it. 

Let AB be the given ftraight line, which may be produced 
to any length both ways, and let C be a point without it. It 
is required to draw a ft 

flraight line perpendicu- 
lar to AB from the point 
C. 

Take any point D up- 
on the other fide of AB, jT — p 
and from the centre C, at 
the diftance CD , defcribe a -D 

the circle EGF meeting AB in F, G ; and bifeft b FG in 
H, and jpin CF, CH, CG ; the ftrjught line CH, drawn from 
the given point C, is perpendicular to the given ftraight line 
AB. 

Becaufe F^ is equal to HG, and HC common to the two 
triangles FHC, GHC, tlie two fides FH, HC are equal to 
the two GH, HC, each to each ; now the bafe CF is alfo equal c 
to the bafe CG ; theiefore the angle CHF is eqiul <^ to the 
an ,le CHG ; and they are adjacent angles •, but when a 
ftraight line ftanding on a Ibraight line makes the adjacent 
angles equal to one another, each of them is a right angle, 
and the ftraight line which ftands upon the other is called a 
perpendicular to it ; therefore from the given point C a per- 
pendicular CH has been drawn to the given ftraight line AB. 
Which was to be done. 



Book I. 



a 3. Poft. 
b xo. I. 



c II. Def. 
I. 

d8. I, 



PROP. XIII. T H E O R. 

THE angles which one ftraight line makes with 
another upon the one fide of it, are eiiiier 
two right angles, or are together equal to two right 
angles. 

Let the ftraight line AB make with CD, Upd one fide of 
it, the angles CBA, ABD ; thefe arc eiiher two light angles, 
or are together equal to two right angles. 

• ' ■ C ' ICK 




a (let. 7. 
b II. I. 



c 2. Ax. 



d I. Ar. 



ELEMENTS 
For, if the angle CBA be equal to ABD, each of them is 

E A 
A 




D BCD B C 

a right angle a ; but, if not, from the point B draw BE at 
right angles b to CD *, therefore the angles CBE, EBD are 
two right angles ; and becaufe CBE is equal to the two 
angles CBA, ABE together, add the angle EBD to each of 
thefe equals ; therefore tlie anglies CBE, EBD are equal c to 
the three andes CBA, ABE, EBD. Again, becaufe the 
angle DBA is equal to the two angles DBE, EBA, add to 
thefe equals the angle ABC ; therefore the angles DBA, 
ABC are equal to the three angles DBE, EBA, ABC ; biJt 
the angles CBE, EBD have been demonftrated to be equal t» 
the fame three angles ; and things that are equal to the £ime 
are equal d to one another ; therefore the angles CBE, EBD 
are equal to the angles DBA, ABC *, but CBE, EBD are two 
right angles •, therefore DBA, ABC are together equal to 
two right angles. Wherefore, when a ftraaght line, &€• 
Q^E. D. 

P R QP. XIV. T H E O R. 

IF, at a point in a ftraight line, two other (Iraight 
lines, upon the oppofite fides of it, make the ad* 
jacent angles together equal to two right angl'cSf 
thefe two ftraight lines Ihall be in one and the fame 
ftraight line. 

At thepoi;it B in the ftraight 
line AB, let the two ftraight 
lines EC, BD upon the oppo- 
fite fides o£^ AB, make the ad- 
jancent angles ABC, ABD e- 
• qual together to two right 
angles;. BD is in the fame 



. ftraight line with CB» 
z -For, if BD be not in the (J 
fr.me ftraight line with CB, 

S 
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let BE be in the lame ftraight line with it ; therefore, be- Book J. ^ 
caufe the ftrsdght line AB makes angles with the ftraight ~ ' 
line CBE, upon one fide of it, the angles ABC, ABE are 
together eqyial » to two right angles ; . but the angles ABC, » 13- <• 
ABD are likewiie together equal to two right angles *, there- 
fore the angles CBA, ABE are equal' to* the angl^ CBA, 
ABD : Take away the common angle ABC, and the remainiiig 
angle ABE is equal b to the remaining angle ABD, the lefi ^ 3 Ai. 
to the greater, which is impoflible -, uierefbr6 BE is hot in 
the fame ftraight Ime with BC. And, in like manner, it 
may be demonftrated, that no other can be in the fame ftraight 
line with it but BD, which therefore is in the lame ftsdgbt 
line with CB. Wherefore, if at a point, &c. Q^E. D. 

PROP. XV. T H E O R. 

IF two ftraight lines cut one another, the vertical, 
or oppojite angles (hall be equal. 

Let the two ftraight lines A B, CD cut one another in the 
point E ; the angle AEC (rail be equal to the angle DEB, 
and CEB to AED. 

For the angles CEA, C 
AED, which the ftraight 
line AE makes with the 

f ftraight line CD, are to- *. 
gether equal » to two 
sight angles : and the 
angles AED J)EB,which 
the ftraight lineDE makes ^ -rj 

with the ftraight line AB, 

are alfo together equal a to two right angles ; therefore the 
two angles CEA, AED are equal to the two AED, DEB. 
Take awaj the common angle AED, and the remaining 
angle CEA is equal b to the remaining angle DEB. In 
; the fame manner it can be demonftrated that the angles CEB, ° 3 A*. 
AED are equal. Therefore, if two ftraight lines, &c. 
Q.E.D. ^ 

CoR. I. From this it is manifeft, that, if two ftraight- lines 
cut one another, the angles which they make at the point of 
their interferon, are together equal to four fight angles. 

CoR. 2. And hence, all the angles made by any number of 
lines meeting in ^ne point, are together equal to four right 
angles. 

C 2 PROP. 
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a xo. I. 



PRO P. XVI. T H E O R. 

r * ■ , * - , 

IF out Me dfy, triangle be produced, the exter 
angle is' gr#^^r than either of the interior jopi 
fite angles. 

- • Let ABC DC aitnangle, and let its fides BC be produ 
to D^the exterior angle ACD is greater than ^ther of 
interior oppofit^ angles CBA, 

BAG. . : , 

Bifeft^ AC in E, join JEE 
and produce it io F, and 
make EF equal to BE ; join 
alfo FC, and produce AC to 

Becaufe AE is equal to EC, 
and BE to EFj AE, EB are 
equal to CE, EF, each to 
each ; and the angle AEB is •** 

b 15. 1, equal b to the angle CEF, be- 
caufe they are oppofite verti- - 
cal angles \ therefore the bafe 

c 4. 1. . AB is equal c to the bafe CF, ^ 

• and Jthe triangle AEB to the ^ 

triangle CEF, end the remaining ^gles to the remaii 
angles, e^h to each, to which the equal fides are oppol 
whertfore the angle BAE is equal to the angle ECF ; 
the angle ECD is greater than the angle ECF ; therefore 
angles ECD, that is ACD, is greater than BAE : In the fi 
maimer, if- the fide BG be bifefted, it may be demonftr 

^ '5 I' that the angle BCG, Aatis <*, the angle ACD, is greater t 
-the angle ABC» Therefore, if one fide, &c. Q^^E. D. 




A 



PROP. XVIL T H E O R. 

NY two angles of a triangle are together 
than two right angles^ 
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Let ABC be any triangle ; ^''''^ ^' 

ly two of its angles togc- 

ler are lels than two right 

Qgles. 
Produce BC to D; and 

tecaufe ACD is the exterior 

mgle of the triangle ABC, 

A.CD is greater » than the ./.. - . \_ •^" »x6. i. 

interior and oppofite angle 

ABC ; to each of thefe add ^ r^ r — ^ ^ 

le angle ACB -, therefore » . ■ 

e angles ACD, ACB are greater thwi the angles ABC, 
CB ; but ACD^ ACB are together ^qud b to two right ^ 13- 1 
igles ; therefore the angles A3C, BC A are lefe, than tjvo 
^t angles. In like manner, It may be demonitrated, that 
iAC, ACB, as alfo CAB, ABC, are lefe than' two right 
igles. . Therefore, any two angles, &c. Q^ E. U. . 




P B: O P. XVliL . T H E O R. ^ * 

ff 

»HE greater fide pf every trianglQ has the great- 
er angle oppofite to it. 

Let ABC : be a triangle, of J 
?liich the fide "AC is greater 
t.the fi^e. AE; die qmgle ABC . 
alfo greater than the angle 

:a. 

Becauie AC. ia greater than 

~, make » AD. equal to AB, B . ^ a3. i, 

join BD \ 9nd becaufe ADB' is the esiterior angle of the 
langle BDC, It is greater b than the interior and oppofite b 16. i. 
e DCB •, but ADB is equal c to ABD, becaufe the fide c 5. 1. 
is equal to the fide AD ; therefore the angle ABD i» 
cmfe greater than the angle ACB ; wherefore much more 
the angle ABC greater than ACB. Therefc^re the great- 
fide, &c. Q^E. D. ; . 
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i,!!!jij PROP- XIX. T H E b R. 

THE greater angle of every triangle is fubte. 
cd by the greater fide, or has tpe grcatpr ^ 
oppcfite to it. 

9 

Let ABC be a triangle, of ^hich the angle ABC is gr 

er than the angle BCA j the fide AC is likewif? greater i 

the.fideAB." . 
. Fpi^ if .H. V*^ ^ot greater, AC 
» muft eijlipr~be equal to AB, or 

leis,than|^; it is not equal, be- 

cauie th^ the. a^l^ ABC would . 
n 5. 1, be egu4.^ tptBie angle ACB.; 

but It is n(^; th^efore AC is 

not equal to AB*; neither is it g^ 

lefs^ becauie then the angle 
b 18. 1. ABC would be. lels b .than the angle ACB ; but it is i: 

therefore the fide AC is not lefe than AB ; and it has b 

fliewnthatit is not equal to AB; therefore AC is grej 

tfia^ AB. Wherefore the? greater angle, &c. (^ E. D. 




A 



PROP. XX. T H E O R. 

* 

NY two fides of a triangle ^re together grea 
than the third fide. 



Let ABC be a triangle ; any two fides of it tpgether 
greater than the. third fid^, ^/sj. the fides BA, AC grea 
than the fide BC ; and AB, BC greater than AG \ and I 
C A greater than AB, 

'' Produce B A to the point ' j 

* ^' ^' D, and make « AI) equal 
to AC j arid join DC. 

Bec%iufe DA is equal to 

AC, the angle ADC is like- 

b 5. ' . wife equal b to ACD ; but 

the angle ^,BCD is greater ^ 
than the angle ACDf, there- •" C 

fore the angle BCD is greater than the angle ADC \ and ' 

ca 
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:aii£e the angle BCD of the triangle.. DCB is greater than its • Boo k U . 
Lngle BDC,and>that the mater pfide is oppofite to the greater ^7Tq"T~^ 
Lngle ; therefore the fide DB is greater than the fide BC ; but 
DB is equal to BA and AC ; therefore the fides BA, AC are 
pieater dian BC. In the fame manner it may be demonftnu- 
Ded, that the fides AB, BC are greater than CA, and BC, 
ZIA greater than AB. Therefore any two fides, &c. 

D. E. D. ' 

^^^ ...... 

PROP. XXI. T H E O R. 

t 
t 

I-F froin the ends of the fide of a triangle, there be SeeN. 
drawn two ftraight lines, to a point within th^ 
triangle, thefe two lines (ball be lefs than the other 
two fides of the triangle, but fhall contain ia great- 
angJe. 



Let the two ftraight lines BD, CD be ilrawn from B, C; 
the' ends of the fide BC of the triangle j^C, to the point D 
within It ; BD and DC are lels than the other two fides BA, 
AC of the triangle, but contain an angle BDC greater than 
the angle BAC 

Produce BD to E ; and becaufe two fides of a triangle are 
greater than the third fide, the two fides BA, AE of the tri- 
angle ABE are greater than BE. To each of thefe add EC ; 
therefore the fides BA, AC are 
greater than BE, EC : Again, 
becaufe the two fides CE, ED 
of the triangle CED are greater 
than CD, add DB to each of 
thefe i therefore the fides CE, 
EB are greater than CD, DB ; 
but it has been fhewn that BA, 
AC are greater than BE, EC ; 
much more then are BA, AC 
greater than BD, DC. B C 

Again, becaufe the exterior angle of a triangle is greater 
than the interior and oppofite angle, the exterior angle BDC 
of the triangle CDE is ^eater than CED \ for the fcme rea- 
fon, the eicterior angle CEB of the triangle ABE is greater 
•than BAC •, and it has been demonflrated that the angle 

C 4 > BDC 
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BDC is greater than the angfe CEB ; much more then is the 
an-lo LDC greater than the^ngle BAG; Thereftnre, if from 
ths ends of, &c. Q^E. D; 



1^ R O ?. XXII. P R O B. 

r 

■ , ■ f 

nr'^O make a triangle pf which the fides fhall be 
-^ equal to three given ftraight lines ; but any two 
what^efer of thefe lines muft be greater than the 
a 20, 1, third a. 

Let A, B, C be the three given ftraight linesy of whidff 
any tt^6 whatever are greater than >lie third, viz. A and n 
greater than C ; A and C greater than B ; and B and ,C than 

A. It is required to make a triangle of which the fides fhall 
be equal to A, B, C, each to each. 

Take a ftraight line DE terminated at the point D, but 
unlimited towards E, 
1 3. I. and makea DF eqiial y^ ^N^K 

to A, FG to B, and 
GH equal to C ; and 
from the centre F, at 
the drftance FD, de- D 
b 3. Pofl^. fcribeb the circle DKL; 
and from the centre G, 
at the diflance GH, 
defcribe tj another cir- 
cle HLK ; and join 
KF, KG ; the triangle 
KFG has its fides equal 
to the three ftraight 
lines(, A, B, C. 

Becaufe the point F is the centre of the circle DKL, FD is 
c II. Dcf. equal c to FK ; but FD is equal to the ftraight line A ; there- 
fore FK is equal to A: Agaiii, becaufe G is the centre of the 
circle LKH, GH is equal c to GK ; but GH is equal to C ; 
therefore alfo GK is equal to C •, and FG is equal to B, there- 
fore the three ftraight Knes KF, FG, GK, are equal to the 
three A, B, C : And therefore the triangle KFG has its three 
fides KF, FG, GK equal to the three given ftraight lines, A, 

B, C. Which was to be ddne. 
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OF GEOMETRY. a^ 



P R OP. XXIII. P R O B. ^«*' 

/t T a giveti point in a given -ilraight line, - to 
.^jL tnakc a fefftilineal angle equal to a given rtftfti- 
lineal angle. . 

Xet AB be the given ftraight line, and A the given jpoint 
in it, and DCE the given fe6tilineal angle ; it is required to 
make an angle;.' at the 
given point A in the 
given ftraight line AB, 
that ihall be equal to the 
j^ven redilineal angle 
DCE. 

Take in CD, CE any 
points I>, £, and join 

DE ; and make a the tri- D / » 2«. i. 

angle AFG, the fides of 
which fiiaill be equal to 
the three ftraight lines 
CD, DE, CE, fo that CD be equal to AF, CE to AG, and 
DE to FG ; and becaufe DC, CE are equal to FA, AG,* 
each to each, and the bafe DE td thfebafeFG; the angle' 
DGE is equal ^ to the angle FAG. Therefore, at the given ^ •• «- 
point A in the given ftraight line AB, the angle FAG is 
made equal to the given reftilineal angle DCE. Which was 
to be done. 

PROP. XXIV. T H E O R. 

JF two triangles have two fides orthe one equal to 
two fides of the other, each to each, but the 
angle contained by the two fides of one of thenl 
greater than the angle contained by the two fides 
equal to them, of the other ; the bafe of that which 
has the greater angle (hall be greater than the bafe 
of the othen 

Let ABC, DEF be two triangles which have the two fides 
AB, AC equal to the two DE, DF, each to each, viz. AB 

equal 




•a 2.;. 1. 
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Book r. cqiial to DE, and AC to DF ; but the angle BAG greater 
' than the angle EDF \ the bafe BC i$ - alifo greater than th^ 
bafe EF. 

0£the two fides DE, DF, let DE be the fide which is nofc 
greater than the other, and at the poiot D; in the lb:uight lin^ 

DE, make a the angle EDG equal to the angle BAG -, an3 
b 3. X. make DG equal b to AC or DF, and join EG, GF. 

• Becaufe AB is equal to DE, and AG to DG, the two fides 
BAt AC are equal to the two ED, DG, each to eacfi^and the 
angle BAG is e- a H 

qual to the angle ' 

EDG; therefore 
the bafe BG is e- 
e. 4. 1, qual c.to the bafe 
EG V and becaufe 
Dipr is equal to 

DF, the angle 
^'S'l' DFG is equal d to 

the angle DGF •, B^ ^C E L,^ .\ J^G 

but title angle 
DGF is greater 
than the angle EGF,-, therefore the angle DFG is greater 
than EGF ; and much more is the angle EFG greater than 
the angle EGF ; and becaufe the angle EFG of the triangle 
c. ii>. i. EFG is greater than its angle EGF, and that the greater e 
fide is oppofite to the greater angle ; the fide EG is therefore 
greater than thp fide EF ; but EG is equal to BC ; and there- 
fore alfo BC is greater than EF. Therefore, if two triangles, 
&c. Q^E. D. 

PROP. XXV. T H E O R. 

IF two triangles have two fides of the one equal to 
two fides of the other, each to each, but the bafe 
of the one greater than the bafe of the other ; the 
angle contained by the fides of that which has the 
greater bafe^ fliall be greater than the angle con- 
tained by the fides equal to them, of the other. 

Let ABC, DEF be two triangles which have the two fides 
AB, AC equal to the t^vo fides DE DF, each* to each, viz. 

AB 



It 
i 
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AB c(}ual to DE, and AC toDF; but thcbafc CB is greater . ^^^ ^' 
tba the bale £F; the angle BAG is likewife greater than 
the angle EDF. 

For, if' it be not greater, it muft either be equal to it, oriels; 
W the angle BAC is not eqiial to the angle EDF, becanfe 
Am the ba& BC A D 

would be equal * to /V. K • 1 4. i. 

EF ; but it is not ; 
thereJEbi^ the angle 
BAG IS not equal to 
the angle EDF ; 
neither is it leis; be- 

caufe then the bafe 

BC would be leis b B C !E T ^ H- ' 

than the bafe EF -, but it is not ; therefore the angle BAC 
is not leis than the angle EDF y and it was ihewn that it is 
not equal to it ; therefore the angle BAC is greater than the 
angle EDF. Wherefore, if two triangles. Sec. Q^ E. D. 





PROP. XXVI. T H E O R. 

IF two triangles have two angles of the one equal-to 
two angles of the other, each to .each ; and one 
iide equal to one fide, viz. either the fides adjacent 
to the equal angles, or the fides oppofite to the equal 
angles in each ; then fhall the other fides be equal, 
each to each ; and alfo the third angle of the one to 
the third angle of the other. 

LetABC,DEFbe . 
two triangles which 
have the angles ABC, 
BCA equS to the G 
angles DEF,* EFD, 
viz. ABC to DEF, 
and BCA to EFD; 
alfo one iide equal to 
one fide ; and nril let 

thoie fides be equal ^j v, *|j* =p 

which are adjacent to ■** vj JL JS 

the angld^ that are equal in the two triangles, viz. BC to EF; 

the 





s» 
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^4. X. 



he other SAes (hall bee^fual^ each t» each, viz. AB to DE; 
and AC t» DF; and the third angle BAG to the third angl^ 
EDF. 

For,/ i£ AB be not equal to DE, one of themixuift be the 
gfeatei?. Let AB be the greater of thcrt«^,. ind make BG 
equal to DE, and join GC ; therefore, becaiife BG is equal 
to DE, and BC to EF, the two fides GB, BC are equal to 
the two D1L,.EF, each to each; and the angle GBC is 'equal 
to the angle DEF ; therefore ^e bafe GrC is eqiial » to the 
bale pF, and the triangle GBC to the tdangle DEF, and 
the other angles to the other angles, each: to each,, to. which 
the equal fide^ are oppofite ; therefore* the a^igle GCB i3 e- 
q^al to the angle DpE ; but DFE is, \^y the hypothefis, e- 
qnal to the angle BC A ; wherefore aj^ the angk BCG is 
equal to the angle BCA, the lefs to the. greater^ which is im- 
poffible ; therefore' AB is not unequad to DE, that, is, it is 
equal to it ;. and'BC is equal to EF v therefore the two AB, 
BC are equal, to Jtbe two DE, EF, eadi. to each ;. and the. 
angle ABC is equal to the angle DEF •, the bafe therefore 
AC is equal a t;Q the bafe DF,. and the third angle BAC to 
the third angle EDF.' 

Next, let thl^ 'fi^ 
whifch are ojipofile t6 
eqtial angles • it ^aidi 
triangle be equal ^& 
one. another, viz* AB 
to DE > likewife in 
this cafe, the other 
fides fliall be equal, 
AC to DF, and BC 
to EF; and alfo the^j 
third cngle BAC to" 
the third EDF. 

For, if BC be not equal to EF, let BC be the greater of 
them, and make BH equal to EF, and join AH ; and becaufe 
tH is equal to EF, and AB to DE ; the two AB, BH are 
equal to the two DE, EF, each to each; and 'they contain 
equal angles; therefore the bafe AH is equal to the bafe DF^ 
an^ the triangle ABH to the triangle DEF, and the other 
angles Iha 1 be equal, each to each, to wTpch the equal fides 
are oppofite ; therefore the angle BHA is" equal to the angle 

EFD; 




liC 
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EFD; but JEIFD is equal to the angle BCA^ -therefore alfo Book r. 
the angle BHA is equal to the angle BC A, that is, the cxte- ' 
lior angle BHA of the triangle AHC is equal to its intarior 
aodoppofite angle BCA; which is impomble ^ -, wherefore b i6. i. 
BC is not unequal to EF, that is, it is equal to it ; and A'B 
is equal to D£ y therefore the two AB, BC, are equal to the 
twoDE, £F, each to each; and thej contain equal angles i 
wherefore the bafe AC is equal to the bafe DF, and thctliird 
angle B AC to the third angle EDF. ITiercfore, if two tri- 
angles, &c. Q^E. D. 

PROP. XXVII. THE OR. 

IF a ftraight line falling upon two other ftraight 
lines makes the alternate angles equal to one 
another, thefe two ftraight lines Ihall be paraViel. 

Let the ftraight line EF, which falls upon the two ftraight 
lines AB, CD make the alternate angles AEF, EFD equal 
to one another ; AB is parallel to CD. 

For, if it be not parallel, AB and CD being produced fliall 
meet either towards B, D, or towards A,C ; let them be pro- 
duced and meet towards B, D in the point G ; therefore GEF 
is a triangle, and its exterior angle AEF is greater a than the a z5. i« 
interior and oppofite 
angle EFG; but it is 

alfo equal to it, whichA E/ B 

isimpaffible; therefore, / 

AB and CD being pro- / _Z^G 

duced, do not meet to- — 

Wards B, D. In likeC 

manner it may be de- 

Xiionftrated that they do not meet towards A, C •, but tliofe 

ftraight Imes v. hich meet neither way, though produced ever 

£o ^ar, are parallel b to. one another. AB therefore is parallel b 30. DcL 

To CD. Wherefore, if a ftraight line, &c. Q^E. D. 
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3^ ELEMENTS. 

Bookx, PROP. XXVIII. THEOR- 

IF a ftraight line falling upon two other ftraight 
lines makes the exterior angle equal to the in- 
terior and oppofite upon the fame fide of the line ; 
or makes the interior angles upon the fame fide to- 
gether equal to two right angles ; the two ftraight 
lines (hall be parallel to one another. 

Let the ftraight line EF, which falls upon the two ftraight 
lines AB, CD, make the exterior angle EGB equal to the in- 
terior and oppofite angle 
• GHD upon the fame fide ; 
. or make the interior angles 
on the fame fide BGH, 
GHD together equal to two 
right angles •, Afi is parallel 
toCD. 

Becaufe the angle EGB q 

IS equal to the angle GHD, 

.xiS' I. and the angle EGB equal* 

to the angle AGH, the 

angle AGH is equal to the angle GHD •, and they 

b 27. 1, are the alternate angles ; therefore AB is parallel ^ to 

c By Hyp. CD. Again, becaufe the angles BGH, GHD are equal c to 

cl 13. 1. two right angles*, and that AGH, BGH, are alfo equal d to 

two right angles ; the angles AGH, BGH are equal to the 

angles BGH, GHD : Take away the common angle BGH ; 

therefore the remaining angle AGH is equal to the remaining 

angle GHD ; ahd they are alternate angles ; therefore AB is 

parallel to CD. Wherefore, if a ftraight line, &c. Q^ E. D. 

PROP. XXIX. THEOR. 

Sec N. ¥ F a ftraight line fall upon two parallel ftraight 
X lines, it makes the alternate angles equal to one 
another ; and the exterior angle equal to the interi- 
or and oppofite upon the fame fide ; and likewife 
the two interior angles upon the fame fide together 
equal to two right angles. 

Let 
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Let the ftraight line EF fall upon the parallel ftraight lines Book J. 
AB, CD •, the alternate angles AGH, GHD are equsd to one 
another y and the exterior angle EGB is equal to the interior 
and oppofite, upon the fame fide, GHD *, and the two interior 
angles BGH, GHD upon the fame fide are together equal to 
two right angles. 

For if AGH be not equal: to GHD, let KG be drawn 
making the . angle KGH equjil to GHD, and produce 
KG to L •, then KL ^ 
will be parallel to "^^ 
Cpa; butAB is alio \ ' ^L 




parallel to CD ; there- a Jy^^^^^^^"''"'''^'^ J^ 

fore TWO ftraight lines ^^"^ ^ 

are drawn through the ^ 



a 27.^1. 



b XX. Ax. 



c 15. I. 



fame .point G, parallel p 

to CD, and yet not 

coinciding with one 

another, which is im- 

pofSble ^. The angles »^ 

AGH, GHD therefore are not unequal, that is, they 

are equal to one another. Now, the angle EGB is equal to 

AGH c ; and AGH is proved to be equal to GHD ; there- 

£ore EGB is likewife equal to GHD ; add to each of thefe 

the angle BGH; therefore the angles EGB, BGH are equal 

to the angles BGH, GHD; but EGB, BGH are equal d to d X3. i. 

two right angles ; therefore alfo BGH, GHD are equal to two 

light anoles. Wherefore, if a ftraight line, &c. Q^E. D. 

Cor. If two lines KL and CD make, with EF, the two angles 
KGH, GHC together kls than two right angles, KG and GH 
will meet on the fide of EF on which the two angles are that 
are lels than two right angles. 

For, if not, KL and CD are either parallel, or they meet 
on the other fide of EF ; but they are not parallel ; for the 
angles KGH, GHC would then be equal to two right angles. 
Neither do they meet toward the points L and D ; for the. 
angles LGH, GHD would then be two angles of a triangle, 
and lefs than two right angles; but this is impofiible; for the 
four angles KGH, HGL, CHG, GHD are together equal to 
four right angles d, of which the two KGH, CHG are by fup- 
pofition lefs than two right angles ; therefore the other two, 
HGL, GHD are greater than two right angles. Therefore, 
fince KL and CD ure not parallel, and do not meettoward& 
1. and D, they will meet if produced towards K and C. 

PROP. 
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Book J. . PROP. XXX. THE OR. 



S 



TraIght lines which are parallel to the fame 
ftraight line are parallel to one another. 



Let. ABy CD be each of them parallel to EF; AB is alfo 
parallel to CD. 

Let the ftraight line GHK cut AB, EF, CD ; and becaufe 
GHK cuts the parallel flraight 
lines AB, EF, the angle 
a 19. X. AGH is equal a to the angle . 
GHF. Again, becaufe the -^ 
ftraight line GK cuts the 
parallel ftraight lines EF, g Xjl 

CD, the angle GHF is equal 
a to the angle GKD ; and it 
was fliewn that the ' angle JT 
AGK is equal to the angle 
GHF ; therefore aKo AGK 
is equal to GKD ; and the j are alternate angles j therefore 
^ ^7- 1- AB is parallel b to CD. Wherefore ftraight lines, &c. Q. 
E.D. 




1 



PROP. XXXL PR OB. 

'O draw a ftraight line through a given point 
parallel to a given ftraight line. 

Let A be the given point, and BC the given ftraight line ; 
it is required to draw a 
ftraight line through the 
point A, parallel to the 
itraight line BC. 
^ In BC take any point 
■ D, and join AD ; and at 
4 23, 1, the point A, in the ftraight line AD make a the angle DAE 
equal to the angle ADC; and produce the ftraight line EA 
toF. 

Becaufe the ftraight line AD, which meets the two ftraight 

lines BC, EF, makes the alternate angles EAD, ADC equal 

b ^5- X- to one another, EF is pir allele to BC. Therefore the ftnueht 

2 Uae 
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line EAF is drawn through the given point'A parallel to the Book I. 
given ftraight line BC. Which was to be done. " 

PROP. XXXII. THE OR. 

IF a fide of any triangle be produced, the exterior 
angle is equal to the two interior and oppofite 
angles ; and the three interior angles of every tri- 
angle are equal to two right angles. 

Let ABC be a triangle^ and let one of its iides BC be pro- 
duced to D *, thfe.exterior angle ACD is equal to the two in- 
terior and oppofite angles CAB, ABC and the three interior 
angles of the triangle, ^t. ABC, BCA, CAB, are together 
, equal to twp right angles. 

Through the point C . 

dfaw CE paraUel a to ^^ ^ 

(the ftraight line AB ; ^/^ \ y^^ 

and becaofe AB is pa- 
rallel to CE and AC 

meets th^, the al- 

temate arises BAC, B C !p 

ACE are equal b. Again, becaufe AB~is parallel to CE, and b 29. i. 
BD falls upon them, the exterior angle ECD is equal to the 
interior and oppofite angle ABC *, but the angle ACE was 
ihown to be equal to the angle BAC ; therefore the whole ex- 
terior angle ACD is equal to the two interior and oppofite 
' angles CAB, ABC ; to thefe angles add the angle ACB, and 
the angles ACD, ACB are equal to the three angles CBA, 
BAC, ACB; tut the angles ACD, ACB are equal c to two c ii i. 
light angles ; therefore alfo the angles CBA, B AC^ ACB are 
equal to two right angles. Wherefore, if a fide of a triangle, 
&c. Q^E. D. 

CoR. I. All the interior angles 
of any rectilineal figure, together 
with four right angles, are equal 
to twice as many right angles as 
the figure has fides. 

For any re^ilineal figure 
ABCDE can be divided into as 
many triangles as the figure has 

fides, by drawing ftraight lines ^-^-_____^ 

£rom a point F within the figure lA. B 

t9 tach of its. angles. And, by the preceding propofition, 



\ 
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Book I. all the angles of. thefe triangles are equal to twice as many 
right angles as there are triiailgleSy that is, as there are fides of 
the figure ; and the fame angles are equal to the angles of 
the figure, together with the angles at me point F, which is 
a a. Cor. ^g common vertex of the triangles : that is a, together with 
*' ' four right angles. Therefore all the angles of the figure, to- 
gether with four right angles, are equal to twice as many right 
an^es as the fiiurehas fides. 

Cor. ^. All the exterior angles of any redilineal figure arc 
togedier equal to four right angles. 

Becaufe every in- 
teri<Mr angle ABC, 
with its. adjacent ex- 
terior A BD, is equal b 
to two right angles; 
therefore aJl the mte- 
rior, together with all 
the exterior angles of 
the figure, are equal _ 
to twice as many right D 
angles as there are 
fides of the figure; 
that is by the forego- 

uig corollary, they are equal to all the interior anjries of the 
figure, together with four right angles ; therefore tu the ex- 
tenor angles are equal to four right angles. 

PROP. XXXIII. THE OH. 

'T^HE ttraight lines which join the extremities of - 
-* two equal and parallel ftraight lines, towards = 
the lame parts, are alfo themfelves equal and pa- 
raiiei. 

Let AB, CD be equal andA 
parallel ftraight lines, and joined 
towards the fame parts by the 
ftraight lines A C, BD ; AC, BD 
are dfo equal and parallel. 

Join BC ; and becaufe AB is 
parallel to CD, and BC meets 
sk ap. I. diem, the alternate angles ABC, BCD are equal*; and be* j 
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caole AB is equal to- CD) and BC common to the two -tri- Boo kL 
sfflgles ABC, DCBy the two fides AB, BC are equal to the ' " 
two DC, t»B ; and the angle ABC is equal to the angle Btit) ; 
tha:«f<M« t^e bafe A.C is equalb to the bafe BD, and the tri- ^ 4* '^• 
sngle ABC to the triangle BCD, and the other angles to the 
9ihtr augleis b, eadi to each, to which the equal fides are :€p- 
pofite; dberefore the angle ACB is equal to the angle CBD; 
and becaufe the ftraight line BC meetjs the two ftrai^t *linef 
AC, BD, and makes the alternate angles ACB, CBD equal 
to One another, AC is parallel c to BD^ and it was ^wn to c i*j, i« 
he equal to it. There&re, ftraight Uaes, &c. Q^ £• Ij^. 



PROP. XXXIV* T H E O R. 

f ■ 

THE oppofite fides and angles of parallelograms 
are equal to one another, and the diameter 
bifedts them, that is, divided them' in two equal 
parts. 

N. B. A parallelogram is a four Jtded figure^ of 
whkh the oppojite fides are parallel ; and the didfne^ 
ter is the Jiraigbt line joining two of its oppofite 
angles. 

Let ACDB be a parallelogram, of which BC is a diame^ 
ter i the oppofite fides and angles of the figure are equal to 
one another ; and the diameter BG bifefts it. 

Becaufe AB is parallel to CD) 
and BC meets them, the alter- 
nate angles ABC, BCD ate e- 

quala to one another; and be- \ ^y^ \ a ip. r. 

caufe AC is parallel to BD, and 
BC meets them, the alternate 
angles ACB, CBD are equals 

to one aliothei- ; wherefore the two triangles ABC, CBD 
havetwo angles ABC, BCA in ohe^ eqiud to two angled 
BCD, CBD in the othet^ each to each, and one fide BG bom-^ 
mon to the two triangles, which is adjacent to thtir equal 

Da angles; 
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B >o\I. ^ angled ; therefore their other fides fliall be equals cacfi t# 
each,' afnd the third angle of the one to the third atigle of the? 

ba5. 1, other b, Wz. the-fide AB to the fide CD, and AC to BD^ 
and the angle BAC equal to the angle BDG : And becatife 
the angle ABC is equal* to the angfe BCD, and the angle 
CBDtotheanglfi'ACB, the whok angle ABD is equal t<y 
the . whole angle AGD : And ^e angle BAC has been 
fliown'tb be e^ual to^the angle BDC *, therefore the oppofite 
fideis ^4 singles of parallelogranis are equal to one another : 
alfo^ dieir diameter' bife£b them-; for AJB being equal to CD, 
and BC eommon^ the two^AB^ BC are equal to the two DC^ 
CB, each to each ; and the angle ABC is equal to the angle 
BCD ", therefore the triangle ABC is equal c to the triangle- 
BCD, and the diameter.BC divides the parallelograin ACD& 
into two equal parts. Q^E. D. 



c 4* I. 



PROP. XXXV. THE OR. 

■ 

PARALLELOGRAMS upoo the fame bafe and be-* 
. tween the fame parallels^ are equal to one a* 
nother. 

iTd^^d f ^^ *® parallelograms ABCD, EBCF be upon the fame 
rurei! ^^® ^^> ^^^ between the fame parallels AF, BC ; the pa- 
rdlelogram ABCD fliaU be equal to the parallelogram 
EBGK 

If the fides AD, DF of the A 
parallelograms ABCD, DBCF 
oppofite to the bafe . BC be ter- 
minated in the fame point D ; 
it is plain that each of the pa- 
a 34» !• rallelograms is double a of the ]d' 
triangle BDC ; and they arc 
therefore equal to one another. 

But, if the fides AD, EF, oppofite to the bafe BC of thct 

parallelograms ABCD, EBCF, be not termbated in thcr 

feme p' int ; then, becaufe ABCD is a parallelogram, AD isi 

equal a to HC ; for the feme reafon EF is equal to BC ; where- 

b t. Ar- fore AD is equal b to EF ; and DE is commoiti •, therefore 

c %. or 3« the whole, or the remsd^deri AE i^ equal c to the whole, or 

A^ tfa«( 
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jflic remainder DF -, AB alfo is equal to DC ; and the two ^^^ 
A 33 E _Jf A E D E 





EAy AB are therefore equal to the two FD, DC, each to 
'cach V and the exterior angle FDC is £qual <^ to the interior d 
EAB, therefore the bafe EB is equal to the bafe FC, and tVe 
trian^e £ AB equal e to the triangle FDC ; take the tri- « 4 
angle FDC from the trapezium ABCF, and from the iame 
trapezium take the triangle EAB ; the remaindeis therefoie 
are equal f, that is, the parallelogram iVBCD is, equal t; ihe ^3' Ax. 
parallelogram EBCF. Therefore, parallelograms upon the 
iame bafe, &c. Q^E. D. 



PROP- XXXVI. T H E O R. 

EArallelograms upon equal bafes, and be- 
tween the fame parallels, are equal to one ano- 

LctABCD,EFGH A 

ht parallelograms upon 

equal bafes BC, FG, 

md between the fame 

parallels AH, BG-, the 

parallelogram A BCD 

;is equal to EFGH. = ^ 

Join BE, CH; and B ^ * ^ 

I)ecaufe BC is equal to FG, and FG to a EH, HC is equal to a 34. i. 

£H ; and they are parallels, and joined tovvards the lame 

parts by the ftraight lines BE, CH : But llraight lines which 
[join equal and parallel ftraight lines towards the lame parts, 
[ are themfelves equal and p rallel b ; therefore EB, CH are b 33. i. 
jboth equal and'paral]' 1 .nd Ei-CH is s parallelogram ; and 
^k is equal c to ABtD^ bee oie it is upon the lame bale BC, c 35. i. 

. D 3 arid 




3? . ULE^MENTS 

BookL , ^std between the &]^ j^^irallels BCs AD : For iitic like xc^ 
fbn, the parallelQgram EFGH is equal to the fame EBCH : 
Therefore abb the paraUelogram ABCD is equal to EFGH< 
^VTierefore parallelognuns, 8:c7 Ql^E. Dr 



PROy. 25:XXVIt T^lEaR. . 

TRIANGLES upon the fame hafe, and between 
the fame parallels, are equal to one another. 

Let the triangle^. ABC^ PBC be upon tihe fame bafe BC 
and between the fiune paral- 
1^ AD, BC : The triangle 
ABC is ^qual to the tyir 
^n^ DBC.' 

Produce AD both ways 
to the points E, F, and 

f 3»- I- through B draw a BE pa- 
rallel to C| A ; and through 
C draw CF parallel tQ BD : Therefore, each of the figuies 

> 35- ir EBCA, DBCF is a parallelogram •, and EBCA is equal b to, 
DBCF, becaufe they are upon the lame bafe BC, and be- 
tween the iiame parallels BC, EF ; and the triangle ABC k, 
the half of the parallelogram EBCA, becaufe the diameter 
AB bifefls c it ; and the triangle DBC is the half of the pati^I- 
lelogram DBCF, becaufe the diameter DC bife6ls it : But djft. 

d 7. Ax. halves of equak things are equal d ; ^erefore the trkagW 
ABCisequi.tQ the triangle DBC. Wherefore tri^glft^ 
&c. Q^E. D. 




c 34. I. 



T 



PROP. . XXXVIII. THE OR. 

RiANGLES upon equal bafes, and between thC' 
faipe parallels, are equal to one another. 

Le^ the triangks ABC, DEF bq upon equal bafcs 80^^ 
EF, and between the fanve parallels BF, AD : The trisuigli^ 
ABC. is equal to the ttiangle D!^^. 

Froduoe^ 
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Produce AD both ways to the po'nts G, H, and through ^^^ ^' ^ 
B draw BG parallel » to C A, and through F draw FH pa- » ^i. ». 

rallel to ED : Then q ^ D H 

each of the figures ' 

GBCA, DEFH is 

aparallelogram ; and 

they are equal to b | X \ / \ / 1,^6.1. 

one another, be- I / I / \ / 

caufe they are upon \/ \ — A * fr 

equal bafes BC, EF, B C E 1» 

and between the lame paralleb BF, GH ; and the triangle 

ABC is the half c of the parallelogram GBCA, becaufe the ^ 34- »• 

diameter AB biieds It ; and the triangle DEF is the half c of 

die parallelogram DEFH, becaufe the diameter DF hikBs 

it : But the halves of equal things are equal d ; therefore the ^ ?• A** 

triangle ABC is equal to the triangle DEF. Wherefore 

triangles, &c<. Q^ £. D. 

PROP. XXXIX. THE OR. 

E« QUAL triangles upon the fame bafe, and up- 
j on the fame tide of it, are between the fame 
parallels. 

Let the equal triangles \BC, DBC be upon the fame bafe 
Be, and upon the feme fide of it 9 they are bet een the lame 
j^anJleb. 

Join AD ; AD is parallel to BC -, for, if it is not, through 
Ac point A draw » AE parallel to BC, and join EC : The ^ 31. i- 
triangle ABC is equal b to the triangle EBC, becaufe it is up- b 37. x. 
on the fame bafe BC, and between \ r> 

the fame paralleb BC, AE : But the 
triangle ABC is equal to the triangle 
BDC ; therefore alfo the triangle 
BDC is equal to the vriangle EBC, 
the greater to the lefs, whidh is im- 
pcffible : Therefore AE is not paral- 
lel to BC. In the lame manner, it ^ 
can be demonftrated that no other Une but AD is parallel to 
BC ; AD is therefore parallel to it. Wherefore equal tri- 
angles upon, &c. 0. £. D. 

D4 PROP. 
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PROP. XL. T H E O R. 

EQUAL triangles upon equal bafes, in the fame 
ftraight line, and towards the fame parts, are 
between the fame parallels. 

Let the equal triangles ABC, DEF be upon equal bafes 

BC, EF, in the fame jA J) 

llraight line BF, and to- 
wards the fame parts •, 
they are between the 
fame parallels. 

Join AD ; AD is pa- 
rallel to B(^ : For, if it -o 

a SI. I. is not, through A draw* 

AG parallel to BF, and join GF. The triangle ABC is 

b 38. I. equal b to the the triangle GEF, becaufe they are upon equal 
bafes BC, EF, and between the fame parallels BF, AG : But 
the triangle ABC is equal to the triangle DEF *, therefore 
alfo the triangle DEF is equal to the triangle GEF, the great- 
er to the lels, which is impoffible : Therefore AG is not pa- 
rallel to BF : And in the fame manner it can be demonitra^ 
ted that there is no other parallel to it but AD ; AD is 
therefore parallel to BF. Wherefore equal triangles, &c. 
Q.E.D, 




PROP. XLL T H E O R, 

IF a parallelogram and a triangle be upon the fame 
bafe, and between the fame parallels ; the pa- 
rallelogram fhall be double of the triangle. 

Let the parallelogram ABCD and the triangle EBC be 
ppon the fame bafe BC, and bfitween the fame parallels BC, 

? AS I 
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AE ; the parallelogram ABCD is 
double of the triangle EBC. 

Join AC ; then the triangle 
ABC is equal a to the triangle 
EBCy becaufe they are upon die 
(ame bafe BC, and between the 
lame parallels BC, A£. But the 
parallelogram ABCD is double ^ 
of the triangle ABC, becaufe the 

diameter AC divides it into two equal parts ; wherefore 
ABCD is alfo double of the triangle EBC. Therefore, if a 
parallelogram,' &c. Q^E. D. 



PROP. XLII. P R O B. 

r> defcribe a parallelogram that fhali be equal 
to a given triangle, and have one of its angles 
equal to a given redilineal angle. 



BbokL 




D 
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b 34. r. 



Let ABC be the given triangle, and D the given reftili- 
neal angle. It is required to defcribe a parallelogram that 
ihallbe equal to the given triangle ABC, and have one of 
its angles equal to D. 

iBifed a BC in E, join AE, and at the point E in the 
flndght line EC make b the angle CEF equal to D ; and 
through A draw c AG parallel to EC, and dirough C draw 
CGc parallel to EF : There- 

fore FECG is a paraUelo- A^ F G- 

gram : And becaufe BE is 
^qual to EC, the triangle 
ABE is likewife equal d. to 
the triangle AEC, fince 
they are upon equal bafes 
BE, EC, and between the 
fame parallels BC, AG; 
therefore the triangle ABC ^ 

IS double of the triangle AEC. And the parallelogram FECG 
is likewife double e of the triangle AEC, becaufe it is up- 
on the lame bafe, and between the fame parallels : Therefore 
^e parallelograiji FECG is equal to the triangle ABC, and 
if. iias one of its angles CEF equal to the given angle D ; 

Wherefore 



a 10. 
b 23. 
c 31. 



u 
i; 
z. 



d 38. I. i 



e 41. X, 
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Boo klf Wherefore there has beeu defcribed a parallelogram FECG 
^ eqoal to a given trianghs ABC, having one of it angles CEF 
equal to the given angle D. Which was to be done. 



PROP. XLIII. THE OR. 

THE complements of the parallelograms which 
are about the diameter of any parallelogram, 
are equal to one another. 

Let A.BCD be a parallelogram, of which the diameter is 
AC j let EH, FG the parallelograms about AC, that is, thro* 
Trhich AC paffes, and BK, KD 
the other parallelograms which 
niake up the whole figure 
ABCD, which are therefore 
called the complements : The 
complement BK is equal to the 
complement KD. 

Becaufe ABCD is ft paral- 
lelogram, and AC its diameter, -n 
• 34. 1% the triangle ABC is equal » to 

the triangle ADC : And, becaufe EKHA is a parallelogram, 
the diameter of \;^ch is AK, the triangle AEK is equal to 
the triangle AHK : For the &me reafon, the triangle KOC 
is equal to the triangle KFC. Then, becaufe the triangle 
AEK is equal to the triangle AHK, and the triangle KGC 
to KFC ; the triangle AEK, together with the triangle KGC 
is equal to the triangle AHK together with the triangle KFC: 
But the whole triangle ABC is equal to the whole ADC i 
therefore the remaining complement BK is equal to the re- 
xnaining complement KD. Wherefore the complements, Sec. 
Q^E.I). 




PROP. 
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-_ Bookl. 

" PROP. XUV. P R Q B. ' ^' 

^\ O a given ftraight line to apply a parallelo- 
•X gJ^^n^j which ihall be equal to a given triangle. 
Bind have one of its angles equal to a given redi- 
Lineal angle. 

Let AB be the given fhrai^t line, and C the given tri- 
alBDgle, and D. the given redHlineal aagle. It is required to 
cipply to the ftraight line ABr a paraUelogram eqii$d to the 
:9mngle C« and having an angle equal to D. 

Make » the parallelogram aEFG equal to the triangle C, * 42* t. 




c 25^ 



and having the angle EBG equal to the angle D, fo that BE 
be in the fame ftraight line with AB, and produce FG to. H ', 
and through A draw b AH parallel to BG or EF, and join ^ 31- 
HB. Then becaufe th^ ftraight line HF £alls upon die pa- 
ralleb AH, EF, the angles AHF, HFE, are together equal c 
to two right angles ; wherefore the angles BHF, HFE 
are lels than two right angles : But ftraight lines which with 
another ftraight line make the interior angles upon the fame 
fide leis than two right angles, do meet if produced far 
enough : Therefore HB, FE fliall meet, if produced ; let 
them meet in K, and through K draw KL parallel to E A of 
FH, and produce HA, GB to the points L, M : Then HLKF 
is a parallelogram, of which the diameter is HK, and AG, 
ME are the parallelograms about HK -, and LB, BF are the 
complements ^ therefore LB is equal ^ to BF : But BF is e- d 43. 
qual to the triangle C ; wherefore LB is equal to the triangle 
C; and becaufe the angle GBE is equals to the angle ^ z5* 
ABM, and likewife to the angle D ; the angle ABM 
^ ^qual to- the angle D : Therefore the parallelogram 

LB 



t. 
It 



1. 
I0 
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^00^ J' LB is applied to the ftraight line AB, 13 e^ual to the triangb-; 
"'^"y^^ C, and has the angle ABM equai to the angle D : Whia ' 
was to be done. 



-il 



PROP. XLV. PR OB. 

npO defcribe a parallelogram equal to a given.' 
^ redilineal fi^ure» and having an angle equal 
to a given redilineal angle. 

Let ABCD be the given rediUneal figure, and E the ri- 
ven re6tilineal angle. It is required to defcribe a parallelo- 
gram equal to .\BCD, and having an angle equal to E. 

Join DB, and defcribe a the parallelogram FH equal to the 
triangle ADB, and having the angle HKF equal to the angle 
E ; and to the ftraight Ime GH b apply the parallelogram 
GM equal to the triangle DBC, having the angle GHM e- 
qual to the angle E. And becaufe the angle E is eqiial to 
each of the angles FKH, GHM, the angle FKH is equal to 
GHM ; add to each of thefe the angle KHG ; therefore the 
angles FKH, KHG are equal to the angles KHG, GHM i 
c 29. 1, but FKH, KHG are equal c to two right angles j there^ 



A 42. I. 



b 44. 1. 



- t 




«i4. 



I. 



B K 



fore alfo KHG, GHM are equal to two right angles : and be- 
caufe at the point H in the ftraight line GH, the two ftraight 
lines KH, HM, upon the oppofite fides of GH, make the adjacent 
angles equal to two right angles, KH is in the fame ftraight 
line d with HM. And becaufe the ftraight line HG meets the 
parallels KM, FG, the alternate angles MHG, HGF are e- 
qual c ; add to each of thefe the angle HGL ; therefore 
die angles MHG» HGL, are equal to the angles HGF, HGL : 

But 
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I. 



e 30' !• 



hot the dngles MHG, HGL are equal c tp two right angles ; Book 
'Wjiierefore alfo the angles HGF, HGL are eqttal to two right ^"^^^ 
angles^ and FG is dierefore in the fame flraight line with 
GL. And becaufe KF is parallel to HG, and HG to ML, 
KF is parallel ^ to ML ; but KM, FL are parallels ; where- 
fore KFLM is a parallelogram. And becaufe the triangle 
ABD is equal to the parallelogram HF, and the triangle DBC 
Jto the parallelogram GM, the whole re6tilineal figure 
7ABCD is equal to the whole parallelogram KFLM ; there- 
f fore the pantUelosram KFLM has been deicribed equal to the 
[given redilineal figure ABCD, having the angle FKM equal 
!to the given angle £. Which was to be done. 

CoR« From this it is manifeft how to a given flraight line 
to applj a' parallelogram, which ihall have an angle equal to 
a given redilineal angle^ and fhall be equal to a given re^- 
lineal figure, viz. by applying b to the given flraight line a b 44. i, 
parallelogram equal to the firfl triangle ABD, and having an 
angle oqual to the given- angle. 



PROP. XLVL PROB. 




a II. I, 



I. 



d 34. I; 



I JL O defcribe a fqaare upon a given ftraight line, a 

Let* AB be the given flraight line ; it is required to de- 
fcribe a Iquare upon AB. 

From the point A draw a AC at right angles to AB ; and 
ake b AD equal to AB, and through the point D draw ^ 3- 
E parallel c to AB, and through B draw BE parallel to ^ 3^ 
f therefore ADEB is a parallelogram : Whence AB is 
d to DE, and AD to BE : But £ 
A is equal to AD ; therefore .the 
ur flraight lines BA, AD, DE, EB 
e equal to one another, and the pa- j) 
lelogram ADEB is equilateral : 
is likewife reflangular; for the 
ight line AD- meeting the pa- 
ds AB, DE, makes the angles x 
>AD, ADE equal e to two right 
Igles ; but BAD is a right angle ; 
erefore alfo ADE is a right angle *, A 
^otv the oppofite angles of parallelo- 
grams 



t a^. I. 



«ff 
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Bookl. gtams ate eqtud^^ therefore each of ite oppoiite an 
ABE, BED IS a right angle ; wherefore the tigtire A£ 
is retftangular, and it hds been demonibrated that it is eqi 
terai ; it is therefore a fquare, and it is defcribed upon th< 
ven ftraight line AB : Which was to be done. 

Cor. Hence every parallelogram that has one right a 
has all its an^es ri|^t angles. 



.1 . . 



PROP. XLVIl. THE OR. 

A 

- • • .' 

IN any right angled triangle, the fquare tvbich 
defcribed upon the .fide mbtending the rigbt 
gle, is equal to the fquares defcribed upon the 1^ 
which contain the right angle. 

Let ABC be a right angled triangle having the right a^ 

B AC ; the fqu?u:e defcribed upon the fide BC is eqi^ to 

fquares defcribed i^>on B A, AC. 
a 4^. r. On BC defcribe a the fquare BDEC, and on BA, AC 
b 3i» !• fquares GB, HC -, and through A draw b AL parallel to 

or CE, and join AD, FC ; then, becaufe each of the an 

BAC, BAG Is a right 
C30. def, angle c, the two ftraight 

lines AC, AG upoh the 

oppofite fides of AB, 

make with it at the point 

A the adjacent angles e- 

aual t0 two right angles -, 
[lerefot^ CA is in the 

4x4.1. fame ftraight line d with 
AG ; for Sie fame reafon, 
AB and AH are in the 
fatne ftraight line; and be- 
caufe the angle DBC is e- 
qual to the angle FBA, 
each of them being a 
right angle^ add to each 

t 2. Ar. the ande ABC, and the whole angle DBA is equal c to 
whole FBC ; and becaufe the two fides AB, BD are equi 
the two FBy BCy each to each, and the angle DBA equa 
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the mngle FBG ; therefore the bafe AD is e^f todie bt£s took I. 
FC, and the triangle \BD to the triangk J^BC : Now Ae ^X^JT*^ 
parallelogram BL is double g of the triangle ABD^ Beoanfe g 4^/1. 
thej are upon the &me bafe BD, and between dift iaoM pa- 
rallels, BDy AL ; and the fiquare Gfi is double of tbe tri- 
angle FBC, becauie theie alfo are upon the fame bafe FBf and 
betsveen the iame parallels FB, GC. But the doubles of e- 
quals are equal ^ 10 one another ; therefore the parallelogram ^ ^ ^** 
BL is equal to the fquare GB : And, in the lame manner, hj 
joining AE, BK, it is demonftiated that the parallelogram 
CL is equal to the fquare HC. Therefore the whole fquare 
BDEC is equal to the two Squares GB, HC ; and the 
iquare BDEC is defcribed upon the ibraight line BC, and the 
iquares GB, HC upon B A, AC : Wherefore the fquare upon 
die fide BC is equsd to the fquares upon the fides BA, AC. 
Therefore, in any right angled triangle, &c. Q^£« D« 



PROP. XLVm. THE OR. 

IF the fquare defcribed upon one of the fides of a 
triangle, be equal to the fquares defcribed u^n 
the other two fides of it ; the angle contained by 
thefe two fides is a right angle. 

If the fquare defcribed upon BC, one of the fides of the 
triangle ABC, be equal to the fquares upon the other fides 
I BA, AC, die angle B AC is a right angle. 

From the point A draw a AD at right angles to AC, and t n. t, 
make AD equal to BA, ar.d join DC : Then, becaufe DA is 
equal to AB, the fquare of DA is equal D 

to the fquare of AB : To each of thefe 
add the fquare of AC ; therefore the 
fquares of DA, AC, are equal to the 
iquares of BA, AC : But the fquare of 

DC is equal b to the fquares of D A, / >v \ b 47. t« 
AC, becaufe DAC is a right angle ; 

and the fquare of BC, by hypothefis, is ^ 

equal to the fquares of B A, AC ; there- ■" ^ 

finre, the fquare of DC is equal to the fquare of BC ; and 

therefore 
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Book I. . therefore al& the fide DC is equal to the fide BCT. And Bfcv 
' caufe the fide DA is equal to AB, and AC common to th^t 
two triangles DAC, BAC, and the bafe DC likewife equal 
c8. X. to the bafe: BC, the angle DAC is equal vC to the angle 
BAC : But DAG is a right angle -, therefore aHb BAG t 
.. a right angle. Therefore, if the fquare, &c. Q^ E. D. 
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D E F I lil I T I O N S. 



EVERY right angled parallelogram, amSangle^ is &id to 
be contained' b j any two of tifie fhaight lines which con- 
dn <be of the right angles. 



^k # 



. « 



II. 



n every parallelogram, any of the par^elograms about * 
diameter, together with the . * — -^ 

two complements, is cal-, -^ "^- 

led a Gnbmtki. ""* Thus 

* die parallelogram HG, 

* togedier with the com- 

* plemcnts AF, FC, is 

* die^ gnomtm,^ which is fl 
Smore briefly eMrefled 

* by the letters AGK, or 
'"EHC, which are at the 

* 'opjbfite angles of the i 

* gnomon.' 

E 



c 




B 



parallelograms which make the 

PRO P. 




ail. I. 

b3. X. 
c 31. I. 



^ 34- »• 
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P R O P. I. T H E O R, 

IF there te two (ttzight liti^s, one w wfiich is dUi 
vided into any number of parts ; the re£langl( 
contained by tlie two ftraight lines, is equal to the 
redangles contained by the^ undivided line, and tl|9^ 
feveral parts of the divided line. 

LetA andS|C be Wo 4riight JJUlIbs ; ^ let^f C l^^^jp- 
vided into any^parts m the points !d, E ; die reoanglc con- 
tained by the fbraight lines A, BC is equal to the re 
contained , by A, BD, toge- -g DEO 



G 



K 



A 



ther with that contained- hy 
A, D£, and that contained 
by A, EC. 

From the point B draw a 
BF at right angles toBC, and 
make BG equal b to A ; and 
through G draw c GH paral- 
lel to BC ; and through 1); _ 
E, C, draw c DK, EL, CH ^ 

parallel to BG ; then the reftangle BH is equal to the re&;j 
angles BK, JDL, EH ; a^d BH is contained by A, BC^ 
it is contaijied by GB^ BC, .tod. GB is equd. to A .;v and 1 
is contained by A, BD, for it is contained by GB^ .SEk^ .tlf j 
which GB is equal to A ; and DL is contained by A, DE| 
becaufe DK, that is, ^ BG, is equal to A ; and in like ^M*^ 
ner th^ jredangle EH is contained by A, EC : TherefoxethfXJ 
refbanglie contained by A, BC is equal to the i^veral x^^ 
an'j^es contained by A, BD, and by A, DE, an4 aJfp te^ 
A, EC. Therefore, if there be two ftraight |ines, ^ 
Q:.E. D. fl 



f 

J 



. PR O P. II. T H E R. 

IF, a ftraight line be divided into any ttt^o JiaiJt^-.] 
the reiSangles contained by the whole anid eacj^j 
of the pg^rts, are together equal to the fcjuare of the 
whole line/ 
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Let the (baight line AB be divided into any tX09 parts in Book IL 
the point C ; the refiUn^e contsdned -. n "R ' 

by AB^ BG, together vn± the red- ^ ^ ^ 

angle* AB, AC, ihall be equal to 
&e {quare of AB. 

Upon AB defcribe & the fquare 
ADEB, and throurfi C drawb CF, 
pitttQel to AD or BK : then AE is 
qgpal to the redanglea AF, G£ ; and 

Ei^CJLis the ft^uare.of AB^ and AF jt ji ^ 
oieredangle contained by B Ay AC; , 

it is contained by DA, AC, of which AD is equal to 
SAB ; and C£ is contained by ABy BC, for BE is equal to 
'^"^: therefore the reflangle contained by AB, AC toge- 
with die reftan^e aS, BC, is equal to the fquare of AB. 
therefore a ftrai^t line, &c. Q^ E. D. 

P R O P. in. T HE O R. 

a flraight line be divided into any two parts, 
the redangle contained by the whole. and one 
At parts, is eqaal to the redan gle* contained by 
iCtwo parts, together with the fquare of the fore-' 
^d part. 

7m. Ac ftraight line AB be divided into two parts in the 
C ; the reftangle AB^ BC is equal to the reflangle AC, 
f together with the %uare of BC. 
UpooBC defcribe ^ the p .346. 

5 CDEB, and produce Ai ¥ iB 

to F, and through A 
wb AF parallel to CD ^ 3i- '• 

BE; then the redangle 
~ is equal to the redangLes 
, C£. Now AE is the 
nedangle contained by AB, 
iBC, for it is contained by 
4B, BE, of which BE IS 

^ to BC ; and AD is contained by AC, CB, for CD is 

E a equal 

^ * K. B. T« avoid repeating the word contained too frequently; the 1 ' il- 
tMle contained by two ftraight lines AB, AC is furnetimei fitrply called the 
tivoaiigle AB^AC. f 
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Book II equal to. CBir and :D,B is the fquajre of BC : therefore tiw 
'reftangle AB BC is equal to the redangle AC, CB togethef. 
vfiih t£ie fquare of- BC. If therefore a fbaight, &c. Q^£. Di 



PROP. ly. THE OR. 

IF a ftraight line be divided into any two partly 
the ifquare of the whole line is equal to thjB* 
fquares.of the two pirts, together with twice the 
redangle contained by the parts. 









*46. I. 
b 31. I 



c 29. I . 
451. 

e 6. I. 
f 34- I- 



Lej: ^e- ftraight line AB be divided into any two parts ^^ 
C ; the iqiiare of- AB is equal to th^ fquares of AC, CSi, s\iid.< 
to twice the reftangle contained by AC^ CB. ^ \l 

Upon AB defcribe a the fquare ADEB, and join Bt), and 
through C draw b CGF parallel to AD or BE, and throu^ 
G draw HK parstllel to AB or.DE, And becaufe CF is pa- 
rallel to AD, and BD faUs upon them, the exterior aiuk. 
BGC% ^qiial c to the interior and oppofite angle ADB ; ml 
ADB IS equal d M the ahjgle ABD, becaufe BA is equal til 
AD ,' feeing fides of .a. fiquare; wherefore . the angle CGB ii'' 
eguai to the angle GBG •, and therefore the fide BC is^eqnal^fl 
to the fide CG : but CB s equal f a 
aHo to.GK, and CG toJBK; where-, 
fore t3ie figure CGKB is equilater- 
al. It is Kkewife redbingTilar J for ji 
the angle CBK being a right angle^ 
• • the other angles of the parallelo- 
gCor.4d.i.gram CGKB are alfo right angles g; 
Wfierefore CGKB i^ a fquare, and . 
it is upon the fide CB. For the 
, fame reafon HF alfo is a fquv^re, 

and it is upon the fide HG, which is equal to AC; there? 
fore HF, CK are the fquares of AC, CB. And becaufe Ac 
ji»43. 1, complement AG is equals to the complement GE, aofl. 
becaufe AG is the re6kngle contained by AC, CG, tfij« 
is,'by AC, CB ; GE is alfo equal to the redangle AC, CB} 
wherefore AG, GE are equal to twice the re6iangle AC, 
CB. And-HF, CK are the fquares of AC, CB ; wherefore ih^ • 
foiy figures HF, CK, AG, GE are equal to the fquares of 

' . Ac; 
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kC, CB, and to twice the reaangle AC, CB : But HF, CK, BookjL 
AG, GE make up the whole figure ADEB, which is tlie- 
lijuare of AB : Therefore the f (uare of AE is equal to the 
fquares of AC, CB, and twice the re^huigle AC, CB, 
Wherefore if a flraight line, &c. Q^E. D. 

CoR.. From the demonflration, it. is manifefl that the pa- 
rallelograms about the diameter of a fquare are likewife 
fquares. 



P R O P. V. T H fi O R. 

IF a ftraight line be divided into two equal parts, 
and alfo into two unequal parts ; the redangle 
contained by the unequal parts, together with the 
fquare of the line between the points of fedion, is 
equal to the fquaie of half the line. 

Let the ftraight line AB be divided into two equal parts in 

the point Cj and into two unequal parts at the point D ; the 

teOangle AD, DB, together with the fquare of CD, is equal 

to die fquare of CB. 
Upon CB defcribe a the fquare CEFB, join BE, and • 4«- »• 

flirough D draw b DHG parallel to CE or BF j and through ^ 3x- «• 
;' H draw KLM parallel to CB or EF ; and alfo through A 
' draw AK parallel to CL or BM : And becaufe the com^e- 

imeiit CH is equal c to the complement HF, to each of thefe c 43. 1. 

tidd DM ; therefore the whole CM is equal to the whole DF; 

but CM is equal d to AL, *3tf. 1. 

becaufe AC is equal ta J^ 

CB ; therefore alfo AL is 
' equal to DF. To each of -tr 
'thefe add CH, and the ^ 

whole AH is equal to I)F 

uid CH: but AH is the 
le&angle conttdnedHby AD, 
DB, for pH.is equal c to 

DB ; and Dt together ' with t H Is the gnomon' CMG ; 
therefore the gncmon CMG is equal to the reftangle AD, 
DB. To each of thefe add LG, which is ' e .ual e to the 
iquare of CD ; therefore thVi gnomon CMG, together with 
LG, is equal to the reftangle AD, DB, together with the 

E 3 V f<liiar« 
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Boo k n, fquare of CD : But the gnomon CMG and LG make up 
"' ' ftie whole figure CEFB, which is the fquare of CB : Thcre-r 

fore the rerangle AD, DB, together with the fquare of CD/ 
is equal to the fquare of CB.- Wherefore, if a uraight line, 
&c. Q^E. D. 

From this propofition it js mani&ft, that the diBference of 
the fquares of two unequal lines AC, CD, is equal to the 
reflangle contained by their fum and difference. 



PRO P. VI. T H E O R. 

IF a ftraight line be bifefted, and produced to ajy 
point ; the rectangle contained by the whde 
line thus produced, and the part of it produced, to« 
gether with the fquare of half the line bifeAed, is 
equal to the fquare of the ftraight liqe which is 
made up of the half and the part produced.. 

Let the ftraight line AB be bifefted in C, and produced W 
the point D ; the redtangle AD, DB, together with tht 
fquare of CB, i^ e^ual to the fquare of CD. 

Upon CD defcribe a the fquare CEFD, join DE, anif 
through B draw b BHG parallel to CE or DF, and through 
H draw KLM parallel to AD or EF, and alfo through A 
draw AK parallel to CL or DM : and becaufe AC is equal 
to CB, the reaangle AL A C B D 



a 45. 1. 
1^31. 1. 
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is equal c to CH; but 
CH is equal dr to HF ; 
therefore aHoAL is equal 
to HF : To each of thefe 
add CM ; therefpfelh'e" 
whole .^M is equal to 
the endmon CMiG. Now 
AM is thfi-neiflanglecon- 





m 




/ 

H 

1 ^ 


ii 


m 
t ' 


/ 



Mt 



5.91^ a 



:^. 



G T 



tained by AD,-i)B, for DM is e^uaj c; ^p ^b^.i therrfp^e 
Ae gnomon CMG is equ^ to ,the. feftangle 'Al), DB; adJ 
%o each of thefe LG, ^which is equal to the Jqiiafe of G?, 
therefore the reflangle AD, DB, together with the fquare A 
CB, is equal to the gnomon CMG, together with LG : But the 
gijomoQ CMG togetbgr with LG maS.es up the whole figuit 
• -^ " CEFD, 
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C£FD, whieh is the fqusu^e rf CD ; therefore the redahgle Boo'^P' 
AD, DBy together widi the fqiiare of CB, is equal to the 
Cqime o( CD^ Wherefore, if a ftraight line, &% Q^£* D. 



a 46, 



, PROP. VIL T H E O H. 

IF a ftraight line be divided into any two parts, 
the Iquares of the: whole line, and of one of 
the parts, are equal to twice the redangle contain- 
ed by the whok and (hiat part, together with the 
fquare ojF the othei* j;>art* 

• ■ 

If«t the. firaig^t line AB be divided into any two pttrts in 
the point C ; the Iquares of AB, BC are equal to twice the 
redangle AB, BC together with the fquare -of AC. 

Upon AB defcribe a the fquare ADEB, and oonftruft the 
figure as in the preceding propofitlons : And becaufe AG is 
e^fid b to GE, add to each of them CK •, the whole AK is b 43 
thez^e^ore equal to the whole CE ; A C B 

therefore AK, CE, are double of 
AK : But AK, CE are the gnomon 
AKF together with the fquare GK -, 
Aerefore the gnomon AKF, toge- 
ther with the fquare CK, is double 
of AK. But twice the re6tangle AB, 
BC is alfo double of AK, for BK 
is equal c to BC : therefore the 
gnomon AKF, together with the 

fquare CK, is equal to twice the reftangle AB, BC. To 
each of thefe equals add HF, which is equal to the fqua^ of 
AC ; therefore the gnomon AKF, together with the fquares 
CK, HF, is equal to twice the redangle AB, BC and the 
fquare of AC : now the gnomon AKF, togethei* with the 
fquares CK, HF, makes up the whole figure ABEB and 
CK, which are the fquares of AB and BC 2 Therefore the 
fquares of AB and BC are equal to twice the re^hmgle AB, 
BC, together with the fquare of AC. Wherefore, if a 
ftraight Une, &c. Q^ E. D. 
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ft 4' 2. 



^' Becaufethe fquare of AB is equal to the fqoares of AC 
" and CB, a together with twice ^ 

" the reftangle ACB, if the ^ V j, 

** fquare of CB be added to both, 

" the fquares of AB and CB are equal to the fquare d 
" AC together with twice the fquare of CB and twice the ■ 
b 5. a. " redbngle ACB. But the fquare of CB together with die • 
" rcftangle ACB is equal to the ^ redlangle ABC ; ani ^ 
" therefore twice the fquare of jCB, together with twice the ! 
'* rei&angle ACB, is equal to twice the rectangle ABC . 'VV^ete- 
** fore the fquares of AB and CB . are equal to twice the reft: , 
" angle ACB, together with the fquare' of AC. Q^ £. 1). 

" CoR. Hence, the fum of the fquares of any two lines is 
•*' equal to twice the reftangle contained by the lines togetiier 
** with the fquare oi the difference of the lines." 



i r. 



FRO P. VIII. T H E O R. 

IF a flraight line be divided into any two parts, 
four times the redlangle contained by the whole 
line, and one of the parts, together with the fqiiait 
of the other part, is equal to the fquare of the 
ftraight line which is made up of the whole and the 
firft mentioned part. 

Let the ftraight line AB be divided into any two parts m 
the point C ; four times the reftangle AB, BC, together 
with the fquare of AC, is equal to the fquare of the ftrai^^t 
line made up of AB and BC together. ' 

Produce AB to D, fo that BD be equal to CB, and upon 
AD defcribe the fquare AEFD v and conftruft two figures 
fuch as in the preceding. Becaufe CB is equal to BD, and 
that CB is equal a to GK, and BD to KN 5 therefore GK i$ 
equal to KN : For the fame reafon, PR is equal to RO ; and 
becaufe CB is equal to BD, and GK to KN, the redlangle 
I, g J CK is equal b to BN, and GR to RN : But CK is equal c to 
RN, becaufe tljey are the complements of the parallelogram 
CO ; therefore alfo BN is equal to GR ; and the four red- 
angles BN, CK, GR, RN are therefore equal to one another, 

and 
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mi fo are qoadmple of one of them, CK. Again, bccaole Book II 
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CB 13 eqi^ to BD, and BD 
equal d to BK, that is, to CG ; 
and CB equal to GK; that d is, 
to GP ; therefore CG is eqnal lo 
GP; and because CG ia equal 
to GP, and PR to RO, the reft- 
angle AG is equal to fiSP, and 
PL to RF : But MP is equal e to 
PL, becaufe they are the comple- 
ments of the paralldogram ML ; 
wherefore AG is equal alio to 

RF : Tfierefore the four reftangles AG, MP, PL, HF are e- 
qaal to one another, and Co are quadm'ple of one of them, 
AG. Ahd it was demonftrated, thai the fotu' CK, BN, GR, 
and RN are quadruple of CK : therefore the eight reft- 
mries which make up the gnomon AOH, are quadruple of 
AK. And becaufe AK is the reftangle contained by AB, 
BC, forBK is equal to BC, four timca the reftangle AB, BC. 
is quadruple of AK : But the gnomon AOH was demon- 
Ibated to be quadruple of AK ; therefore four times the 
reaangle AB, BC, is equal to the f,nomon AOH. To each 
of thefe add XH, whit;h is equal d to the ^uare of AC ; d Cor. 4. «. 
therefore four times the reftangle AB, BC together wiili 
thefquareof AC, is equalto the gnomon AOH and the fquare 
XH : But the gnomon AOH and the fquare XH make up tlie 
figure AEFD, whith is the fpare of AD : Therefore four 
times the redangle AB, BC, together with the f'juare of AC, 
is equal to the Iquare of AD, that is, of AB and HC added 
together-in one ftraight line. Wbei-efore, if a ftraight liJe, 
&c. Q^E. D. 

" CoR. I. Hence, becaufe AD is the fum, and AC the dif- 
" ference of the lines AB and BC, four tinr.es the reflangle 
" contained by any two lines together widi the fquare of 
" their dificrence, is equal to die fquare of the fiiin of the 
" lines," 

" Cos. 2. "From the demonilration it is manifsll, chat fince 
" the fquare of CD is quadruple of the fquare of CB, the 
" fquare of any line is quadruple of the fquare of half that 
" line." 
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Book a, ; 

i,-,,^ PROP. IX. T H E O R. 

IF a ftraight line be divided into two equals ani 
alfo into two unequal parts ; the fqaares of the 
two uneiqual parts are together double of the fquate 
of half the line, and of the fquare of the line be* 
tween the points of feftion. 

Let the ftraight line AB be divided at the point C into two 

equal, and at D into two unequal parts : The fquares- of AD^ 

DB ^e together double of the fquares of AC, CD. 
1 II. I. From the point C draw a CE at right angles to AB, and 

make it equal to AC dr CB, and join EA, EB; through D 
h 31. 1, draw b DF parallel to CE, and through F draw FG parallel 

to AB ; and join AF : Then, becaufe AC is equal to CE, the 
c. 5. 1, angle E AC is e^qual c to the angle AEC j and becaufe the 

angle ACE is a right angle, the two others AEC, EAC t<i- 
i. 32. 1, gedier make one right angle d ; and they are equal to one auo* 

other ; each of them therefore 
"^ is half of a right angle. For JE 

the fame reafon each of the 

angles CEB, EBC is half a 

right angle ; and therefore the " 

whole AEB is a right angle : 

And becaufe the angle GEF is ^ 

half a right angle, and EGF a "^ 

e. 2p. I. rig^^ ^gl^» f*^^ ^^ ^ equal c to the interior and oppofite angle 
ECB, the remaining angle EFG is half a right angle; there- 
fore the angle GEF is equal to the angle EFG, and the fide 

f 6. T. EG equal ^ to the fide GF : Again, becaufe the angle at B is 
half a right angle and FDB a right angle, for it is equal e to 
the interior and oppofite angle ECB, the remaining angle BFD 
is half a risrht angle; therefore tlie angle at B is equal to 
the angle BFD, and the fide DF to f the fide DB. Now be- 
caufe AC is equal to CE, the fquare of AC is equal to the 
fquare of CE; tlierefore the fquares of AC, CE, are double 

I 47. 1, of the fquare of AC : But the fquare of E A is equal g to the 
fquares of AC, CE, becaufe ACE is a right angle ; therefore 
the fquare of EA is double of the fquare of AC ; A^an, be- 
caufe EG is equal to GF, the fquare of EG is equal to the 
fquare of GF ; therefore the fquares of EG, GF are double of 

the 
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^e imiare of GF*, but the fquare of EF isecpial tp the fquates Book IL 
of EG, GF; therefore the fquare of EF is double of the iquare ' ' ! 
GF; and GF is equal ^ to CD ; therefore the fqua^ie of EF is ^ 34- »• 
double of the fquare of CD : But the fquare of AE is likewife 
(iouble of the fquare of AC ; therefore the fquares of AE, EF 
are double of the fquares of AC, CD : And the fquare of AF 
is equal! to the fquares of AE, EF, becaufe AEF is a right ' ♦^^ '• 
angle ; therefore the fquare of AF is double of the fqiuires of 
AC, CD : But die fquares of AD, DF are equal to the' fquare 
of AF, becauie the angle .A DF is a right angle ; therefore 
the fquares of AD, DF are double of the fquares of AC, CD : 
And DF is equal to DB; therefore the fquares of AD, DB 
are double of the fquares of AC, CD. If therefore a fhraight 
line, &c. Q^E. D. 



PROP. X. THE OR. 

IF a ftraight line be bifccled, aad produced to any 
point, the , fquare of the whole line thus pro- 
duced, and the fquare of the part of it produced, 
are together double of the fquare of half the line 
bifefted, and of the fquare of the line made up of 
the half and the part produced. 

Let the ftraight line AB be bifefted in C, and produced to 
the point D ; the fquares of AD, DB are double of the fquares 
of AC, CD. 

From the point C draw » CE at right angles to AB : And 
make it equal to AC or CB, and join AE, EB; through E 
draw b EF parallel to AB, and through D draw DF parallel b 31. i. 
to CE : And becaufe the ftraight line EF meets the parallels 
EC, FD, the angles CEF, EFD are equal c to two right c ap. x. 
angles ; and therefore the angles BEF, EFD are let than two 
right angles : But ftraight lines, which with another ftraight 
line make the interior angles upon the fame fide lefs than two 
light angles, do meet d if produced far enough : llicrefore d Ccr.aj.i, 
EB, FD fliall meet, if produced towards B, D ; let them m^et 
in G, and join AG : Then, becaufe AC is equal to CE, the 
angle CE-A is equal e to the angle EAC -, and the angle ACE 
is a riglit angle ; therefore each of the angles CEA, EAC is 

half 



a II. I. 



e 5. I. 



6o 



ELEMENTS 



c ap. 



I. 
I. 




Book n. half a rirfit angle ^ : For the fame reafon, each of the aagle 
7 J* ' CEB, OC is half a right angle *, therefore AEB is a right 
^ '* angle : And becaufe EBC is half a right angle, DBG is alfcr 
g half a right angle, for they are vertically oppofitev but 
BDG is a right angle, becaufe it is equal c to the alternate 
angle DGE ; therefore the remaining angle DGB is half a 
right angle, and is therefore equal to the angle DBG; where- 
li 6. 1, fore alfo the fide DB is equal h to the fide DG: Again, be- 
caufe EGF is half a right ' 
angle, and that the angle at 
F is a right angle, ' becaufe 
1 34. 1, it is equ^ t to 9ie oppofite 
angle ECD,. the remaining 
angle FEG is half a right a 
angle, and equal to the 
angle EGF ; wherefore alfo 
the fide GF is equal h" to the 
fide FE. And becaufe EC is equal to C A, the fquare of EC 
is "equal to the fquare of C A ; therefore the fquares of EC, 
CA are double of the fijuare of CA : But the fquare of EA 
k 47, 1, is equal k to the fquares of EC, CA; therefore die fquare of 
EA IS double of the- fquare of AC : Again, becaufe GF is 
equal to FE, the fquare of GF is equal to the fquare of FE ; 
and therefore the fquares of GF, FE are double of the fquare 
of EF : But the fquare of EG is equal k to the fquares of GF, 
FE ; therefore the fquare of EG is double of the fquare of 
EF; and EF is equal to CD; wherefore the fquare of EG is 
double of the fquare of CD ; but it was demonflrated, that 
the fquare of E A is double of the fquare of AC ; therefore 
the fquares of AE, EG are double of the fquares of AC, CD : 
And the fquare of AG is equal k to the fquares of AE, EG j 
therefore the fquare of AG is double of the fquares of AG, 
CD : But the fquares ©f AD, DG are equal k to the fquare of 
AG ; tlierefore the fquares of AD, DG are double of the 
fquares of AC, CD: But DQ is equal to DB; therefore the 
Iquares of AD, DB are double of the fquares of AC, CD ^ 
Wherefore, if a ftraight line, &c. Q^ E. D* 
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TO divide a given ftraight line into two parts, fo 
that the redlangle contained by the whole, and 
one of the parts, (hall be equal to the fquare of the 
other part. 

Let AB be the given ftraight line ; it is required to divi^o 
it into two parts, w that the redangle contained by th^ '^bdle/ 
and one of the parts, fhall be equal to the fquare of the dth^ 
part. »• 

Upon AB defcribe a the fquare ABDC ; bifeft b AC m E^* 4* 
and join BE ; produce C A to F, and make c £F equal ta .^ '^ 
EB, and upon AJF defcribe a the fquare FGHA ; AB is di^ 
vided in H9 fo that the redangle AB, BH is equal to tbei 

'fquare of AH. 

Produce GH to K ; Becaufe the ftraight line AC is bifeded 
m E, and produced to the point F, the reiftangle CF, FA, to^ 
gether with the fquare of AE, is equal d to* the fquare of EF : 
But EF is equal to EB; therefbrfe" the reftangle CF, FA^ 
together with the fquare of AE, is equal to the fquare of EB t 
Ajttd the fquares of BA, AE are 
equal e to the fquare of EB, be- 
caufe the angle EAB .s a right 
angle ; therefore the rectangle GF, 
FA, together with the fquare of, 
AE, is equal to the fquares oi B A, 
AE : take away the fquare of A "* 

AE, which is common to both, 

therefigfe the remaining re&ingle 

CF, FA is equal to the fquare of 

AB.^ Now the figure FK is tlie 

redangle contaiaed by CF, FA, 

for AF is equal to FG ; and AD 

is the fquare of AB; therefore 

FK is equal to AD : take away Q 

the common part AK, and the re- 
mainder FH is equal to the remainder HD : And Ht) is the 

rectangle contained by AB, BH, for AB is equal to BD ; and 

FH is the fquare of AH ; therefore the reaangle AB, BH 

2 is 
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Bo^^k II. CD : But becaufe BD is divided into two parts in C, the leSt^ 
^ ^j ^ angle DB, -BC is equal ^ to j^ 

the reftangle BC, CD and 

the fqiiare of BC: And the 

doubles of thefe are equal '. 

Therefore the fquares of AB, 

BC are equal to the fqaar6 

of AC, and twice the reft- 

aijgleDB^BC; Therefore tb^ ^ 

fquare of AC alone is le|s B C= '•;'"• ""l^ 

than the fquares of AB, BC by twice the reStaj^l^^jl^^ 

A 

LaiUy, Let the fide AC be perpen- 
dictilar to BC •, then is BC fli'e ftra^ght 
linie between the perpendicular a|id the' 
• acute angle at B ; and it is manifeft that 
1 47. 1, the fquares of AB, BC are equal g to 
the fquar6 of AC, and twice the fquare 
df BC : Thterefore, in every fiianglc, &c, 
Q^E. D. 
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O defcribe a fquare that (hall be equaltpa 
given reftilineal figure; 



• Let A be the given reflUineal figure ; it is required to de- 

fcribe a fqiiarc'thit fliall be equal to A. 
ft 4$. I. 'Defcrib^ a the re6tangulaf patalleliDgratn BCDE equal to 
the redUlineaJ figurie A. If then the fides of it BE," £D are 
equal to one another, it is a fquare, and what Was' required is 
done ; but if they are not equal, produce one of thtm. BE 
toF,' and make EF equal to ED, and bife6^ BF in G : and 
frcdn the centre G, at the diftance GB, or GF, defcribe the 
' femicircle BHF^ and produce DE to H; and join GH. There- 
fore, becaufe the ftraight line BF is divided into two equal 
parts in the point G, and into two unequal in the poiht E, 
the redangle BE, EF, together, with the fquare of EG, is 
h 5. a. equal ^ to the fquare of GF : but GF is equal to GH ; there- 

• fore 
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JN" evcrx triangle, the fquare of the fide fubtcnd- 
ing any of the acute angles, is lefs than the 
fquaresof the fides containing that angle, by twice 
the redangle contained by. either of thefe fides, and 
the flraight line inteh^^pted between the perpendi* 
cular let' fall upon it froixi the oppofite angle, and 
the acfoie togle. 

Let ABC be anj triangle, and the angle at B one of its a« 
cute angles, and upon BC, one of the fides containing it> let 
fall the perpendicular a AD from the oppofite angle : The • zt 
fquare of AC, oppofite to the angle B, is lels than the fquaies 
of CB, BA bj twice the redtangle CB, BD. 

Firft, Let AD fall within the triangle ABC \ and becaufb 
the firaight line CB is divided in- 
to two parts in the point D, the 
Iquares of CB, BD are equal b to 
. twice the redbingle contained b j 
CB, BD, and the: fquare of DC: 
To each of thefe equals add the 
fquare . of AD ; therefore the 
%i4res of CB, BD, DA aire equ*l 
to twice the reft^gle CB, BD, 
and the fquares of AD, DC : But 

the fquare of AB is equaj c to the fquares of BD, DA, becaufe c 47. 
the angle BDA is a right angle ; and the iqi^are of AC i« 
eqijal to the fquares of AD, DC : Therefore the icjuares of 
CBf B A are equal to the fquare of AC, and twice the reft- 
AQgle CB, BD, that is, the fquare of AC alone is lels than the . 
fquares of CBi BA by twice the ueftangle CB, BD. 
' Secpndly, ' Let AD. fall without the triangle ABC: 
Ttien^ hecaufe the angle at D is a right angle, the angle 
ACB is greater d than a light angle; and therefore 3ie j ,^ 
fquare of AB is equal e to the fquares of AC, CB, and e 12. 
twice the* redangle BC, CD : To the& equals add the fquare 
of BC/ an4 the fquare^ of AB, BC are equal to the fquare of 
ACy $3^d twice; th^ fquare of BC, and twice the rectangle BC, 
^ CD : 
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BoofcJL liiic BC is cut equally infi,. affa^i\|ic^Wl/iii;:P, *e fqm 

b^.i. o^ B^ 3^^ EC bare equal to 

twice ^he fquares of BD and DE; 
therefore* the fquares of BA and y 
AC arc equal to twice the fquar©'' 
of Bl), :t<i^ether with tWice th^ 
fquares df DE and EA. Now, 
the fquaies of DE and EJ(L are 
equal to the fquare of I> A ». ind 
therefori twice the fqiures oiDE 
and E A:, to . twice the fquaife') ■ B 
DA, Wherefore sJfo, the fquares 
of B Avand AC are equal, to twicethe fquare of BD, tog^t 
, with twice the fquare of 1) A, teerefefig, &c, 1Q^ E, D, 
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fubf. B. TH E 0][t, 



THE fum of th« fquares of the diameters of a 
parallelogram is equal to the fiim of 1 
fquares of the fides of the parallelogram. 

Let ABCD be a patalldogi^, 6f ^Vhich the diameters 
AC and RD ; the fum of the fquares of AC and BD is eq 
to die fum of the fquarfes oif AB, BC, CD, DA. 

Let AC and BD int^srfeft pne another in E : and beca 
the vertical angles AlplD, tEB are equal a^ and alfo the 
temate angles E AD, EC Bt», the triangles ADE, CEB hi 
two ahglfes ih "die oiie tqvbsl to two angles in the odier, e 
to each : but the fides AD ^tbd BC, which are oppdSite 
equal angles in thefe tri- 
angles, are alfo equals ; 
therefore the other ficjes 
which are oppofite to 
the equal angles ar^ 
equal d, viz. AEtpEC, 
and ED to EB. 

Since, therefore, BD 
is bifefted in E, the 
fqiiares of BA and 
AD are equal to 

twice the fquare of BE, together with twice the fquan 
EA ^ 9 s^d for ^e fame reafon the fquare of BC and ( 
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arc equal to twice the fquare of BE, together with twice the ^BooklL 

Iquare rf EC, that is, of EA, becaule EC is equal to EA. " 

llerefore the four £^uares of BA, AD, DC, CB are e(^ual 

to four times the fquares of BE and of EA. But the fquare 

of 6D is equal to four times the fquare of BE, becaufe BD is 

doable of BE e ; and for the fame reafon, the fquare of AC eCor .S.2. 

is equal to four times the fquare of AE : Wherefore alfo, the 

fquares of BD and AC are equal to the four fquares of BA, 

AD, DC, CB. Therefore the fum of the fquares, Sec. 

Q:E.D. 

CoR. From the demonftration, it is manifeft that the 4i^ 
meters of everj parallelogram bifeft one another. 
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D E F I NIT IONS. 



I./ 



Afiraight line is faid to 
touch a circle, when it 
meets the circle, and be^ 
ing produceddoes not cut 



It. 



II. 



Circles are laid to touch one 
another, which meet,but 
do not cut one another. 

III. 

Sraight Hnes are faid to be equally di- 
ftant from the centre of a circle, 
when the perpendiculars drawn to 
them from the centre are equal. 

And the flxaight line on which the 
greater perpendicular falls, is iaid to 
. be farther &om the centre. 

F3 
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V. 

Boo I. ^ fcgine0t of a circle' IS the figure con- 
tained by a ftraight line ana the cir- 
cumference it cuts off. 

VI. 

A^ angle in a fegment is the angle 
contained by two ftraight lines 
drawQ from any point in the cir- 
comference of .^e fegment, to 'the 
eiitremides of 'the ffi^gh| line 
V^hidi is the bafe of the fegment. 

VIL 

And an angle is iaid toinfift orftand 
upon the circumference intercept- 
ed between the ftraight lines that 
contain the angle* 



VIIL 

The feSor of a circle is the figure con- 
tained by two fttaight lines drawn 
from the centre, and the circumfe- 
rence between them. 





/ 



XI. 



Similar f(^^ents of a circle, 
are thofe in which the an- 
gles are eqtial, or which 
contain 0qual angles. 
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O find the centre of a given circle. 



Let ABC be the given circle; it is required to find itt 
centre. 

Draw 
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Braw within k wy ^pi^t J^e A3, ai>d bifa^ /i jt iin.D ; ff^ol^ iff- 
from the point D draw ^ DCf at jcigtt angles to AJS, .iin||'pro- ' * 

duce it to Elj-aad bifed Cil^ in F.: IJie point F* ijs .tlye centre 
df the circle AB6, 
For, if it be not, let, |f poffible, Q be the cej^Cre, and join 

GA, GD, PB : Then, becajlife t)A is equal to J)B, and I)G 

oommon to the two trianff]^ A^^f ' 

BDG,thetwo fides AJS/DG^are 

equal to the two BD, DG, c^lt^ to 

e^i ; and the b^e GA i^;ec^^4 tp 

the bafe GB; becaufe thiej are 

4rawj^ from the centre G * : there- 
in t^ .-?9g^ ADG is e^ual c pto > 

tbe ;mgle OpB : Qut when a 

ftni^bt linjp ilanding upon pnothej: 

firaight line- makes the adjaoeAt 

angles equal to one another, ei^ 

of the aqgles is a right angle ^. d7def.i. 

Therefore tl^e angle GDB is a right single : But FDB is 

JSkewiie a ri|^t angle ; wherefore the angle FDB, is equal to 

the angle (j^DB, the greater to the leis, which is impoilible : 

Therefore G is not die centre of the circle ABC : In the 

&me manner it can be ihown, that no other point but F is 

the centre ; that is, F is the centre of the circle ABC : Which 

was tp be found. 
Cor. From this it is manifeft, that if in a circle a ftraight 

line bifed another at right angles, the centre of the circle is 

in the line which bifeds the other. 
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JF any two points be taken in the circumference 
of a circle, the ftraight line vyhicb joins them 



.• r '■■ 



ih4l ^^^ within the circle. 



X, - ^ 



>;Let 

■i- 



- ♦ ,N.^^, ^t^'^tli^fly^eej t!>5, .CXpieffion ./VftraigKttlJoes frop the certtrej**^or '- 
M ^M^^JTrom'tlie' centred ^occi^rt, it Is to'b&littdirftwd that thejr «rrtf4iiwfi 
to the 'Circumference. 
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Book m. Let ABCbe a circle, and A, B any two pcinu iM die or- 
' cuitiference ; the ftraight line draw^ 

from A to B lliall fell within the 

circle. 

Take any point in AB as £ ; find 

D the centre of the circle ABC, 

job AD^ DB and DE, and kt DE, 

meet the circumference in F. Then 

becaufe DA h equal to DB; the 
MS.i. ahgle D^B is ecrual^ to die angle 

,DSAv and became AE, a fide of 

;the triangle DAE, is produced to B, the angle DEB i 
• '• greater b dnm the angle DAE ; "but DAE 'is cqu^- td^ijc 

angle DBE-, therefore the angle DEB is gitaf?^ 'ffiaii'ffie 

angle DBE : Now to the greater angle the ^re^tef ifidois op- 
^ '^* '• poute<l ; DB is therefore greater than DE: bhtDB'is c^fcialto 

DF •, wherefore DF is greater than DE, and tiie pohit E is 

therefore within the circle. The fame may be^Iemonftratdi 

of any other point between A and B, therefore AB is widi- 

in the circle. Wherefofe, if any two points, iScd. Q^ E. D. 
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IF a ftraight line drawn through the centre of a 
circle bifed a ftraight line in it which does not 
pafs through the centre, it Ihall cut it at right 
angles ; and, if it cuts it at right ^rigles, it fliall, 
bifedl it. 



Let ABC be a circle, and let CD,, a ftraigljit line drawn 
through the centre, bifeft any ftra'ght line' AB, whic'h docs 
Uot pais through the centre, m the point F : It cuts it alfo at 
right angles. 

Take a E the centre, of the circle, and join EA, EB. 
Tben^ becaufe AF,^' egup^^P pB^ indtF^E the two 
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triangles AFE, BF£, there are two fides in the. one equ^ to- Book ill. 
two fides in the other, and the bafe ^^ ' 

EAis equal- to the bafe EB ; there- 
for6 the angle AFE is equal b to 
flie angle BFE: Butwhen aftraight 
line ftahding upon another makes 
the adjacent angles equal to one ano- 
ther, each of them is a right c angle: 
Therefore each of the angles AFE, 
BFE is a righ^. angle; wherefore 
the ftraight line CD, drawn through 
the oentlre bifeffing another AB that 
does not pals through the centre, ciits the fame at right angles. 

But let CD cut AB at right angles ; CD alfo bife£b it, 
diat is, AF is equal to FB. 

Tbc fame conftniftion being made, becaufe EA, EB from 
the centre are equal to one another, the an^e EAF is equald d 5. i. 
t6 tJie angle EBF ; and the right angle AEE is equal to the 
ri^t angle BFE : Therefore, in the two triangles EAF, 
TSSFfjU^T^ are two angles in one equal 'ta two angles in. the 
othef, and the fide EF, which is oppofitc to one of the equal 
anjgles^in each, is common to both 5 therefore the pQi^ fid^s 
are.e^uale ; AF therefore is equal to FB. Wherefore, if a e 2(>, x. 
ftraigjbt line &c. <^E. D. 

P R O P. IV. T H E O R. 

It in a circle two ftraight lines cut one aqother 
which do not both pafs through the centre, they 

do not bifeft each the other- 
Let ABCD be a circle, and AC, BD twc^ ftrtfight lines in 

it,» which cut one another in the point E, and do not both 

pais through the centre : AC, BD do not bifeft one anc-.h r. 
For, if it is poffible, let AE be equal to EC, and BL to 

ED : K one of the lines pals through the centre, it is pkm 

that it cannot be bifected by the o- 

toer whicli does not pals through 

the centre. " But if neither of them 

pals through the centre, take -^ F __ 

the c^ntcQ . of the circle, and join 1 ^\^ T ^-^D 

£F r and * becaufe FE, a ftraight 

line through the centre, t>ile6b ano- 
ther AC which does not pals tliro' 

the centre, it fliall cut it at right ^ 

angles ; wherefore FE A is a right 

3 angle : 
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Book HI. an^ : Again, becaofe the ftmght line FE bife£b the fb 
line BD, which does not pais through the centce, it ^laJ 
it at right b angles ; wherefore FEB is a right suigle : 
FEA was fliownNto be a right angle ; therefore FEA 
qual to the angle FEB, the Icfe to the greater, which is 
f offible ; therefore AC, BD do not bife^ one anotjier. Wl 
fore, ;Lf in a circle, &a <^ £i> O. 
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I 



F two circles cut .one 

liave the fame centre. 

/ 



another, they (hall 



Let the two circles ABC, CDG cut one another in 
^points B, C ; they have not the lame centre. 

For, if it be poffible, let E be their centre : join EC^ 
draw any ftraight line EFG 
meeting them in Fand G: C 

and becaufe £ is the centre 
of the circsle ABC, CE is e- 
qual to EF i again, becaufe E 
is the centre of the circle CDG 
CE is equal to EG : but, CE 
was fhown to be equal to EF, 
therefore EF is equal to EG, 
the lels to the greater, which —7^ 

is impoffible : therefore E is ■" 

not the centre of the circles ABC, CDQ. Wherefore, if 
circles, &c. Q^E» D- 
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IF two circles touch one another internally> t 
fliall not have the fame centre. 



Let the two circles ABC, CDE, touch one anpther ii 
nally in the point C : they have not the fame centre. 
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For, if %y c^, let it be F; join FC, and draw any ^ Book m. 
itraight li^e FEB meeting them 
in £ and B ; and i)e9aufe F is the 
ctntre of the circle CABC, CF is 
equal to ;FB; ^iflfo, becaufe F is 
the centre ^ the circle CDE, 
CF is equal' to FE : and CF was 
Ihown leqnal to FB ; therefore FE 
is equal to FB, the leis to the 
greater, which is impoflible ; 
wherefore F is not the centre of 

the circles ABC, CDE. Therefore, if two circles, &^ 
Q.E.D. 




PROP. Vn. T H E O R. 

IF any point be taken in the diameter of a circle 
which is not the centre, of all the ftraight lines 
^ich can be drawn from it to the circumference, 
thegreateft is that in which the centre is, and the 
other part of that diameter is the lead ; and, of any 
others, that which is neairer to the line which pafles 
through the centre is always greater than one more 
remote ; And from the fame point there can be 
drawn only two ftraight lines that are equal to one 
another, one upon each fide of the (horteil line. 

Let ABCD be a circle, and AD its diameter, in which let 
toy point F be taken which is not the centre : let the centre 
be E ; of all the ftraight lines FB, FC, FG, &c. that can 
le drawn from F to the circumference, FA is the g^reateft, 
and FD, the other part of the diameter AD, is the leaft: and 
of the odiers, FB is greater than FC, and FC than FG. 

Join BE, CE, GE ; and becaufe two fides of a triangle 
are greater & than the third, BE, EF are greater than BF ; , 20. i. 

but 
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Book III. but AE is equal to EB; therefore 
' AE, EF, that is, AF, is greater 
than BF : again, becaufe BE is e- 
qual to CE, and FE common to 
die triangles BEF, CEF, th^ two 
fides BE, EF are equal to the two 
CE,EF; but th^ angle BEF is 
greater than the angle CEF •, there- 

b 24. 1, fore the bafe BF is greater ^ than 
the bafe FC : fpr the fame reafon, 
CF is greater than GF : again, be- 
caufe GF, FE are greater '^ than EG, and EG is equal to 
ED ; GF, FE are greater than ED : take away the com- 
mon part FE, and the remainder GF is greater ^an the n-, 
mainder FD : therefore FA is the grcatefl, and FD the lot 
of all the ftraight lines from F to the circumference ; andBF 
B greater than CF, and CF than GF. 

Alfo there can be drawn only two equal ftraight lino 
from the point F to the circumference, one upon each fide of 
the fliorteft line FD.: at the point E in the ftrairiit line EF, 

c 23. 1. - make c the angle FEH equal to the angle GEF, «nd jm 
FH : Then, becaufe GE is equal to EH, and EF comma 
to the two triangles GEF, HEF ; thetwo fides GE, EF. are ^ 
qual tQ the two HE, EF ; and the angle GEF is equal to tbe 

tl 4. 1, angle HEF ; therefore the bafe FG is equal 4 to the l»fe 
FH : but befides FH, no ftraight line can be. drawn Iron 
F to the circumference equal to FG : for, if there can, 
let it be Ft ; and becaufe FK is equal to FG, and FG to 
FH, FK is equal to FH ; that is, a line nearer to thstt wtiA 
pafles through the centre, is equal to one which is more tt- 
mote, which is impoifible. Therefore, if any ppint be taken, 
^c. Q^E. D. 
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Book III. 



IF any point be taken without a circle, arid ftraijght 
llhcs be drawn from it to the circumference,' 
whereof ode pafles^ through the centre ; of thofe 
which fall upon the copcave, circumference,\tKe 
m-eateft is that whiclfi pafle^ through tl^e centre ; 
and of the reft^ that Which is nparer to that through 
the centre is always greater than the more nemote;! 
But of thofe whibh fall upon the convei circum- 
ference, the leaft is tlhat between the point without 
the circle, and the diameter ; and of the reft, that 
which is nearer to the leaft is always lefs than the 
more rcradte : And "only, two equal ftraight lines 
can^ be drawn from the point unto the circumfcr 
rence,'^bn^ upon each fide of the leaft. 



I • I • c 1 
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• flfCX ABC be % circle, and D any point v/itliout it, from 
fA^h kt the ibaight lines DA, DE, DF, DC be dravvTi to 
the icircumferenqey. whereof DA paffes thrpugh the centre. 
Of thofe which fall upon the concave part of the circumfe- 
rence A EFC, thQ gr^ateft is AD svhich pafltss through this 
cenU'e ; and the nearer to it is always greater t}ian the more 
remote, viz. PE than DF, a^d DF than DC : but of thpfe 
Tvhich fall upon the convex circumference HLKG, the leaft 
is DG between the point D and the diameter AG ; and the 
nearer to it is always lelstha|i the more remote, viz, DK than 
DL,. and DL than DH. 

. Take a M the centre of the circle ABC, and join ME, MF, 
MC, MK, ML, MH : And becaufe* AM is equal to MTp., add 
MD to each, therefore AD is equal to EM, MD; but EM, 
MD are greater l> than ED ; therefore alfo AD is greater b lo, x. 
thanED. Again, becaufe ME is equal to IVIF, and MD 

common 
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Book in. common to the triangles EMD, 

''■ — "'=■" FMD ; EM, MD -ra equal 
to FM, MD; but the angle 
EMT is greater than the angle 
FMD ; there rore the bafe ED 

CM- 1, is gnsater c than the. bafe FD i 
In-like manner it maj be fliewn 
thKt ?D is greater than CD ; 
Therefore DA is the nvateft j 
and'DE greater tiian DF, and 
DF'than' DC. And becaufe 
MK, KD are greater l> than 
MT>,tti«IMK is equal to MG, 

d 4. Ax. ^p Hrmainder KD is greater d 
than the.' remainder GD, that b 
GD is le& than KD : And be, 
cauie MTC, D^ are drawn to the . — j- 

point Tt wichj,n the triangle' ' ■* 

MI,D from M, D, the extferiiiaes of its fide MD ; MK,"KD' 

■*'■'■ are k&e than ML, LD, wher«)f MK is equal to ML ; thete. 
fore the remainder DK. J* Ifis ^than the remainder DL : la 
like manner, it may be Ihewn that DL is lels than DH: 
Therefore DG is the leaft, and DK lefs than DL, andDL 
than DH. Alfo there can be drawn only two equal ftraight 
lines from the point D to the circumference, one upon eiicli 
fide of the leafl : at the point M, in the ftraight line MD, 
make the an^Ie DMB eqnal to the angle DMK, and Join DB; 
and becaufe m the' triangles KMD, BMD, the fide KM is 
equal 'to the fide BM, and MD common to both, and alfo the 

1 4. 1. angle KMD fequal to the angle BMD, the bafe DK is equalf 
to the bafe DB. Biit, befides DB, no ftraight linecan 
be drawn irom D to the circumference, equal to DK : for, if 
there can, let it be DN; then, becaiile DN is equal to DK, 
and DK equal to DB, DB is equal to DN ; tliat is, the nearer 
to DG, the leaft, eqnal to the more remote, which has been 
Oiewn to be impolfible; If, fterefore, any point, fits. Q. 
E. D. ' 
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PROP. IX. PROB* 



f T^ ^ point be taken within a cirGle, ^rom which 

■ X there fall more than two equal ftraight lines to 

the circumference, that point is the centre of the 



■1 



.'■k , 



t 



' 'tfet the ' pmnt D b^ . taikeii- within die circle A£C, £roxd 
HHAA'fto the idreitmfei'ence there I9U mose than two equal 
fica^t liii^ vXK. BAi DB, DC| the fov^ D is the centre of 
Ae circle* 

For, if not, let E be the centre, 

join D£ and produce it to the 

arcmnference in F, G ; then FG 

ilk dikntecer of the circle AB^G : 

Aid becani^ i^ FG, the diameter 

of toe carde ABC, there is taken 

die point D which is not the 

.otfe^ DQ fhall be the greateft 

fiop^/mnn it to the circutiift rence, 

od DC greater » than i)B, and . 

DB than DA ; but they are likewife equal, whiclj is impof- 

iH)lr:' Therefore E is not the centre of the circle ABC : In 

Sk^ manner, it maj be demonflrated, that no other point but 

D 19 the centre ; D therefore is the centre. Wherefore, if a 

fpgiht be taken, $&c. Q^ £, D. 
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P R O P. X. T H E O R. 

^"NE circumference of a circle cannot cut ano- 
ther in more than two points. 
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If it be poffible, let the cir- 
cumference FAB cut the circum- 
ference DEF in more than two 
points, viz. in H, S, F^ take the 
centre K of the circle ABC, and 
join KB, KGj^ KF : and becaufe 
within the drcle DEF there lis .• 
t^efi; the point Kv^from \yhich ^ 
thfe: circumference DEF; fajl more 
than two equal ftraight lines KB, 
KG, KF, the point K is a the centre of the circle DEF; 1W 
K is. alfp the centre of the circle ABC *, therefore the ikine 
point is the centre' of ^i*^ -circles thit ott^cfae'ifmothef^ IwWA. 
is impbffible b. * Therefore toe cifctfiftfefeiicc of axii^t^^^ 
not cut inoth6r iii iaixnt tlian two pomttflCQ^ E. Dk .; tj if^.fi 
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PROP. XI. THE OR. ; 

F two circles touch each other internally^' 
ftraight line which joins their centres being pM^j 
:ed, fliallpafs through the point of contadl.- ",■ 



duced 

Let the two circles ABC, AP^j touch each othir inti 
Ij in the point A, and let F be the centre of the' circle 
and G the- centre of the ipircle 
, ADE ; the ftraight line which joins 
the centres F, G, being produced, 
pafTes tlurough the point A. * 

For, if not, let it fall otherwife, 
if pofSble, as FGDH, and join' AF, 
AG: and becaufe AG, GF are 
a 20. 1, greater a tlian FA, that is, than FH, 
for FA is equal to FH, both being 
from the fame centre; take away 
the common part FG, and the re- 
mainder AG will be greater than the remainder GH.- 
A G is equal to GD, therefore GD is greater than GH ; } 
it is alfo lels, which is impoflible. Therefore the ftraight 
which joins the points F and G cannot fall otherwife than 
the point A ; that is, it muft pais through A. Therefore,; 
two circles, &c. (^E. D. 

PRO 
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IF two circles touch each other extertiatly, the 
ftraight line which Joins their centres fb^ pafs 
through the point of contaiSl. 

Let the, two circles ABC, ADE touch each ot}ier extern 
nally in the point A ; and let F be the centre of the circle 
ABC, and G the centre of ADE : The ftraight line which 

[•jcKQs the. points F^G ihaU pals through the fpim of cont»$ A. 

) FcfCf if ni3t«ilet.]t pais otberwiiey if poffibky as FCDGi and 

jftn F A, AG:' a^id becaufie F is the centre of the circle ABC, 

jAFifi equal to FG: 

[v^o becanfe Q is 

^e centre of the 

ciide ADE, AG 

is ecpal to GD : 

iW^EcureFA^AG 

aire equal to FC, 

I)G ; ]wherefore the 

whole FG is great- 
er thiin FAy AG; but it is alfo lt&^, which is impoi&ble : a 20. t. 

Ther^ore the ftraight line which joins the points F, G fhall 

Dot pals otii^rwife than through the point of contad A ; 

tihat isy it multpafs through it» Thereibre, if two circles, &Ci 

q^E-D. 




PROP, XIIl. ITHEORi 



^NE-rtfcIe cannot touch another in mor.e points 

thanone^ whether it touches it oti the infide 

OQtfidei^ 



k- •» 



-. «• ' r • 



:c.. 



For, if it be pofEble, / fet the circle EBF touch the circle 
intnore points than one, and firft on the infide, in the 
Its B, D; join BD, and draw^ GH bile^g Bp at right aid. li. i. 

G angl^ : 



Vz 



zLtk'iij^s^^ 
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angles ; Therefore, becaufe the points B, D are in the circi 

Iff 





fenence.of ti^h of flie dicl^, the ftraight line BD fiBslidt 
b2. 3. each b of them ; and thd!r centi^ We c in the ftedght tewJ^ 
^^°' '-3 which bifeas BD at right angles: Therefore GH Ji 
d xz. 5. throu^^the ^int of cc^aft'^Tbut it-does not paisthroii|^ 

TSm^ the points &^ are withov^t the ih^ght h^ i 

which is abfurd : Therefore one circle can]dot'tonch aiiicl 

x>n the infide in wibtt points than one. 

Nor can two cujf^^s touch one another on tk)s 6oS£BA 

Wore than ott^poi&t :^^if it .be poiBKle, kt the cirole ;A 

touch th^ circle ABC m tlie -points/A, C, ^Itlid join i! 

Therefore, b^ufe the two points 

A, C are'in'lie circumferfenee ofthe 

circle ACK, the ftraight line AC 
Iv 2. 5. which joins them Ihall- £all within b 

the circle ACK: And the circle 

ACK is without the circle ABC ; 

and therefore the flraight line AC is 

without this laft circle ; but, becaufe 

the points A, C are in the circumfe- 
rence of the cftdfc ABC, the ftraight 

line AC mull be within b the fame 

circle, which is abfurd: Therefore 

one cirdle cannot touch another on — ^ 

the out£de in more than one point; and it has been ih^ 

that they cannot touch on the infide in more points than i 

Therefore, one cifcle, &c. Q^E. D. 
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PROP. XIV. T H E O R. 

T7CnJAL ftraight lines in a circle are equally 
MIj diltaiit froni the centre ; aii4 thofc which arc 
equally diftant from the centre, are equal to one 
another. 

Let the flndght lines AB, CA in the gb-qlr ABDC, be 
equal to one another; thej are equally diftant from the 
centre. 

Tdke £ the centre of the circle ABDC, and fixnn it diaw 

EF, EG pmendiculsffs to AB, CD : Thm, becaufe the 

^m^lkie £F, pM&ng through tl^ qentxe, cuts tb^ ftraigl|t 

^ Af^ v^d^ dpes not fok 

through the centre, at right 

angles, it alfobifedsait: Where- y^ *\ • 3- 3. 

fwc AF is ^ual to FB, and AB 

double of AF. For the fame 

naSoUf CD ia doubly of CG: 

Aiid AB is, equal to.GJ) -, there- 

fore AF is equal toCG: And 

becaufe AE is equal to EC, the 

iquare of AE is equal to the 

fquare of EC : But the f^uares of 

AF, 4FE arc equal b to the fa uar e b 47. t. 

of AE, becaufe the angle AFE i^ a right angle"; and, for the 

like reafon, the {quares of EG, GC are equal to th^Xijuare of 

EC: Therefore the fquares of AF, FE are equal to the 

fquares of CG, GE, of which ^e fquare of AF is equal to 

the fquare of CG, becaufe AF is equal to CG ; therefore. the^ 

remahung (quare of FE is equal to the remamingihuare of 

EG, an^ die ftraight line EF is therefore equal to £G : Aut 

ftraight lines in a circle are laid to be equ^ly diftant from the 

centre, wheii the perpendiculars drawn to thetn from the 

centre are I6qual c : There^ve AB, CD are eqtiU&j diftantc3. Def. 5. 

from the centre. . .,' . 

Next, if the ftraight lines AB/CP be equaUj diftant fi^rni 
the centre, that is^ if FEhe equal tb'^EG, AB is e<jual to CD : 
For, the (amie conftml^bn Bei^g made, it tnay^ as before, be 

■ ^'G 3 ' • dcnttonftMwi, 
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Book Jit demonftrated, that AB is double of AF, and CD double o 
' CG, and that the tqpaxes. of EF, FA are eqtial to the fquan 
of EG, GC *, of which the fquare of FE is equal to the fquar 
, of l^Gf b^cs^ufe FE is equal to EG ; therefore the remaipinj 
iquareof AF is equal to the remaining fquar^ of GG; axid;d|i 
ftraight line A F is therefore equal to CG : And AB is doujA 
of AF, and .CD doubfe of CG ; wherefore AB is equal to CD 
Therefore equal ftraight lines, &c. Q^ E. D. 
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PRO P. xy :;T he or. 



THE diameter is' t4i€: greate (I ftr^igHt lifve. in a 
etrcle'; and, of bll others, that which is>jiearer 
to the centre is always g^reater than one- m<)re^^ 
mote ; and the greater is nearer to tlie cenfte- ttaii 

the le&' — -.. * ' ■'. . -^ :'' "' " 

,• • . '■■■,,' ■ i' • 

. Let ABCD be e circiet. of 

Which the diameter is ADy^ and 

the centra £ ; and let BC be near- 
er to the centre than ^G ; AD is , ■ 

greater than any ftraight line BC 

which is not a diameter, and BC 

greater than FG. 

From rhe centre dr^w EH, EK .. 

pcrpendicidars fo BCj. FG, «nd . 

join EB^. .EG, EF ; and ^becaufe / -r- • 

AEis'eqiwJtp EB, and ED, to. £C, AD is eqaaji to 

EG :BvL EB, EC, arc greater a, than BC \ wherefore, . 
rAD is greater dian BC. . ^ . . . ^ . 

: And, becaufe BC^ is nearer to the centre than FG^^EB 
b 4. Def j^lfiis b xhan EK.: But, as was demonftrated in the pre^eda 
tBC is double of BH, and FG double of FK, and the fquares 
cEH, HB are equal to the fijuares of EK, KF, of whidi 
. . ^fqoate o^EH is leisi^an the fquare of EK, becaufe EH is 

than EK ; therefore die fquare of BH is greater than the 
rrof rFKv'^Wid ^ijxaigbtrime JBH glister than FK » .and 

fofce BC is greater than FGr ... , . • ' . V '. 

I .'N«cit, X4et.BC be greater than FGi^'^BC is rieisuir tq 
.^Qcnitre thaa FG; that is, the Kame conftrudion being ni 




a 10' I. 
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EH is lc& than EK : Bccaufe BC is greater Aan EG, SH^^^J^ 
likewifi is gxeaibr than KF; 9n4 the iquares of BH, IlE arc ■« ~> 
equal to the fquarc^of FK, KE, of which the fquare of BH is 
^r than the fquare^ of F]C» becaiife BH is greater than 
^therefore the fquaie of £^ is lefs dian the fquare of ££, 
[the firu^t line £H4eis^ui£Ki Wherefore the dia- 
meter/Sic. QTICT!). ' * . v ~ • 



\9 ■ f * ■ ■ 



^ B-R O p. XVI, T H E O R. 

;.•! ?»i •} '■•■■I' *■•■ . ' ' . 



.'■ ■ ' 



,flPH^:ft^iS^^ ?i^ drawn at right angles to t^e 
J!*?', diameter of a.circiei ftpm the extremity of it, 
iidls n>6rkhoat the dircle; and^ no ftraight lint can 
be drftvm 1>etween that - ftraight line and the cir- 
cumference from the extremity, fo as not to cut the 
circle. 



.1 < * 



. Xfit ABC l^.g.^cle, the centreef which is D, and the dir 
ftmpter AB : and let AE be drawn from A perpendicular to 
:A:B; AElh^l fell iwthout the circlp: 

In AE take any point F, join DF, arid let DF meet the 
circle in C. Becaufe DAF is*a 
right ailgle, it -is .greater than the • 
single ' AFD « ; 'btit the greatet 
angle of any triangle is fubtended 
by the greater fide'b*, therefore DF' 
ir^r^er than -DAY and DA is • 
jj^oal to ^DC; therefore DF is ^ 
^ater than DC, and the point F ^ 
^ therefpxe^wijQbotit the circle. 
Now' . F^ is any point whatever 
b the Vua€'K3Lr. therefore AE 
UK yfiAont the cirde. \' 

J^tf^n^ between the ftr^ght line AE and the cbrcumf^^rhce 
fill fly ig l l l iSiE can ^cjdrawn frbA the t>6int A, wMch doei 
not cut^the circle. Let AG be drawft, thaking the^' sfngle 
DAG l^than a/gh/angle v fr^tti D draijir'DS at right 
anglesv, tp^^G-r^nd^'tecaufe ' tSiJi arigle DHA is a ridit 

^->^ *^ 3 ." ' " , ^T^&^> 

'-t ••?••**'*■♦■• • ■'■. ■'■ ^' " > 




a. 32. 1. 
b 19. 1. 



4^ ELlliillKTft 

jiooi tp. ttgte, each of the pther andies 
*— V^of the triangle DAH is; lett 

fl^ a right ahglei » ; thci ahjfclc 

DAH i^ tbfcrefot* Icfe tHan 

the angle DH A^ and thete&re 

ttlfo the fide BHiklefi thtti thb 

fide DA b. The point H, 

therefore^ is within ^e circle^ 

and therefore the ftraight line 

AG cuts the circle* • l - 7--*«--vr-^ 

CoR. From this it is nutnifeu that the ftraight line whid] 

is draw^ at right angles to the diameter of a circle from dijE 

tfttrfethJl^ bf it, tbnches die citdk 4 aild thjst it iotJbhis it o*lj 

jH dilepbint, becaufe^ifitdidifie^tthecktteintwb^itwc^ 
e %. 3. blX within it c. ^ AJfo it is j^vident that ^fere can biB bpt €9k 

f ftraight line which touches th6 circk in the fiofi^po^' c 
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PROP. XVII. PR OB. 

- , . •. ••..'■•■ 1. • 

, J, • / 1 • ■ . • 

nPO draw 1^ ftraight: line from a giV^ jioitit, either 
*■ without or in the circumference^, which fiid]| 
touch a given circle. . . 

Firft, let A he a given point without thy given civde BGt)i 
it is reqmired to draw a ftraight line |rom A which Audi 
th^ circle. 

Find a the centre E of the circle, and joiif AE ; and firan 
th^ cehtre £» at the c^ftance EA, deicrihe the circle AJE'ui 
frdm the point D draw b DF ^t right angles to £ A, and job 
EiF, AB. AB touches the <jircie BCD, 

Becaufe E is the cenbre of ^e 
circles BCD, AFG, EA is equa^ 
to EF : and ED tb EB ; there- 
fore the two fides AE, EB are 
equal to the .two ££, £^> and 
they /Contain the angle at E^ com- 
mon to the two triangles AEB, 
iFED \ therefore the baiie DF is 
e^iial to the )>afe AB^ and the 
^pangle FED to the triangle 
A£B| and the other angles to me 
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Other anffles c - Therefore the angle £B A is equal to the Book III. ^ 

angle £dF ; buc EDF is a right angle, wherefore £BA is a c 4/t.' 

right angle ; and £B h draWn from die centre : but a ftralght 

line drawa from the extremity of a diameter, at rigiht an^s 

to it, touches the circle^ : Therefore AB touches &e drde ;d Cor.x6..v 

and it is drawn from the g^ven jKHnt A. Which was to be 

done. 

But, if the given point be in the circusnfiQreiice of the circle, 
as the point D, draw DE to the centre £ and DF at right 
aqg^, tp ][)]^ i 9F touches the circle (I. 



l^ROP. XVIIL TH£OR. 

! 

r 

IF a ftraigbt line touches a circle, the flraigbt line 
drawn frpm the centre to the point of conta^ 
' ihal^ be perpendicular to the line touching the 
circje. 

Let the firaight line DE touch the circle ABC in the point 
C ; take the centre F,'and draw the ftraight line FC : FC is 
pemendicular to D£. 

For, if it be not, from the point F draw FBG perpendicu- 
lar to DE ; and becaufe FGC id a'right ^gle,' GGF is b art b 17. i. 
aqi|te ^gle ; and to the greater A 

angle the greateft c fide is oppo- ^^ ^^ c 19. 1. 

fite: Therefore FC is greater 
Aan FG ; bu^ FC 13 equil to 
FBi theiefore FB is greater 
than FG, the leis than the 
greater, which is impoi&ble ; 
wherefore FG isf not pcrpendi- 
cnlar to DE: In .die' fame 
inanner it may be fhewn, that 
po other is perpendicular to it X). C 




>cfi4es FC, tiiat is, FC is perpendicular to DE- 
ita ftraight Kne, Ste, <^ E. J>; , v ' !: 



G 1 
Therefore, 



G4 
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TF a flraight line toi^:h0^ a (?ircl^, ^d!^ frpij^ 



point of contaft a ft^ajgbt line:J>^.4W3KP l^tfigbl. 
angles to the touching line, tjie centre of the cirde. 
fliatl b6' in that line* •' • ■ ^ ■ ■'•■^ ■ ^ "i 

Let the ftralght line DE toiich the circle ABC,- to G, and 
from C let C A be drawi^ at right angles to DE ; the centre d 
the circle is in C A. 

Forj if not,^l©t F be Ae centre, if pof&bki and join CF; 

Becaufe DE touches the circle 

ABC, apd FC is drawn from the 

centre fo the point of cofttaft, 

? i5- 3- EC ^iporpendkhil^a to ©E.;, 

tbetfore tEGE is a.;right angje.: 

But ACE is alfo a right angle ; 

therefore the angle FCE is equal -o 

to the angle AGE, Ui^^^is t» thp. 

greater, yvhic^ is " unpofllble : . 

Wherefore F is not the centre of 

the circle. ABC; la ^e; fam^^ g" 

manner,'it ipay be fbe^n, that ^ r . 

no otlier point .which is not in C A, is the centire *, that i^, tb^ 

(Centre is in C A. . Therefore, if a ftraight Une, &c., Q^ ^, I). 
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TTliE angl^ at the centre of a circle is double of the 
angle at the circumference, upon the famebafe, 
that is, upon the fafne part of the circumference. 

Let ABC be a circle, arid BDC an aijgle at the centre, and 
BAG an angle at the circumference, which have the fnhie cir- 
cumference BC for their bafc; the angle BDC is doubkrf 
the angle BAG. 

Firft, l^t D, the centre of the circle, be ivithin the angk 
BAG, and join ADi and produce it to E : Because DA is 

equjd 
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e^ to DB, th^ auric DAB is 

e^'*cfadie«nrie(DBA; there^ 
fc^dif ffl^ DABrDBAfcre ' 
dodiW of thi- angle -DAai hat 
the a^ ^e ^SOF^ b eqtsti ^ to' the , 
angjo DAS, DBA\ thertfore alfo ' 
tiie angle ^DE.is double of the 
ingle DA6; For the lame resfon, 
the aiqgle'UDC is-double of the 
u^ DAC:: Tfacirforc^^ whole ' 
angle BDC u double of die wliole 
wgUBAC. C }-■■■-. 

Ajun, lei D, the cen^ of ijie eirdt be without the «ngb- 
BAC/>^d j^ih AD ai^ prodoce ' 
it to E.' - Jt' may ho-'demonltii- 
td, as in th^ flr^ ca&, that the ' 
Uffle EDC 13 doubk of t^e ang^ 
OXC, anddMt lEDfi k psrt of 
the firftls doable of Dab a part ' 
of the other s therefore the re- 
maining angle BDC is double 
of the remaining an^le BAG. 
Thcretbre the an^a at the centre^ 
&c. <i.E.D. , 
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THE 



angles in the fame fegment of a circle arc 
equal to one apotber. ' 



Let ABCD be » circle, apd 
B^, BED angles id tiie &me 
fegm^ BAED : The angles 
BAD, BED zrc equal to 0116 
vutOxr. , ^ 

Take F the centre of the circle 
ASCD r And, -fiift, let the feg- 
ment BAED be M^ter than a 
lenudrde, m^ jam BF, FD: 
Ml becaoie. tlie angle ^D is 
u.tbe ceatre, and the angle 





B»ot 111. BAD at the cixcumference, am] that they hw^ tl^ fiime put 

^""of the ctMUm&cence, viz. BCD, for thfw tajffi t^^iji^d^ 

a M. 3- angle liFDi is double " of the angle fiAI> : VV Uw; £m[^ rca- 

fon, die angjft BFD is double of the, a^le J^O : ' Tifcv^a, 

the fingle bAb is equal to the angle B£I>. 

But, if Ae fegment BAED be noB gi»W» thsfl^fefiUT- 
cinie, ^t SAD, BED be angles 
in it ; thefe alfo are equal to ooe 
Bnot}ipr: Draw AF to_ the cen- 
tre, and pwduce Itto C, andjofs 
CE: Therefore the Jegiqcot 
BADC is greater than a fenu- 
ordbt ui tlw mi^iqif S4C» 
BEG are e iual, b; the fiift cajfc t 
Fm the fame tealbn, becapff 
CBED'is greater tbsji a fea^ 
circle, the angles CAJ?, C£p 
are equal: Tha«fore th^ wh<^ <M^gU 
whcJQ angle BED- Wberefccc tb^ 



PJt© P.- XXH. T H Z O It 

■THE oppofite angles of any quadrilateral figure 
defcribed in 4 QV^e, svce togQ|tw^r oqijal to two 
right angles. 

Let ABCD be a^drilaterali^m^ i? the circle AfipD ; 

aay two of its oppofite angles sue together equal to two right 

angles. 

Join AC, BD ; ^nd becaufe 

the three angles oi'pnry triangle 
- are e^al^to tw,e li^t angles, 

the three angles of die' triangle 

CAB, yiz. the angles CAB, 

ABC, BCA are eqnal.to two 

right "'gl'^ ; Ent the an^e CAB 
. is equal >> to the angle CSS, l^- 

caufe they are in the lame feg- 
ment BADC, and the angl$ AP? ^ equal to the a^A 

a 
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ADB, bccanfe they are in the &me fegment ADCB: Boolcm. 
Therefiore the whole angle ADC is equal to the angles 
CABy ACB: To each of thefe equals add the angle 
ABC; therefore the andes ABC, CAB, BCA, are equal 
to the angles ABC, Al>d: Bnt ABC, CAB, BCA tat 
equal to two right angles -, therefore alfo the angles ABC| 
ADC are equal to two right angles : In the fame manner, 
the angles BAD, DCB may be ihewn to be fqual 10 (wo 
n^ angles. Therefore, the oppofite, angles, &c. (^E. D# 

> R O P. XXIJI, T H E O R. 

UPON the fiime. (Iraight line, and upon the 
iarae fide of it, there' cannot be two fimibif 
fegments of circles, not coinciding with one ano- 
ther. ' ; 

' If It b« (K^ible, let the two fimilar te^thenva dT eirclei, 

viz. ACB, AD^v he upon the fame fide of die fame ftraight 

jin^ AB, not c^oiding with one anothet : then^ bcciufe the 

cirde ACB cuts the circle ADB in 

the two points A, B, they cannot 

cut one another ih any other pcnnt &: V^^-/^^^^— ^p\ » x®. i. 

one of the fegments muft therefore 

M i^thin the <^her ; let ACB fidl 

within AD]^, and draw the ftraight, ^ 

line BCD, and job C A, DA : and "^ 

))ecaufe the fegment ACB is fimilar to the fegment ADB, 

^d diat fimilar fegments of circles ^ontun b equal angles ; b 9. doT. 3. 

the angle AC^ is ^lud to the angle ADB, the exterior to 

Ac interior, which is impoffible c Therefore, there cannot c itf/ir 

))e two fimilar fegments of a circle upon the fame fide of the 

$une line, which do not coincide. Q. £. D. 




PROP. 
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i'lMlEA^.'feginents of ciF(^?'uJ)on'cq.uaJ'te^g^ 
^ lin^ arp ^ufil, to QIC- ^oit^ef . , , . „, ,.,„, 

■- ■-. ^ Ti- -I :uh-.. r; :, ■.;.-:• ■■.■■ .7 ■ t,t;. I.-u/. 
"■'L« AEB, <JF5> b«"fiaiii3i fegfeien^bE-iareles^i^onife 

the (egment CFD. 

For, if the 



S 




C, and the ftmightline AB upon CD, the point B fliaU||f(v 
incide with the pcuot D, bec^e A6 Is equal to CD : 'tiuxe- 
.fore th¥ %^^t. Ki» AfioiiflfidingwJi^rCiCb thefffigijienl 
ft«3-3- ''A£)^in>ift*<^^^«iWit^ithe.iegi)MtuQFJQ/:»id thfewoniii 
f)^. t9 it, ,. Wher-efeefejjiniiarftgiBeiittoSt*., ■ Q^E/ftfiii 

. ., </•. .PTl^O P.;''i£Xy:^,,;.E R'b-B.;- .r.-.. :.'■-; 

f/L Segment of a Mrcle being giv^ii, fo , defctibft 
af\;~!he "circle jftf miich it is tji^ fegmejitV "; _"; 

I^et A3C be the given fegment c£ a. circle jit is requveS 

"'' to de£cribe the. circle of which' it is tue fegment.', ' -"' ,".' 

• ts I. '. ' Bifeas AC in D, and from thejjoint D drawb.DB at 

b II. I. "g^.t angles ,t6 AC, aiid join AB ; Firft, let. the angles ABQ, 

1Ba6 be eqiial to ooe another ; then lK?"tteight hne,:BD'"i» 

e 6 I equal c to DA, and therefore to DC ^^ud becaufe the three 

ftraight lines DA, DB, DC, are aU equal ; D is the centre 

i 9. 3. of the circle ^ : from the centre D, at the diflance of any d 

the three DA, DB, DC, defcribe a circle ; this ihall pals 

thrbtgh the other points ; and the circle of which ABC is s 

fegment is defcribed : and becaufe the centre D is in AC, 

' the fegment ABC is a femicircle-, but if the angles ABD, 

BAD are not equal to one another, at the point A, in the 



OF .g«omi;TjHv. m 

ftra^tUneABmskc <: the sngle BAE equl to.the aqgite . ,?°^ ^^ 
ABD; and ■produce BD,' if ncceffary, to E, aad. jom ^ ; ',-^-^" 



i^S^ 




Jit ^ 



tnd becaufe the angle ABE is eqi^ to Ae angle BAE, the 
flraight line BE i) «quaJ * td E A' : apd be^aiife aD is equaj 
to DC, abd D£ cbfnmo'n toithe .triugUs' ADE, CDE, the 
twofide»-AD,D£ arc^equal-tothe two CD, D£, each td 
each -, antKthe angle AD£ is eqiial to the angle .CBE, for 
each of thetn is aright uigle ; ther^re the baie A£ is c- 
mnlf to thebafe'Eu I'-but AK was Qievm jo be equal to ^ *■ '■ 
EJB, wherefore alfo BE is equal to EC ; and the three llraight 
lioa A£, EBt E^ ^^ therefore equal to one another; 
wupre^ore ^^ E is the centre of the circle. From the ceotte A )• 3- 
£,^t^ diflance of any of the three AE, EB, EC, defct!be 
s.fiKcIe^ this {ball pais through the other points -, and ths 
ciec^B ci which ABC is a fennent is defcribed : and it is e- 
■n^lm^thatif the angle ABD be greater than the angle 
i^AP, tiie centre E falls without the fegment ABC, which 
dicn&>re is Icfe dian a fcmicircle : but if the angle ABD be 
l^.iilAn Bad, the centre E falls within the fegment ABC, 
whid) ij. therefore greater than a femicircle : Wherefbte a 
fegmeiit of a circle being given, the circle is defcribed of 
which it is a feginent. Which was to be done. 



PROP. XXVI. T H E O R. 

-■---^^ ■ *■;,":■;■■; ■ '■ ^f 

Pr^ual , citcles, tfqu^l angles ftand u6bh"8qaBl 
circumfefences, wBethei-thfejrbe at the cebtres 
■fa fsircum&rences. 



^^ii £ t EME NT S 

^JBopk ni. Let ABC, 1>£F W eqttal circles^ and the equal ta^glts 
i ^4 BGC, EHF at their eemti^s^ aUd BAG, EDF at tiicir df, 
cumferencies : the circumference BKC is equal to the cir- 
cumfei«noe EJ^F* 

Kin BC, EPi and becaufeithe circles ABC, DJIF are c- 
qiul, the ftr^ht lines d];?kWn fr<>iSL their centres pee -^S^* 
merefor^;the two J^deS/^G, pC, are .equal to the • twplElfi, • 



\ 

* T - -■ 



•juJ . . y 




. . I jHF ; and the angle ^t 6 is equ^ to the an^le at H ; there^ 
« 4* z* •£)re.the bafe BCiis equal ^ to the bafe EF : and beooife tbie • 
^angk at A is equal to the ^de at D, the fegment BAC b( ^ 

''»9dcf.3. 4nular b to the femient EJDF; and they are upon equal 
ftraight lines BC, £r ; but iimilar fegments of circles upoii 

c 24* 3* .equal flraight lines are equal c to one another, therefibip line 
fegment BAC is equal to the fegment "EDf : but the whcde 
circle ABC is equal to the whole DEF; therefore the re- 
mming fegment BKC is equal to the remaining fegment 
.EtF,. and Ae circumference BKC to the circumference EU** 
Wherefore, in equal circles, £lc. Q^E. D. 



PROP. XXVIL T H E O R. 

« 

¥1^ equal circles, the angles which ftand upon c* 



_ quai ;circumferences are equal to one anotbcXt 
: whether kh^y be at t^p centres of circomferences* * 

Let the angles BGC, EHF at the centres, and BAC/EDiP 
at th^ circumferences of the equal circles ABC, -DEF ftanii 
upon the equal circumferences BC, EF : the angle BGC is 

/ equal 



' 
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VtSe togle 'El|F, and ^e angl^ iBACto &e angle Book to. 



If the angle BGC be equal to the angle EHF, it is mani- 
left ^ that the afi|le BAG is alfo equal to^DF. But, if not, » lo. 3. 
one of themis'the/gf^ter : let BGCTbe the gxeater, and at 
the pdot^y in the ftniSght line Bti-, make ^ the Ugle BGK b 23. x. 
eqiial tti the an^e EE[F\ but e^ual angles ftand upon equal 
ciicum£erences5.when tbej are' at the o^tre j th^efore the c 26.^. 
circomfisrence'B^Hs equ^ to the circuiiiteraice £F : but £F 
18 equal to "be \ there&vfe.alfo }&, i^ equal to ^C, the le{s 
to the'^itBater, which is itiipoffilSe : therefore the single BGC 
a not uneqttsd to ^ angle £HF \ that is| 4t is equ^ to it 4 




and the angle at A is half of the angle BGC, and the angle at 
D half of the angle £HF : therefore the angle at A is e- 
qoal to the angle at D. Wherefore, in -equal circles, &c. 



PROP. XXVIII. THEOR. 

jIN.cqUal circles, -equal ftraight lines cut off equal 
.* circuqorCerenees, the greater equal to the greater, 
and the lefs to the lefs. 

•.V j^'ASG, DEF be ^quid circles, and BC, EF equal 
JhaMght jines Ja' them, which cut offF the two greater circum- 
Irrdbces BAC,'£IKF, ittid the two le(s BGC, EHF: &e 

'Jfief»x BAiC 18 iequal.to ihe greater £DF,a^ the left BGC 

•WdwJriflEHF. 

2 Take 



Book lir. . Take a K, Li, the centres .of, the ciffle?, smd join Bl^, KC, 
.\^>3. 'EL, LF :''aiid b^ufelSie dlrdfe'afe^^tiaf, the iWght Jiitf 





from their centres are, equal ; therefore BK, KC are equal to 
EL, LF ; and the bafe oC is equal to ^e bafe £F ; there- 
^ 8. z. fore th^ angle BKC is equal b to the angle ELF : but equal 
c 25. 3. angles ftand upon equal c circumferences,^ "when thej are at 
the centres ; therefore the circumference BGC is equal to 
the circumference EtiCF. But the whole circle A]SC is e» 
qual to the whole EDF4 the remaining part therefore of tk 
circumference, viz. .B AC, is equal tothe remaining part EDF. 
Therefore, in equal circles, &c. Q^ E. D. 



M 



PROP. XXIX. THEOR. 



I 



N equal circles equal circumferences are fubtend- 
ed by equal ftraight Unesr 



a I. -?. 



Let ABC, DEF be equal- circles, and let the circumferftt- 
ces BGC, EHF iiip be equal ; and join BC, EP : the ftrai^ 
line BC is equal to the ftraight line GF, • .1* 

Take a K, L the centres of the circles, and join BK, KC, 

EL9 LF : and becauie the circumference BGC is equal to tte 

^ ^7* 3- circumference EHF, the angle BKC.i^ equal' b to the an|8e 

ELF : and^ becaufe. die pircles » ABC, 3&EF a^ ' equal, tte 

flxaight Ws from A^ir centres -ate ejual 2 itherefow BK, -Hfi 
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a.Te eqoalto EL, LF, and thej contain eqpal angles : there* BookiH. 





fore the bafe BG is equal c to the bafe £F. Thereforej in e- c 4^ i ^ 



PRO P. XXX. P R O B. 

T) hikSt a given circumference, that is, to divid^ 
it into two equal parts. 

Let ADB be the given circumference ; it is required to bi- 
feaiti 

Join A.B, and bifeft » it in C ; from the point C draw CD a 20, i , 
at light angles to AB, and join AD, DB : the circumference 
^DB is biieded in the point D* 

Becaufe AC is equal to CB, and CD common to the tri- 
angles ACD, BCD; the two fides 
AC^ CD are equal to the two BC, 
CD ; and the angle ACD is equal 
to the angle BCD, becaufe each of 
tthem is a right angle ; therefore the 

jbafe AD is equal b to the bafe BD. "*"*• ^ ""^ b 4. i. 

But equal ftraight lines cut off equal c circumferences, the c 2a. 3. 

S eater equal to the greater, and the lels to the lefs, and AD, 
B are each of them lefs than a femicircle ; becaufe DC 
ptfles through the centred: Wherefore the circumference d Cor. 1.3. 
AD is equal to the circumference DB : therefore the given 
cis6toifereace is bifeded in D. Which was to be done. 




H 
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PRO p. XXXI. T H E 6 R. 

IN a circle, the angle in a femricirck is a right 
angle ; but the angle in a fegment greater than 
a femicircle is lefs than a right angle ; and the 
anglq in a fegment lefs than a femicircle is greater 
than a right angle. 

■* ' * ■ ■ 

Let ABCD be a circle, of which the diameter is BC, and! 
centre E *, and draw C A dividing the circle into the feg-i 
nients ABC, ADC, and join B A, AD, DC ; the angle m\ 
the femicircle BAG is a right angle ; and the angle in the* 
-fegment ABC,' which is greatet than' a femicircle, is le&dM 
a right angle ; and the angle in the fegment ADG,- *which''fc ^ 
lels than a femicircle, is greater than a right angle. 

Join AE, and produce B A to F •, and becaufe BE is e^oal 
to EA, the angle EAB is equal a to EBA ^ alfo, becaafb 
AE is equal to EC the angle 
£AG is equal to EGA ; where- 
fore the whole angle BAG is e- 
qual to the two angles ABC, 
AGBw But FAG, the exterior 
angle of the triangle ABC, is 
aKo equal b to the two angles 
ABC, ACB y therefore the 
angle BAG is equal to the angle 
IfAC, and each of them is 
cy. def. I. therefore a rights angle : where- 
fore the angle BAG in a femi- 
circle is a ri^htapgle. 

And becaufe the two angles ABC, BAG of the trian{ 
d 17. I. ABC are together lels d than two risht angles, and that 

is a right angle, ABC mull be lefi than a right angle ; 5 
therefore the angle in a fegment ABC greater than afemi 
cle, is lefs than a right angle. 

And becaufe ABCD is a quadrilateral figure in a cii 
any two of its oppofite angles are equal e to two right anj^ 
tlierefore the angles ABC, ADC are equal to two right 
gles ; and ABC is lels than a right angle ; wherefore the oth< 
ADC is greater than a righ angle. 

3 Befide^j 




BA( 



e %Z. 3. 
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Cor. From this it is manifeil, that if one angle of a tri- ^<x*^'^ 
ungle be equal to the other two, it is a right angle, becaufe 
the angle adjacent to it is equal to the fame two *, and when 
tht adjacent angles^ are equal, they are right angles. 



PROP. XXXII. T H E O R. 

IF a ftraight line touches a circle, and from the 
point of contact a ftraight line be drawn cutting 
the circle, the angles made by this line with the 
line touching the circle^ (hall be equal to the 
angles which are in the alternate fegments of the 
circle. 

Let the Araigbt.line EF touch the circle ABCD in B, and 
from the point B let the ftraight line BD he drawn cutting 
the circle : The angles which fit) makes with the touching 
fine EF fhall be equal to the angles in the alternate fegments 
of t!|B circle : that is, the angle F^D is equal to the angle 

i which IS in the* fegment DAB» and the. angle Db£ to the 

' «ide in tbe.fegment BCD. 

From the point B draw ^ B A at right aaglies to- EF^: aqd 
take any point C in the circumference BD, and join AD, DC, 
CB; and becaufe the ftraight line EF touches the circle ABCD 
in the point R, and BA is 

^wn at right angles to the 
touching line from the point of 
oonta^' B, die centres of the 

"rirde is b in BA ; therefore 

the angle ADB in a femicircle 

is a right c angle, and confe- 

qiiendj> the other two angles 

BAD, ABD are equal d to a 

right angle : but ABF is like- .- 

wife a right angle ; therefore ^ 

thp angle ABF is equal to the angles BAD, ABD ; t:^ ke 

H 2 from 




1 II. I. 



b «9. i. 



xoe 
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BookPI.^ from thefe equals the cogcmixon ang^e ABD ; therefore the 
remaining angle DBF is equal to the angle BAD, which is 
in the alternate fegment of the circle : and becaufe A6£S 
is a quadrilateral figure in a circle, the oppofite angles SAD, 
BCD are equal c to two right angles 5 therefore the angles 
DBF, DBE, being likewife equal f to two right angles, arc 
equal to the angles BAD, BCD ; and DBF has been proved 
equal to Bi^D : theref9re the remaining a^gle DjBK is eqoa} 
to the angle BCD in the alternate fegment of the circle. 
Wherefore, if a ftraight line, &c. Q. E. D. " 



e 22. 3' 
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PROP, xxxni. PR OB. 

■ • ^ 

UPON a given ftraight line to defcribe a fegr J 
ment of a circle, containing aii angle eqi»l 
Jd a given redilineal angle. ' 

f ■ • » • ■ ■ . 

I 

Let AB be the given ftraight line, and the angle at G tfic 
* given reflilineal angle ; k is required to defcribe upon 4!ife 



given ftraight line AB a fegment of a circle, contaiMnff ii 
angle equal to the an^le C. •. 

Firfl, let the angle^at C be , \^ 



ft Jo. It a right angle, andbifeft * AB C 
in F, and from the centre F, 
at tlje diftance F3, defcribe 
the femicircl^ AHB ; there- 
fore the angi^ AHB in a fe- 

l^^i. 3. micircle is ^ equal to the 
right angle at C. 

But, if the angle C be not a right angle, at the point A, in 

e %%, 1* the ftraight line AB, make c the angle BAD equal to 
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Idl 




e 4. X. 



A di^ <!' A:]^ at ri^ht - 
andes toAD ; biifea'a AB 
in' F, arid frbiA' F draw d 
FG at right angles to AB, 
and join GS: Arid becaufe 
AF is equal to FB, and C, 
FG commoff to the tri- 
angles AFG, BFG the two 
fides AF, FG are equal to . 
the two BF, FG ; and the 
angle AFG is ^qual to the 

angle BFG \ therefore thie bafe AG is equal e to the bafe 
GB ; and the circle defcribed from the centre G, at tt(e di- 
Rance GA, fhall pafs through the point B ; let this be the cir- 
cle AHB : And becaiife from the pbiht A the extremity of^ 
ihe d^^^t^r AE, AD is drawn at right angles to AE, 
Ilie^%fdt6 At) f touches the circle; ahd becaufe AB drawn f Cor. i^. 3. 
SriHa Ae point of contafl: A 

cuts the circle, the angle ^-^ ^ 11 

DAB is equal to the angle 
in the alternate fegment 
AHB g : but the angle 
DAB is equiaT to the angle' 
C, therefore alfo the angle 
C! is equal to the angle in 
theiegnient AHB: Where- 
Boife,*u^Ofl the given ftraight 
pine AB the fegment AHB 

■rf a circle is defcribed which contains an angle equal to the 
iven angl^ at C- Which was to be done. 
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PROP. XXXIV. PR OB. 



O cut off a fegment from a given circle which 
. ftiall contain an angle equal to a given reftili- 
leal angle. 



H 



Let 
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a 17. 3. 



Let ABC be the given circle, and D the given reftilineal 
angle ; it is required to cut off a fegment from the circle ABC 
that {hall contain an angle equal to the angle D. 

Draw a the ftraight line EF touching the circle ABC in 
the point B, and at the 



point B, in the ftraight 
^ 23. f . line BF make b the 
angle FBC equal to the 
angle D ; therefore, be- 
caufe the ftraight line 
EF touches the circle 
ABC, and BC is drawn 
from the p^int of con- 
taa B, the angle FBC is 
equal ^ to the .angle in 



D 



e 3»-' 3 




J* 



the alternate fegment B AC of the circle : but the angle FBC 
is equal to the angle D ; therefore the angle in. the fegment 
BAC is equal to the angle D : wherefore the fegment BAG 
is cut oft' from tlie given circle ABC containing an angle e- 
qual to the given angle D* Which was to be done. 



PROP. XXXV. T H E O R. 

IF two ftraight lines within a circle cut one ano- 
ther, tUc redlangle contained by the fegments of 
one of them is equal to the redangle contained hj 
the fegments of the other. 

Let the two ftraight lines AC, BD, within the cird 
ABCD, cut one another in the point E : the rectangle con- 
tained by AE, EC is equal to the reft- \ 
angl'e contained by BE, ED. 

If AC, BD pais each of them through 
the centre, fo that E is the centre ; it is 
evident,that AE, EC, BE, ED, beingBi 
all equal, the reftangle AE, EC is like- 
wife equal to the redangle BE, ED. 

But let one of them BD pals through the centre, and cut 
the other AC, which does not pais through the centre, at 

right 
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a 3- 3. 



b 5. a. 



k right angles, in the point E : then, if 5D be bifeaed in F, F Book liL 
J is the centre of the circle ABCD ; join AF: and becaufe 
BD, which paffes through the centre, cuts the ftraight line 
K AC, which does not pals through -the j) 

centre, at right angles in E, AE, 
■ EC are equal a to one another : and 
•>■ ]>ecaiife the ftraight line BD is cut 
into two equal parts in the point F, 
and into two unequal in the point E, 
f the re6lang]e BE, ED, together with 
.*; the fquare of EF, is equal b to the J^ 

? fquare of FB ; that is, to the fquare 
-' o£ FA ; but the fquares of AE, EF 

•i: are equal c to the fquare of FA *, c ^m. y^ 

^ therefore the rectangle BE, ED, together with the fquare of 
' EF, IS equal to the fquares of AE, EF : take away the com-- 
■ noton fquare of EF, and the remaining rectangle BE, ED is 
equal to the remaining fquare of AE ; that is, to the reft- 
anffle AE^ EC. 

Next, Let BD, which paffes through the centre, cut the o- 
ther AC, which does not pais through the centre, in E, but 
not at right angles : then, as before, if BD be bifedted in Fj 
F is the centre of the circle. Join AF, and from F draw 
d FG perpendicular to AC ; <herefors AG is equals to GC^ d 12. i. 
wherefore, the redtangle AE, EC, together with the fquare 
of EG, is equal b to the fquare of AG : to each of thefe e- 
quals add the fquare of GF ; therefore the rectangle AE, 
EC, together with the fquares of EG, GF, is equal to 
the fquares of AG, GF : But the 
fquares of EG, GF are equal c to 
the fquare of EF ; and the fquares 
of AG, GF are equal to the 
fquare of AF : therefore the red- 
angle AE, EC, together with the 
fquare of EF, is equal to the 
fquare of AF ; that is, to tlie 
^^lare of FB : but the fquare of 
FB is equal t> to the re6tangle BE, 

ED together with the fquare of EF ; therefore the redlangle 
AE, EC, together with the fquare of EF, is equal to the 
reflangle BE, ED, together with the fquare of EF : take a- 

H 4 way 
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Book III. ^y the common Iquarc of EF, and the remainiug reaaaRh 
^" ^"'" -' AE, EC, is therefore equal to the remaining reda 

ED. 

Laftly, Let neither of the ftraight lines AC, BD pafi 

through the centre : take the centre 
F, and through E, the interfeflion 
of the flxaight lines AG, DB, 
draw the diameter GEFH : and 



becaufe the reftangle AE, EC is 
equal, as has been fhown, to the 
, redanglc GE, EH ; and, for the 
fame reafon, the re^angle BE, 
ED IS equal to the fame reflangle 
GE, EH ; therefore the rectangle 
AE, EC is- equal to the redlangle 
Be, ED. Wherefore^ if two ftraight lines, &c. Q^E. D» 







PROP. XXXVI. T H E O R. 

IF from any point without a circle two ftraight 
lines be drawn, one of which cuts the circle, 
and the other touches it ; the rectangle contained- 
by the whole line which cuts the circle, and the 
part of it without the circle, (hall be equal to the 
fquare of the line which touches it. 

Let P be any point without the circle ABC, and DCA, 
Dif two ftraight lines drawn from it, of which DCA cuts 
the circle, and DB touches the fame : the reftangle AD, DC 
is equal to the fquare of DB. 

Either DCA paffps through the centre, or it does not; 

firft, Let it pais through the centre E, and join EB ; there- 

• i8. 3 f^re the angle ECD is a right a angle : and becaufe die 

firai^t 
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t line AC b bifefted in E, and ^ ■oox lit 

:ed to the point D, the red- 

AJ>, DC, together with the 

of EC, is equal b to the fquare 

) ; and C£ is equal to £B ; 

)re the re^ngle AD, DC, 

er with the fquare of EB, is 

:o the fquare of ED : but the 
of ED is equal c to the 

i of EB, BD, becaufe EBD is 

: angle : therefore theredangle 

OC, together with the fquare 

•, is equal to the fquares of EB, 

take away the common fquare 

I ; therefore the remaining rectangle AD, DC is equal 

fquare of the tangent DB. 

if DC A does not pals through the centre of the circle 

take d the centre E, and draw EF perpendicular « to d i. > 

nd jom EB, EC, ED : and becaufe the ftraight line « "« *• 

hich pafles through the centre, cuts the ftraight line 

irhich does not pals through the 

t at right angles, it fhall like- 

ik& ^ it ; therefore AF is e- /^ f 3» 3- 

> FC : and becaufe the ftraight 
.C is bifeded in F, and produ« 

D, the reaangle AD, DC, 
er with the fquare of FC, is 

> to the fquare of FD : to each 
;fe equals add the fquare of ■ 
therefore the rectangle AD, 
:ogether with the fquares of 
E, is- equal to the fquares of 
*E : but the fquare of ED is 
- to the tjuares of DF, FE be- 

EFD. is a right angle ; and the Iquare of EC is equal 
fquares of CF, FE ; therefore the reaangle AD, DC, 
er with the fquare of EC, is equal to the fquare of 
and CE is equal to EB -, therefore the reaangle AD, 
ogether with the fquare of EB, is eaual to tie fquare of 
but the fquares of EB, BD are equal to die fquare c of 
.ecaufe EBD is a right angle ; therefore the reaangle 
DC, together with the fquare of EB, is equal to the 

2 fquares 
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Book ni. fquares of EB, BD : take away the common fquare of EB ; 
^^^ therefore the remaining re6bingle AD, DC is equal to 
the fquare of DB. Wherefore, if from any point, &c. 
Q^E. D. 

CoR. If from any point without a 
cirde, there be drawn two ftraight 
lines cutting it, as AB, AC, the 
rectangles contained by the whole 
lines and the parts of them without 
the circle, are equal to one another, 
viz. the reftangle BA, AE to the 
reftangle CA, AF : for each of them 
is equal to the fquare of the ftraight 
line AD which touches the circle. 




PROP. XXXVII. T H E O R./ 

IF from a point without a circle there be drawn 
two ftraight lines, one of which cuts the circle, 
and the other meets it ; if the reftangle contained 
by the whole line which cuts the circle, and the 
part of it without the circle be equal to the fquare 
of the line which meets it, the line which meets 
fliall touch the circle. 

Let any point D be taken without the circle ABC, and from 

it let two ftraight lines DCA and DB be drawn, of which 

DC A cuts the circle, and DB meets it •, if the reftangle AD, 

DC, be equal to the fquare of DB ; DB touches the circle. 

a 17. 3. Draw a the ftraight line DE touching the circle ABC, 

find the centre F, and join FE, FB, FD ; then FED is a 

b 18. 3. right b angle : and becaufe DE touches the circle ABC, and 

c 36. 3. DCA cuts it, the reftangle AD, DC is equals to the fquare 

of DE *, but the reftangle AD, DC is, by hypothefis, equal 

to the fquare of DB : therefore the fquare of DE is equal to 

the fquare of DB ; and the ftraight line DE equal to the 

ftraight 
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t line DB : and FE is equal to FB, wherefore DE, Boo^ni,^ 

e equal to DB, BF ; and the 
"D is common to the two 
ies DEF, DBF ; therefore 

gle DEF is equal d to the f CLi— ^\ d 8. i. 

DBF; and DLF is a right - 
therefore alfo DBF is a right 
but FB, if produced, is a 
cer, and the ftraight line 
is drawn at right angles to a 
ter, from the extremity of it, 

s e the circle : therefore DB \ I / « xi 5. 

s the circle ABC. Where- 
f from a point, &c. Q^ E. D- 
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BOOK IV. 



DEFINITI ON S. 

I. . • • 

AReftilij\eal figure is faid. to be infcribed in another Boot IV,^ 
reSilineal figure, when all the angles pf the infcribed ' 
figure are upon the fides of the figure 
in which it is infcribed^ each upon 
each. 

IL 
In like manner, a figure is ikid to be de- 
fcribed aboui another figure, when all 
the fides of the circumfcribed figure 

r& through the angular points o£ the figure about which it 
deicribedy each tlurough each. 

III. 
A re3ilineal figure is £|id to be in- 
fcribcid in a circle, when all the angles 
of tlie infcribed figure are upon die 
circumference of the circle. 
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IV. 

A redilmeal figure is faid to be defcribed about a cirde, when 

each fide of the circumfcribed figure 

touches the circumference of the 

circle. 

V. 
In like manner, s^ circle is faid to be in- 

fcribed in a reflilineal figure, when 

the circumference of the circle touches 

each fide of the figure. • : ^ 






VI. 



A circle is faid to be defcribed about a 
redilineal figure, when the circumfe- 
rence of the circle pafles through all 
the angular points of the figure about 
which it is defcribed. 




VII. 

A ftraight line is faid to be placed in a circle, when the ex- 
tremities of it are ia ,the circumference oi[ the circle, 

PROP. LI PR OB. 

• ■ - ' '' ' ' tk 

> . . . f • , r. ■ » \ 

IN a given circle to place a ftraight line, equll to 
a given ftraight line not greater than the diame- 
ter of the circle. . > 



.'■••* 



Let ABC be the given circle, and D the given ftraight line, 
not gi^eater than the dimn^t^r of the circle. . - ' ■ 

Draw BC the dia^ieter of 
the circle ABC -, then, if BC 
is. equal to D, the thing re- 
quired is done •, for in the cir- 
cle ABC alftraight line BC is 
placed equal to D : But, if it 
is Hot, BC is greater than D ; 
make C£ equal » to D, and 
from the centre C, at the di- 
fiance CE, defcribe the circle -^ 

AEF, and join C A : Therefore, becaufe C is the centre of 

the 
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circle AEF, C A is equal to CE ; but D is equal to CE ; Book IV, 
therefcM-e D is equal to C A : Wherefore, in the circle ABC, 
a ftraight line is placed, equal to the given ftraight line D, 
which is not greater than the diameter of the circle. Which 
was to be done. 



PROP. II. PROB. 



I 



N a given circle to infcribe a triangle equiangu- 
lar to a given triangle. 



Let ABC be the given circle, and DEF the given tri- 
angle ; it is required to infcribe in the circle ABC a triangle 
equiangular to the triangle DEF. 

Draw a the ftraight line GAH touching the circle in the a 17. 3. 
point A, and at the point A, in the ftraight line AH, make b b 1$, i. 
the angle HAC eqUal to the angle DEF ; and at the point A, 
in the ftraight line 
AG, make the angle =2!,^^^^ a 

Gab equal- to flie ^^^^**X^^-^ W 

angle DFE,and join 

BC : Therefore, be- 

caufe HA G touches 

the circle A^C,and 

AC is. drawn from 

the point of contad:, -r^ 

the angle HAC is e- 

qual c to the angle / ^ ^ 3*« 3* 

ABC in the altemale fegment of the circle : But HAC is e- 

qual to the angle DEF ; therefore alfo the angle ABC is e- 

qual to DEF : for the fame reafon, the angle ACB is equal 

to the angle DFE ; therefore the remaiidng angle BAC is 

equal d to the remaining angle EDF: Wherefore the, triangle d 32. x, 

ABC is equiangular to the triangle DEF, and it is infcribed 

in the circle ABC. Which was to be doi^e. 
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PROP. III. PROB. 

ABOUT a given circle to defcribe a triangle c- 
quiangular to a given triangle. 

Let ABC be the pven circk, and DEF the given triangk^ 
it is required to defcribe a triangle about the circle ABC e- 
quiangolar to the triangle DEF. - ' a 4 

Prodooe EF both ways to the points iG, H, and Snd no 1 
centre K of tlie circle ABC, and from it draw any ftriight I 

a 23. 1. line KB; at the point K in the ftraight line KB, make » the 
angle BKA equal to the angle D^G, and the angle BKC 
equal to the aa^^le DFH ; and thn^gh the. points A, By ft 

b 17. 3. draw the ftraight lines LAM, MRN, NCL touching b ^ 
circle ABC; Therefore, becaufe LM, MN, NL toufibthe: 
circle ABC in the points A, B, C, to whic^ £rom the qentn 
are drawn KA, KB, KG, the angles at the points A, B, C, aic 

c iS. 3. right c angles. And becaufe tlie fotir angled of the qusudrihp 
teral fi^riire AMBK are equal to four right aogles, for it cm 
be divided into two triangles, and becaufe tr^o^them^l^MAI^ 
• KBM are rij^ht y 

angles, the other a 

two AKB,AMB / \ 3> 
are equal to two 
right angles: But 
theanglesDEG, jxjr ^ V n — "^r- *r"T«, 

d 13. 1, wife equal ^ to 
two right angles; 
therefore the an- 
gles AKB,A^BM 
are equal to the angles DEG, DEF, of which AKB is cquJ 
to DEG ; wherefore the remaining angle AMB is equal to 
the remaining angle DEF : In like manner, the angle LNM 
may be demon ftrated to be equal to DFE ; and therefore the 

« 3^- !• remaining Iln^Ic MLNistqualcto-the remaining angle EDF: 
Wherefore the triangle LMN is equiangular to the triangle 
DEF : And it ia dcfcribed about tlie circle ABC. Whictt 
was to be done. 
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itifcribe a circle in a given triangle. 

the given triangle be ABC •, it is required to inicribe 

e in ABC. 

jfta the angles ABC, BCA by the ftraight lines BD, » 9. t. 

leeting one another in the point D^ from which draw b b 12. 1. 

DF, DG perpendiculars 

B, BC, CA: And bc- 

the angle £BD is equal 

: angle FBD, the angle 

being bifeded by BO ; 

•ecaufe the right angle 

is equal to the right angle 

the two triangles EBD, 

have two angles of the 

[ual to two angles of tlie 

, and the fide BD, which t^^ 

ofite to one of the equal 

1 in each, is common to both ; therefore their other fides 

qual c ; whertfore DE is equal to DF. For the fame c 26. i. 

., DG is equal to DF ; therefore the three ftraight lines 

DF, DG are equal to one another, and the cu'cle de- 

d from the centre D, at 'the diftance of any of them, will 

irough the extremities of the other two, and will touch the 

It lines AB, BC, C A, becaufc the angles at the points 

G are right angles, and the ftraight line which is drawn 

the extremity of a diameter at right angles to it, touches 

circle: Therefore the ftraight lines AB, BC, CA, do <1 1^-3. 

)f them touch the circle, and the circle EFG is infcribed 

triangle ABC. Whiim was to be done. 
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f R O p. V. P R O B. 



defcribe a circle about a given triangle. 



a 10. X. 
b II. I. 



Let the given triangle be ABC ; it is* required to defcnbc 
a circle about ABC. 

Bifeft a aB, AC in the points D, E, and from thefe points 
draw DF, EF at right angles b to AB, AC ; DF, EF producei 





meet one another ; for, if they do not meet, they are 
wherefore AB, AC, which are at right angles to themy 
parallel, which is abfurd : Let them meet in F, and join FAi 
alfo, if the point F be not in BC, join BF, CF: then, 
AD is equal to DB^ and DF common, and at right angka^ 
c 4. 1. AB, the bafe AF is equal c to the bafe FB. In like manotf 
it may be fliown that CF is equal to FA ; and therefore B| 
is equal to FC ; and FA, FB, FC are equal to one anotber 
wherefore the "circle defcribed from the centre F, at the di 
fiance of one of them, fhall pais through the extremities of dM 
other two, and be defcribed about the triangle ABC, wf 
was to be done. 

CoR. And it is manifeil, that when the centre of the 
falls within the triangle, each of its angles is lefs than a 
angle, each of them being in a fegment greater than a 
circle ; but, when the centre is in one of the fides of the 
angle, the angle oppofite to this fide, being in a femicirckf 
a right angle ; and, if the centre falls without the triangle, 
angle oppofite to the fide beyond which it is, being in a 
ment le& than a fexnicircle, is greater than a right an 

Where: 
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Wherefore, if the given triangle be acute angled, the centre ^»k IV- 
of the circle falls within it •, if it be a right angled triangle, 
the centre is in the fide oppofite to the right angle ; and, if it 
be an obtufe angled triangle, the centre falls without the tri- 
angle, beyond the fide oppofite to the obtufe angle. 



a 4. Xi 



P R O P. VL P R O B. 

X O infcribe a fquare in a given circle. 

Let ABCD be the given circle ; it is required to infcribe 
a fquare in ABCD. 

Draw the diameters AC, BD at right angles to one ano- 
ther, and join AB, BC, CD, DA j becaufe BE is equsd to 
£D, £ being the centre, and be^ 
caii£e £ A is at right angles to BD, 
and common to the triangles 
J\.B£, AD£ i the bafe B A is 
«qual A to the bafe AD ; and, for 
\he ikme reafon, BC, CD are 
«ach of them equal to BA or 
.AH *, therefore die quadrilateral 
figure ABCD is eqiulateral. It 
Ssalfo redaneular ; for the flraight 
line BD, bemg the diameter of 
the ^rde ABCD, BAD is a 

Semicircle ; wherefore the angle BAD is a right ^ angle ; for ^ 3i 
%he fame reafon each of the angles ABC, BCD, CD A is a 
9ight angle ; therefore the quadrilateral figure ABCD is reft- 
sngular, and it has been fliown to be equilateral -, therefore it 
is a fquare ; and it is infcribed in the circle ABCD* Which 
1/^23 to be done. 




• 3. 



PROP. VIL P R O B. 






^ X O defcribe a fquare about a given circle. 



k' 



Let ABCD be the given circle ; it is required to defcribe a 
tptare about it. 

I 2 Draw 
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y 1^; Draw two diameters AC, BD of the circle ABCDT, at righ 
angles to one another, and through the points A, B, C, I 
a 1 7. 3- draw a FG, GH, HK, KF touchij^g the circle •, and bccaufi 
FG touches the^ circle ABCD, and EA is drawn from th< 
centre E to the point of contadl A, the angles at A are ri^ 
^^ ^^8. 3. b angles ; for the fame reafon, the angles at the points B, C, 
D arc right angles ; and becaufe the angle AEB is a right 
angle, as likewife is EBG, GH 
c 2S. I. is parallel c to AC; for the fame 
reafon, AC is parallel to FK, and 
in like manner GF, HK may- 
each of them be demonftrated to 
be parallel to BED; therefore 
the figures GK, GC, AK, FB, 
BK are parallelograms ; and GF 
<J 34- 1- is therefore equals to HK, and 
GH to FK ; and becaufe AC is 
equal to BD, and that AC is equal to each of the two GHr 
FK ; and BD to each of the two GF, HK : GH, FK are^ 
of them equal to GF or HK ; therefore the quadrilateral figure 
FGHK is equilateral. It is aKo redbngiilar ; for GBEA be- 
ing a parallelogram, and AEB a right angle, AGB * is like- 
wife a right angle : In the fame manner, it may be fliown 
that the*?ngles at H, K, F are right angles ; therefore the 
quadrilateral figure FGHK is reftangular; and it was de- 
Tuonftrated to be equilateral ; therefore it is a fquare ; and it 
is defcribed about the circle ABCD. Which was to be 
done. 




PP. OP. vm. PR OB. 






a 10. I. 

b 31. r. 



c 34. I- 



X O infcribc a circle in a given fquare. 



Let ABCD be tlie given fquare ; it is required to infcribe a 
circle in ABCD. 

Bifed a each of the fides AB, AD, in the points F, E, and 
through E draw b EH parallel to AB or DC, and through F 
draw FK parallel to AD or BC ; therefore each of tlie figures 
AK, KB, AH, HD, AG, GC, BG, GD is a paraUelogram, 
laui their oppofite udec r:re equal '^r. and becaufe AD is equal 

2 * to 
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to AB, and that AE is the half of AD, and AF the half of Book IV, 
AB, AE is equal to AF ; wherefore the fides oppofite to 
thefe are equal, viz- FG to GE ; in the fame manner, it may 
be demonftrated, that GH, GK 
are each of them equal to FG or 
GE ; therefore the four ftraight 
lines GE, GF, GH, GK, are c- 
qual to one another; and the cir- 
cle defcrihed from the centre G, 
at the diftance of one of them, 
fhall pals through the extremities 
of the other three ; and fliall alfo 
touch the ftraight lines AB, BC, 
CD, DA, becaufe the angles at 
the points E, F, H, K are right d d 29. i. 

angles, and becaufe the ftraight line which is drawn from the 
extremitj of a diameter, at right angles to it, touches the 
cirdee ; therefore each of the ftraight lines AB, BC, CD, DA e 16. 3. 
touches the circle, which therefore is infcribed in the fquare 
ABCD. Which was to be done. 




PR O P. IX. PRO B. 
JL O defcribe a circle about a given fquare. 

Let ABCD be the given fquare -, it is required to defcribe 
a circle about it. 

Join AC, BD, cutting one another in E ; and becaufe DA 
is equal to AB, and AC common to the triangles DAC, 
BAG, the two fides DA, AC are equal to the two BA, AC, 
and the bafe DC is equal to the bafe 
BC ; wherefore the angle DAC is equal 
* to the angle BAC, and the angle 
DAB is bifeded by the ftraight line 
AC : In the fame manner, it maj be 
demonftrated, that the angles ABC, 
BCD, CDA are feverally bifeded by 
the ftrsught lines BD, AC ; therefore, 
becaufe the angle DAB is equal to the 
angle ABC, and that the angle EAB is the half of DAB, 

I 3 and 
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Book IV. and EB A the half of ABC ; the angle E AB is equal to die 
J, ^ j^ angle EBA ; wherefore the fide EA is equal t to the fide 
EB : In the fame manner, it may be demonftrated, that the 
ftraight lines EC, ED are each of them equal to EA or EB; 
therefore the four ftraight lines EA, EB, EC, ED are equal 
to one another ; ai;id the circle defcribed from the centre E, at 
the diftance of one of them, ftiall pais through the extremities 
of the other three, and be defcribed about the fquare ABCD* 
Which was to be done. 

P R O P. X. P R O B. 

TO defcribe an ifofceles triangle, having each of 
the angles at the bafe double of the third 
angle. 

a II. 2. Take any ftraight line AB, and divide a it in the point C, fc* 

that the reftangle AB, BC maj be equal to the fquare of CA; 

and from the centre A^ at the diftance AB, defcribe the drcfc 
b I. 4. BDE, in which place b the ftraight line BD equal to AC,| 

which is not greater than the diameter of the circle BD£;{ 
c 5. 4. join DA, DC, and about the triangle ADC defcribe c the! 

circle ACD ; the triangle ABD is fuch as is requ'red, that is, 

each of the angles ABD, ADB is double of the angle 

BAD. 

Becaufe the reftangle AB, BC is equal to the fquare of i 

AC, and that AC is equal to SD, the redlangle AB, BC is 

equal to the fquare of BD ; 

and becaufe from the point B 

without the circle ACD two 

ftraight lines BCA, BD arc 

drawn' to the circumference, 

one of which cuts, and the 

other meets the circle, and 

that the redlangle AB, BC 

contained by die whole of 

the cutting line, and the part 

of it without the circle, is e- 

qual to the fquare of BD 

which meets it ; the ftraight 
a 37. 3. line BD touches d the circle 

ACD J and becaufe BD touches the circle, and DC is 

drawft 
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4rawn from the point of contaft D, the angle BDC is equal c B« ok IV. 
to the angle D AC in the alternate fegment of the cirrle ; to ~ ^ 
leach of thefe add the angle CD A ; therefore the whole an^le 
BDA is equal to the two angles CD A., DAC ; but the ex- 
terior angle BCD is equal ^ to the angles CD A, DACl; ^2. i. 
therefore alfo BDA is equal to BCD ; but BDA is equal g g 5. i. 
to CBD, becaufe the fide AD is equal to the fide AB-, 
therefore CBD, or DBA is equal to BCD ; and confe- 
quently the three angles BDA, DBA, BCD, are equal to 
one another: And becaufe the angle DBC is equal to the angle 
BCD, the fide BD is equal b to the fide D' I ; but BD was h 6. i. 
made equal to C A ; therefore alfo CA L> equal to CD, and 
the angle CD A equal g to the angle D AC j therefore the 
angleis CD A, DAC together, are double of the angle DAC : 
but BCD is equal to the angles CD A, DAC ; therefore aifo 
BCD is double of DAC ; and BCD is equal to r^ch of the 
angles BDA, DBA, each therefore of tlie angles BDA, 
DBA is double of the angle D AB ; whercfo: e an ifofceles 
triangle ABD is defcribed, having each of the angles at the 
bafc double of the third angle. Which was to be done. 



T 



PROP. XI. P R O B. 

O infcribe an equilateral and equiangular pen- 
tagon in a given circle. 



Let ABCDE be the given circle, it is required to infcribe 
im equilateral and equiangular pentagon in the circle 
ABCDE. 

Defcribe a an ifofceles triangle FGH, having each of the « 10. 4* 
angL s at G, H, double of the angle at F ; and in the circle 
ABCjDE infcribe b the triangle ACD equiangular to the b 2. 4. 

I 4 triangle 



x^ 
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Pook IV. triangle FGH, fo that the angle CAD be equal to the 
angle at F, and each 
of the angles ACD, CD A 
equal to the angle at G or 
H ; wherefore each of the 
angles ACD, CDA is 
double of the angle CAD. 
Bifeft c the angles ACD, 
C DA by the ftraight lilies 
CE, DB J and join AB, 
BC,DE,EA. ABCDE 
is the pentagon required. G 

Becaufe angles the ACD, CD A are each of them doubkof 
CAD, and are bifedted by the ftraight lines CE, DB, the fiv^ 
angles DAC, ACE, ECD, CDB, BDA areequalto Qiieano. 

d 2^ 3. ther •, but equal angles ftand upon equal d circumferences ; there- 
fore the five circumferences AB, BC, CD, DE, 'EA arc equ4 
to one another : and equal circumferences are fiibjtended by 

e 29. 3. equal e ftraight lines -, therefore the five ftraight lines AB, 
BC, CD, DE, EA are equal to one another. Wherrforcthe 
• pentagon ABCDE ' is equilateral. It is alfo equiaii'gukr^ 
becaufe the circumference AB is equal to the circumference 
DE : if to each be added BCD, the whole ABCD is equal 
to the whole EDCB : and the angle AED ftands on the cir-- 
cumference ABCD, and the angle BAE on the circumference 

f ay. 3. EDCB *, therefore tjie angle BAE is equal ^ to the andc 
AED : for the fame reafon, each of the angles ABC, BCPi 
CDE is equal to the angle BAE, or AED : therefore die 
pentagon ABCDE is equiangular ; and it has been fhowfl 
that it is equilateral. Wherefore, in tlie given circle, an c- 
quilateral and equiangular pentagon has been ihfcribed. Which 
was to be done. ' 



i 
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PROP. XII. P R O B. 

r 

TO defcribe an equilateral and equiangular pen- 
tagon about a given circje. 



Let 



^^M^k-;.- - 



.'V- 
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LiCt ABCDE be the given circle, it is required to defcribe Book IV. 
sm equilateral and equiangular pentagon about the circle ▼ 
ABCDE. 

Let the angles of a pentagon, infcribed in the circle, by the 
laft propofition, be in the points A, B, C, D, E, fo that the 
icircumferences AB, BC, CD, D£, EA are equals; and a 11,4. 
through the (K>ints A, B, C, D, E draw GH, HK, KL, LM, 
MG, touching b the circle : take the centre F, and join FB, ^ 17. 3. 
FK, FC, FL, FD : and becaufe the ftraight line KL touches 
the circle ABCDE in the point C,- to which FC is drawn 
from the centre F, FC is perpendicular c to KL ; therefore c tS. 3« 
each of the angles at C is a right angle : for the lame reafon, 
the angles at the points B, D are right angles ; and becaufe 
FCK is a right angle, the fquare of FK is equal (I to the d 47. x. 
{quares of FC, CK. For the iame reafon, the fquare of FK is 
equal to the fquares of FB, BK : therefore the fquares of FC, 
CK are equal to the fquares of FB, BK, of which the fquare 
of FC is equal to the fquare of FB ; the remaining fquare of 
CK is therefore equal to the remaining fquare of BK, and the 
ftraight line CK equal to BK : and becaufe FB is equal to FC, 
and FK common to the triangles EFK, CFK, the two BF, 
FK are equal to the two CF, FK ; and the bafe BK is equal 
to the bafe KC ; therefore the angle BFK is equal c to the c 8. i. 
angle KFC, and the angle BKF to FKC ; wherefore the 
ingle BFC is double of the angle KFC, and BKC double of 
FKC : for tlie fame reafon, the angle CFD is double of the 
angle CFL, and CLD double of CLF : and becaufe the cir- 
cumference BC is equal to the circumference CD, the angle 
BFC is equal f to the angle CFD *, and BFC is double of f 27- J 
the angle KFC, and CFD q 

double of CFL -, therefore 
the angle KFC is equal to 
the angle CFL ; and the 

right angle FCK is equal to y j x x. w 

the right angle FCL : there- Hf 
fore in the two triangles 
FKC, FLC, there are t^d 
angles of one equal to two 
angles of the other, each to 
each, and die fide FC, which 
is adjacent to the equal singles 

in 
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Book IV. in each, is common to both ; therefore the other fides ihatl be I 
equal g to the other fides, and the third angle to the third 1 
angle : therefore the flraight line KG is equal to CLt and tbe |3 
angle FKC to the angle FLG : and becaufe KG is equal to 
CL, KX is double of KG : in the fame manner, it maj be 
fhown tha HK is double of BK : and becaufe BK is eqinl to 
KG, as was demonftrated, and that KL is double of KG, aad 
HK double of BK, HK ihall be equal to KL : in like man- 
ner, it may be (hown that GH, GM , ML are each of them 
equal to HK or KL : therefore the pentagon GHKLM is e- 
quilateral. It is alfo equiangular ; for, fince the angle FKC 
is equal to the angle FLG, and the angle HKL doubk 
of the angle FKC, and KLM double of FLG, as was befioft 
demonftrated, the angle HKL is equal to KLM : and in like 
manner it may be ihown, that each of the angles KHG, HGM, 
GML is equal to the angle HKL or KLM : therefore the five 
angles GHK, HKL, KLM, LMG, MGH beipg equal to one 
another, the pentagon GHKLM is equiangular : and it is equi- 
lateral, as was demonftrated ; and it is defcribed about ^ 
circle ABGDE. Which was to be done. 



T 



PROP. XIII. P R O B. 

O infcribe a circle in a given equilateral and 
equiangular pentagon. 



Let ABGDE be the given equilateral and equiangular pen- 
tagon ; it is required to infcribe a circle in the pentagon 
ABGDE. 

» 9' «. Bifea a the angles BCD, GDE by the ftraight Hues CF, 
DF, and from the point F, in which they meet, draw the 
ftraight lines FB, FA, FE : therefore, iince BG is equal to 
CD, and CF common to the triangles BCF, DCF, the two 
fides BC, CF are equal to the two DC, CF ; and the angle 
iCF is equal to the angle DCF; therefore the bafe BF is 

b 4. !• equal b to the bafe FD, and the other angles to the other 
angles, to which the equal fides are oppofite *, therefore the 
angle CBF is equal to the angle CDF : and becaufe the 

angle 
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«Hkk CD£ 18 double of CDF, and that CD£ is equal to Book IV. 
CaKA, and CDF to CBF; 
CB A 18 alfo douMe of the 
angle CBF ; therefore the 
angle ABF is equal to the 
angle CBF; wherefore the 
loigle ABC is bifeded by the 
ftraight line BF : In the fame 
manner, it maj be demon- 
Ifarated, that the angles B A£, 
A£D, are bifeded bj the 
ftraight lines AF, F£ : firom 

ibc point F draw « FG, FH, V"'^^ — l-^^^^V , c 12. i. 

FK9 FLy FM perpendiculars 
to the ftraight Unes AB, BC, 
CD, b£, £A : and becaufe the augle HCF is equal to KCF, 
«nd the right an^e FHC equal to the right angle FKC ; in the 
triangles FHC, FKC there are two angles of one equal to 
two angles of the other, and the fide FC, which is oppofite to 
one of the equal angles in each, is common to both ; there- 
fore the others fides (hall be equal d, each to each ; wherefortf d 26, i. 
the perpendicular FH is equal to the perpendicular FK : in 
the fame manner it may be demonftrated, that FL, FM, FG 
arc each of them equal to FH or FK : therefore the five 
fbaight lines FG, FH, FK, FL, FM are equal to one ano- 
ther : wherefore the circle defcribed from the centre F, at 
the diflance of one of thefe five, fhall pafs through the ex- 
tremities of the other four, andH;ouch the ftraight lines AB, 
BC, CD,D£, £A, becaufe that the angles at the points G,H, 
K,. L, M are right angles, and that a ftraight line drawn from 
the extremity of the diameter of a circle at right angles to 
it, touches c the (circle : therefore each of the ftraight lines 
AB^ BC, CD, D£, EA touches the circle ; wherefofe it is 
infcribed in the pentagon ABCDE. Which was to be 
done. 
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■ 9. I. 



h6, t. 



'T'O defcribe a circle about a given equilateral and 
equiangular pentagon. 

Let ABCDE be the ^ven equilateral and equiangular pen- 
tagon •, it is required to defcribe a circle about it. 

Bifeft a the angles BCD, CDE by the ftraight lines CF, 
FD, and from the point F, in which thej meet, draw the 
ftraight lines FB, FA, FE to the 
points B, A, E. It may be de- 
monfbated, in the fame manner 
as in the preceding propofition, that 
the angles CBA, BAE, AED 
are bifefted by the ftraight lines 
FB, FA, FJl : and becaufe the 
angle BCD is equal to the angle 
CDE, and that FCD is the half 
of the angle BCD, and CDF the 
the half of CDE; the angle 
FCD is equal to FDC ; wherefore the fide CF is equal b to 
the fide FD : In like manner it may be demonftrated, that 
FB, FA, FE are each of them equal to FC or FD : therefore 
the five ftraight lines FA, FB, FC, FD, FE are equal to one 
another ; and the circle defcribed from the centre F, at the 
diftance of one of them, fliall pafe through the extremities 
of the other four, and be defcribed about the equila- 
teral and equiangular pentagon ABCDE. Which was to 
be dofle. 




PROP. XV. P R O B. 

npO infcribe an equilateral andrfquiangular hex- 
-*• agon in a given circle. ^ 
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let ABCDEFbc the given circle ; it is required to inlcribe Boo k iv. 
SU2 equilateral and equiangular hexagon in it. ' 

Find the centre G of die circle ABCDEF, and draw the 
<liameter AGD ; and ^ from D as a centre, at the diflance 
DG, defcribe the circle EGCH, join EG, CG, and produce 
them to the pomts B, F ; and join AB, BC, CD, DE, EF, 
FA: the hexagon AJBCDEF is equilateral and equiangu- 
lar. 

Becaufe G is the centre of the circle ABCDEF, GE is c- 
qual to GD : and becaufe D is the centre of the circle 
£GCH, DE is equal to DG ; wherefore GE is equal to ED, 
and the triangle EGD is equilateral ; ai^d therefore its three 
angles EGD, GDE, DEG are equal to one another a ; and* Cor. 5. i. 
the three angles of a triangle are equal b to two right angles ; b 32. !• 
therefore the angle EGD is the third part of two right angles; 
In the fame manner it may be de- 
monftrated that the angle DGC is 
alfo the third part of two right 
angles : and becaufe the ftraight 
line GG makes with EB the ad- 
jacent angles EGG, GGB equal c 
to two right angles ; the remain- 
ing angle GGB is the third part 
of two right angles ; therefore 
the angles EGD, DGG, GGB, are 
equal to one another : and to thefe 
are equal d the vertical oppofite 
angles BG A, AGF, FGE ; there- 
fore the fix angles EGD, DGG, 
CGB, BGA, AGF, FGE are e- 
T^ial to one another. But equal 

^gles ftand upon equal e circumferences ; therefore the fix c 26. 3, 
circumferences AB, BG, GD, DE, EF, FA are equal to one 
another : and equal circumierences are fubtended hy equal f ^ ^^' ^' 
traight lines ; therefore the fix ftraight lines are equal to one 
pother, and the hexagon ABGDEF is equilateral. It is al- 
o equiangular ; for, fince the circumference AF is equal to 
iD, to each of thefe add the circiunference ABGD ; there- 
ore ihe whole circumference FABGD fliall be equal to the 
■vhole EDGBA : and the angle FED ftands upon tlie cir- 

cumferencd 
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Book IV. cumference FABCD, and the angle AFE upon £t)CBAi 
' therefore the angle AFE is equal to FED : in the bmt 
manner it may be demonftrated that the other angles of the 
hexagon ABCDEF are each of them equal to the angle AFE 
or FED ; therefore the hexagon is equiangular ; and it is e- 
quilateral, as was fhown ; and it is infcribed in die given aide 
ABCDEF. Which was to be done. 

Cor. From this it is manifefl, that the fide of the fiezageMi 
is equal to the ftraight line from the centre, that is, to \the le- 
midiameter of the circle. 

And if through the points A, B, C, D,E, F there be drawn 
fbraight lines touching the circle, an equilateral and equianga* 
laf hexagon ihall be defcribed about it, which maj be demon- 
{brated from what has been (aid of the pentagon ; and like- 
wife a circle may be infcribed in a given equilateral and equi- 
angular hexagon, and circumfcribed about it, by a method 
like to that ufed for the pentagon. 



I 



PROP. XVI. P R O B. 



TTO infcribe an equilateral and equiangular quin- 
decagon in a given circle. 



a 2. 



Let ABCD be the given circle ; it is required to infcribc 

an equilateral and equiangular quindecagon in the circle 

ABCD. 
4. Let AC be the fide of an equilateral triangle infcribed » in 

the circle, and AB the fide of an 

equilateral and equiangular pen- 
h it. 4. tagon infcribed b in the fame^ 

therefore, of fuch equal parts 

as the whole circumference 

ABCDF contains fifteen, the cir- 
cumference ABC, being the 

third part of the whole, contains 

{ivt ; and the circumference AB, 

which is the fifth part of the 

whole, contains three -, therefore 
c 30. 3. BC their difference contains two of the fame parts : bifcft ^ 

I BC 
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I E ; therefore BE, EC are, each of them, the fifteenth Book IV. 

of the whole circumference ABCD : therefore if the ^ ' 

It lines BE, EC be drawn, and flraight lines equal to 

be placed ^ around in the whole circle, an equilateral d^i. 4* 

juiangular quindecagon fhall be infcribed in it. Which 

3 be done. 

id in the fame manner as was done in the pentagon, if 

^h the points of divifion made by. infcribing the quinde- 

, ilraight lines be drawn touching the circle, an equila- 

md equiangular quindecagon fhaB be defcribed about it : 

Likewife, as in the pentagon, a circle may be infcribed in 

;n equilateral and equiangujbu: quindecagon, and circum- 

d about it. 
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BOOK V. 



DEFINITIONS. 



I. 

A Lets magnitude is faid to be a part of a greater magni- Book V. 
tude, when the leis meafures the greater, that is, when 
the Ie(s is contained a certain number ot times exadlj in the 
greater. 

II- 

A greater magnitude is faid to be a multiple of a lels, when 
the! greater is meafured by the lels, that is, when the greater 
contains the lels a certain number of times exafily. 

III. 

Rado is a mutual'relacion of two magnitudes of the fame kind 
to one another, in refpeft of quantity. 

IV. . 

Magnitudes are faid to be of the fame kind, when the le& 
can be multiplied fo as to exceed the greater; and it is only 
fuch magnitudes that are faid to have a ratio to one ano- 
ther. 

K V. 
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V. 

See N. If there be four masnitudesy and if any equimultiples yibA 
foever be taken of the firft and third, and any equimuMpkl 
whatfoever of the fecond and fourth, and if, accordiiu[ ii 
the multiple of the firft is greater than the multiple of die 
fecond, equal to it, or lefs, the multiple of the third is aUtf 
gteater tluui the ntultiple of the fourth, equal to it, orkfa^ 
then the firft of the magnitudes is feid to have to the 
the fame ratio that the third has to the fourth. 

VI. 

Magnitudes are faid to be proportionals, when the firft has 
fame ratio to the fecond that the third has to the faurdi 
and the third to the fourth the fame ratio which the 
has to the fixth, and fo on, whatever be their number. 

When four magnitudes, A, B, C, D are proportionalsi itii 
iifual to fay that A is to B as C to D, and to write then 
thus, A : B : : C : D^ or thus, A : B=:C : D. 

VII. 

When of the equimultiples of four magnitudes (taken as in 
the fifth definition) the multiple of the firft is greater tliaa 
that of the fecond, but the multiple of the third is not 

' greater tfran the multiple of the- fourth ; then the firft is find, 
to have to the fecond a greater ratio than the third magni- 
tude has to tlie fourth ; and, on the contrary, th'e third i» 
faid to have to the foiurth a lels ratio than the firft has to thfr 
fecond. 



vni. 

When there is any number of magnitudes greater than two, 
of which the firft has to the fecond the fame ratio that'tbe 
fecond has to the third, and the fecond to the third the fane 
ratio which the third has to the fourth, and fo on, the mag- 
nitudes are faid to be continual proportionak. 

IX. 

When three magnitudes are continual proportionals, the fe- 
cond is faid to be a niean proportional between the other 
two. 



\ 



E 
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Book V. 

X. 

WhiOk there is an j number of niagnitudes of the iame kind, 
the firft is laid to have to the laft of them the ratio com- 
poonded of the ratio which the firft has to the fecond, and 
of the ratio .which the fecond has to the third, and of the 
ratio which the third has to the fourth, and fo on unto the 
laft magnitude. 

For example, if A, B, C, D be four magnitudes of the &me 
kind, the firft A is fkid to have to the laft D the ratio com- 
pounded of the ratio of A to B, and of the ratio of B to C, 
and of the ratio of C to D; or, the ratio of A to D is faid 
to be compounded of the ratios of A to B, B to C, and C 

► toD. 

And if A : B : : E: F; andB : C ::G: H, and C :D :: KiL, 
dien, fince hj ibis definition A has to D the ratio com- 
poonded of die rados of A to B, B to C, G to D ; A may 
alfb bcrikid to have to D the rado compounded of the rados 
which are the £ime with the rados of £ to F, G to H, and 
K to L. 

In like manner, the fiune things being fuppofed, if M has to N 
the iame rado which A has to D, then,, for fliortneis fake, 
M is faid to have to N a rado compoimded of the &me ra- 
dos which compound the rado of A to D ; that is, a rado 
compounded of the ratios of £ to F, G to H, and K to L. 

XI. 

A rado which is compounded of two 6qual rados is (aid to be 

i duplicate of either of thefe rados. 

'Cor. Hence, if the three magnitudes A, B, and -C are con- 
tinual propordonab, the tado of A to G is duplicate of that 

' of A to B, or of B to C : For by the laft definidon, the 
rado of A to C is compounded of the rados of A to B, and 
of B to C ; but the rado of A to B is equal to the rado of 
B to C, becaufe A, B, C are continual propordonals ; 
therefore the rado of A to C, by this definition, is duplicate 
of the rado of A to B, or of B to C. 

K 1 XII. 
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XII. 

A fatio which is compounded of three equal 'ratios is'fidctw 
be triplicate of any one of thefe ratios ; and a rado. wU 
is compounded of four equal' ratios is faid to be qiiadn^-|i 
cate of any one of 4hefe ratios > and fo on, accoidmg to tbe 
niunber of equal' ratios. 

CoR. If four magmtudesy A, B, C, D be continual propor- 
tionals, the ratio of A to ]> is triplicate of the ratii^ of A 

B, or of B to C, orof C to D. For the ratio of A to D i 
compounded of the three ratios of A to B, B to C, C toD; 
and thefe three ratios are equal to one another, 
A, B, C, D are continual proportionals, therefore the 
of A to D is triplicate of the ratio of A to B» or of B 

C, or of C to D. 

xni. 

In proportionals, the antecedent terms are called lifraiologOB» 
to one aiiother, as alfo the confequents to one another. ' 

Geometers make ufe of the following technical, words toi 
fignify certain ways of changing either the order or mag' 
nitude of proportionals^ fo as that they continue ftiljl to be 
proportionals. 

XIV. 

Permutando, or altemando, by permutation, or alternately;; 
this word is ufed when there are four proportionals, and it 
is inferred, that the firft has the fame ratio to the thixd, 
which the fecond has to the fourth ; or that the firft is toL 
the third, as the fecond to the fourdi : A^ is ihewn in tbel{. 
i6th prop, of this 5th book. 'ii 

XV. !. 

Invertendo, by inverfion : When there are four proportiooals, |- 
and it is inferred, that the fecond is to the firft, as thefouitb 
to the third. Prop. A. book 5. 

XVI. 

Componendo, by compofition : When, there are four propOT'l^ 
tionils, and it is inferred, that tlie firft, together with. 
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Ibcood, is to the fecond, as the third, together with the ^ ^oo^ ^* 
fiMuth, is tothe fourth. i8th prop, book 5. ' 

xvn. 

DrrUendo, by divifioh : When there are four proportionals, 
and it is inferred, that the exce& of the firft above the fe- 
ooody is to the fecond, as the excels of the third above the 
SofaitHf is to the fourth. 17th prop, book 5. 

XVIII. 

Caaveitendo, by converfion : When there are four propor- 
tionals, and it is inferred, that the firft is to its excels above 
die fecond, as the third to its excels above the fourth. 
Frop. D. book 5. 

I XIX. 

kZx aequali (fc. dillantia)^ or ex aequo, from equality of di- 
- fiance ; when there is any number of magnitudes' more 
dian two, and as many others, fo that they are proportion- 
als when taken two and two of each rank, and it is in- 
£srred, that the firft is to the laft of the firft rank of mag- 
nitudes, as the firft is to the laft of the others : Of this 
there are the two following kinds, which arife from the 
difierent order in which the magnitudes are taken two and 
two. 

XX. 

fex aequali, from equality ; this term is ufed fimply by itfelf, 

• when the firft magnitude is to the fecoiid of the firft rank, 

:> as the firft to the fecond of the other rank ; and as the fe- 

■ Gond is to the third of the firft rank, fo is the fecond to the 

third of the other ; and fo on in order, and the inference 

is as mentioned in the preceding definition ; whence this is 

called ordinate proportion. It is demonftrated in the 2 2d 

prop, book J. 

XXI. 

Ex aequali, .in proportione perturbata, feu inordinata ; from 
equality, in perturbate or di&rderly proportion ; this 
term is ufed when the firft magnitude is to the fecond of 

K 3 the 
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Book V. ^e flyft rank, as the laft but one is to the laft of the £ 
' z*^**^ rank ;, and as the fecond is to the third of the firft nu 
is the laft but two to the laft but one of the fecond ] 
^ and as the third is to the fourth of the firft rank, fo i 
third from the laft to the laft but two of the fecond \ 
and fo on in a crois order -, and the inference is 33 i 
19th definition. It is demonftrated in the 23d pre 
bo6k 5- 

IN the demonftrations of this book there ajre c 
^gns or chara&ers which it has been found conve&k 
employ, 

1. The letters A, B, C, &c. arc ufed to denote magn 
of any kind. The letters m^ «, p^ q^ are ufed to i 
numbers only. 

2. The fign 4- (plus), written between two letter 
denote magnitudes or numbers, fignifies the fimi of thoic 
nitudes or nunibers. Thus, A + B is the fum of th 
magnitudes denoted by the letters A and B ^ m + ii 
fum of the numbers denoted by m and n. 

3. The fign — (minus), written between two lette 
nifies die excels of the magnitude denoted by the f 
thefe letters, which is fuppofed the greateft, above that 
is denoted by the other. Thus, A^ — B fignifies the ex 
the magnitude A above the magnitude B. 

4. When a number, or a letter denoting a number, i 
ten clofe to another letter denoting a magnitude of any 
it fignifies that th(e ipagnitude is multiplied by the ni 
Thus, 3 A figiiifiies three times A ; wB m times B, 
multiple of B by m* When the number is intended t< 
tiply two or more magnitudes that follow, it is writtei 

7».A+B. which fignifies the fum of A and B taken m 1 
^.A— ^ is m times the excels of A above B. 

Alfo, when two letters that denote numbers are \ 
clofe to one another, they denote the produft of thofe 
bers, when multiplied into one another. Thus, mn 
pro^ud of m into «. 
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' 5. The fign z: fignifies the equality of the maniitudes de- Book V. 
noted by the letters that fbuid cm the oppofite fides of it ; ^ 
A— B fignifies that A is equal to B ; A+B z: C — D fignifies 
Khmc the fiun of A and B is equal to the excels of C above D. 

^ 6. The fign > is ufed to fignify the inequality of the mag- 
tutodes between which it is placed^ and that the magnitude to 
'^hich the opening^of the lines is turned is greater ^an the o- 
tiler. Thus, A > B fignifies thajt A is greater than B ; 
Al < B fignifies that A is leis than B. This fign is ufed, too, 
i^ e¥pre& the uiequality of ratios, thus, A : B > C : D figai- 
&s that the ratio of A to B is greater than that of C to D ; 
.and A : B < C : D fignifies that this ratio of A to B is lels 
Ifaan that of C to D. 



AXIOMS. 



I. 



EQUIMULTIPLES of the fame, or ef equal magnitudes, are 
equal to one another. 

II. 

Thole magnitudes of which the fame, or > equa]^ ^magnitudes, 
are eqmmultiples, are equal to one another. 

IIL 

A multiple of a greater magnitude is greater than the fame 
multiple of a leis. 

IV, 

That magnitude of which a multiple is greater than the fame 
inultiple of another, is greater than that other xnagnitude. 
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Book V. 

PROP. I. THE OR. 



■ i - -■ • 



i— V ' 



IF any number of magnitudes be equimultiplies of 
as many others, each of each, what multiple fo- 
ever any one of the firfi is of its part» the fvoKt 
multiple is the fum of all the firft of tfaefuoi of all 
the reft. ' . 

Let any number of magnitudes A^ B, and C be equinuit- 
tiples of as miemy others D, E, and F, each of each i A+B f 
-f-C is the fame multiple of D+E+F, that A is of D. , 

Let A contain D, B contain E^ and E contain F, eachanj \ 
number of times, as, for inftance, three times. Then, be- \ 
caufe A contains E three times A =: D+D+D. 
For the fame reafon, B — E+E +E ; 
Andalfo, C = F+F+F. 

aAz. 2.I, Therefore, adding equals to equals, a A+B+C is equal t3 
D-f-E+F taken three times. In the fame manner, if A, Bt 
and C were each any other equimultiple of D, E, and F,it 
would be fhewn that A+B-f-C was the famp multiple of. 
D+E+F. Therefore, &c. Q^E.D. 

CoR. Hence, if m be any number, fwD+/«E+«F , 

~;w.D+E+F. For mD, mY,^ and m¥ are multiples of D, £i 
and F by /«, therefore their fum is alfo a multiple of D+E+F 
by w. 

PROP. II. THE O R. 

IF to a multiple of a magnitude by any number a 
multiple of the fame magnitude by any number 
be added, the fum will be the fame multiple of that 
magnitude that the fum of the two numbers is of 

unity. 

Let A=:»!iC, and Br:«C \ A+Bz:;;2+«.C. 
For, fince A=;/?C, A=:C+C+C+ &c. C being repeated 
fi times. For the fame reafon, BxC+C+ &c, C being re- 
peated 
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[teated n times. Ther^forey adding equals to equal s, A-j-B is BookV. 
equal to C taken m+n times ; that b, A+B=ot+«.C. There- 
Fore A+B contains G as oft as there are units in m-^fi* 
<^E-D- 

CoR. 1. In the fame .waj, if there .be any number of 
multiples wharib ever, as A zijnEt BzinEf C =/>£, it is fliewn, 
that A+B+C = /«+«+/.£. 

CoR. 2. Hence alfo, fince A+B+C =: f»+i»+^.E, and fince 
Ar: otE, B =: «E, and C =:/>£, mE+nE+fE =ot+ii+/.E. 



PROP. III. THE OR. 

IF the firft of three magnitudes contain the fecond 
as ofl as there are units in a certain number, and 
if the'fccond contain the third alfo as often as there 
are upits in ^ certain nuraber, the firft will, contain 
the third as oft as there are units in the produ<St of 
thefe two numbers. 

let A zz mB, and B zz nC ; tlien A n mnC. 
Since B z: «C, «?B z: /iC+«C+ &c. repeated m times. But 
«C+«C+ Sec. repeated m times, is equal » to C multiplied bj a 2. 5. 
. «f «+ &c. n being repeated m timeis. And n repeated m 
: tijnesis mn ; therefore mBi^fntiC. But by hjpothefis, Az:;/rBj 
therefore A =: /««C. 



P R O P. IV. T H E O R. 

JF the firft of four magnitudes has the fame ratio 
to the fecond which the third has to the fourth, 
and if any equimultiples whatever be taken of 
the firft and third, and any whatever of the fecond 
and. fourth ; the; multiply of the firft fhall have the 
fame ratio to.th^^multiple of the fecond that the 
Bultiple of the third has to the multiple of the 
burth. 

Let 



1 
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, ^^^ ^' . Let A : B : : C : D, and kt m and n be any two numBeis; 

i»A : «B : : mC : «D. 

Take of mA and mC -equimultiples by any number py and 

of nB and nD equimultiples by any number q. Then the 

equimultiples of /to A and mC by />, are equimultiples alio of 

A and C, for tbey contain A and C as oft as there are units 

a 3. 5. in pm a, and are equal to pmA, and pmC. For the fame rea* 

fon the multiples of nB and nD by q^ arc qnB^ qnH. Since 

therefore A ; B : : C : D, and of A and C there are taken anj 

equimultiples, viz. pmA. and pmC^ and of B and D, any e- 

quimultiples ^116, qnD, if pmA be greater than qnBf pmC 

h dcf. 5. 5. tDxA be greater than ^«D ^ ; if equal, equal j and u lefe, le&. 

But pmA.^ pmC are aUb equimultiples of mA. and irC, and 

/ qnB^ qfiD are equimultiples of nB and xiD, therefore b, ^A : 

«B : : mC : «D^ Therefore, &c. Q^E. D. 

CoR. In the fame Planner it may be demonftrated,. that if 
A : B : : C : D, and of A and C equimultiples be tzJ^en hj 
any number m, viz. mA. and mC^ f» A : B : : mC : D. This 
may alfo be coniidered as included in the propofition^ ijiA as 
being the cafe when nz:i» 



PROP. V. THEOR. 



I 



F one magnitude be the fame multiple of ano- 
_ ther, which a magnitude taken from the firft is 
of a magnitude taken from the other ; the remain- 
der fhall be the fame multiple of the remainder,, 
that the whole is of the whole. 



. Let mA and mB be any equimultiples of the two magni- 
tudes A and B, of which ^A is greater than B ; mA — ctB is 
the fame mid tiple of A-r-B that /^i A is of A, that is, 
mA — mB zz mA — B. 

Let D be the excefi of A above B, then A — ^B r: D, and 

a I. 5. adding B to both A = D+B. Therefore a mA zz ;7/D+«7B ; 

take niB from both, and mA — mB z: mH ; but D n A— B, 

therefore mA — mBzzm. A — ^B. Therefore, &c. 'Q^J£. D. 

PROP, 



* 
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P R O P. VI. T H E O R. """ ' 

IF from a multiple of a magnitude by any num- 
ber a multiple of the fame magnitude by a lefs 
number be taken away, the remainder will be the 
fame multiple of that magnitude that the difference 
of the numbers is of unity. 

Let f»A and n\ be multiples of the magnitude A by the 
numbers m and », and let* m be greater than n ; m A-— nA 
contains A as oft as fw— « contains unity, or mA — nA = 

f H ' i >, A. 

Let«?— «=<7; then w=:«+y. Therefore* wAzr/r A +5^ A; ■ ». 5^ 
take « A from both, andwA — ^«A =: ^A. Tl}erefore i»A— « A 
contains A as oft as there are units in ^, that is, in fn-^/r,* 

or iw A — »A z: m — n, A. Therefore, &<;. Q^ E. D. 

Cor. When the difference of the two f^uxnb^rs is equal to 
unity, or fw— «r:i, then /wA— «AjzA. 



PROP. A. THEOR. 

IF four magnitudes be proportionals, they are pro- 
portionals alfo when taken inverfely. 

If A : B : : C : D, then alfo B : A : : D : C. 

Let mA and mC be any eqtiimultiples of A and C ; »B 
jand nD anj equimultiples of B and D. Then, becaufe A : 
B : : C : D, if mA be lefe than /jB, mC will be lefe than nD a, a <lcf. 5. 5. 
jthat is, if «B be greater than mA, nD will be greater than 
VwC. For the fame reafon, if /rB 1= fw A, nD z: mC, and if «B 
< mAy nD < mC But fiB, nD are any equimultiples of B 
and D, and mAy mC any eqviimultiples of A and C, th^re- 
Jbre», B: A::D:C. Therefore, &c. Q^E. D. 



PROP. 
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PROP, b: TiHEOR. 

IF the firft be the fame multiple of the fecond, or 
the fame part of it, that the third is of the 
fourth ; the firft is to the fecond as the third to.ttte 
fourth* . 

Firily if mAy f»B l^e equimultiples of the magnitudes A 
and B, mA : A : : mB : B. 

Take of mA and mE equimultiples bj any number ii; aol 

of A and B equimultiples by any number p ; thefe will be 

j^ nmA a, pAy nmh*, />B. Now, if nmA be greater than /A, 

nm is alfo greater than p ; and if nm is greater than p^ if mi u 

greater thanj&B ; therefore, when nmA is greater dian pA, 

nmh is greater than pB. In the fame manner, if nmA:zpIkt 

nmBzzpBf and if nmAKpAy nmB <, pB. Now, /loA, 

• nmB are any equimultiples of mA and mB \ and pA^pB arc 

b dcf. J. s-^^y equimultiples of A and B, therefore mA : A : : mB : BK 

Next, Let C be the fame part of A tliat D is of B ; then 

A is the fame multiple of C that B is of D ; and therefore, 

c A. 5. as has been demonftrated, A : C ; : B : D, and inverfely c Q j 

A::D:B. Therefore, &c. Q^E. D. 



P R O P. VI. T H E O R. 

IF the firft be to the fecond as the third to the' 
fourth ; and if the firft be a multiple or a part 
of the fecond, the third is the fame multiple or the 
fame part of the fourth. 

Let A : B : : C : D, and firft let A be a multiple of B, C i; 
the fame multiple of D ; that is, if An ;/?B, C — mD, 

Take of A and C equimultiples by any number as 2, viz, 
2A and zC J and of B ai>d D, take equimultiples by the 

number 
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liumfccr 2/w, idz. zmBy a«rDa; then, becaufe Az:mBy lAz: fa *V»^ 
ifwB ; and fincc A : B : : C : O, and fince 2A± 2018, tbcrc- '^ "' 
fore 2C ^imDi', andC±f«D, that is, C contains D m times, bdef.s.s. 
or aa <^eix as A contains B. 

Next, Let A be a part of B, C is the iiune part of D. For, 
fince A : B : : C : D, inverfeljr c, B ; A : : D : C. But A c A. 5. . 
t)eing a part of B, B is a multiple of A9 and therefore, as i» 
Ihewn above, D is the fame multiple of C, and therefore C is 
the fame part of D that A is of B. Therefore, &c. 
<^E.D.' 



PROP. VII. T H E O R. 

irp QUAL magh'itudies have the fame ratio to the 
Fj fame magnitude ; and the fame has the fame 
ratio to equal magnitudes. 

Let A and B be equal magnitudes, and C any other ; A : 
e::B:C. ' 

Let OT A, mB be any equimultiples of A and B ; and «C 
Jaij multiple of C. 

Becaufe An B, f»A =: tnB » ; wherefore, if iwA be greatqr * A. i. 5. 
than «C, otB is greater than «C b ; andif wA nifC, mBiznC ; ^ ^*^- ^' ^• 
or, if mA. < «C, wB < «C. But /wA and f»B are any equi- 
multiples of A and B, and nC is any multiple of C, there- 
foreb A:C::B:C. 

Again, if A = B, C : A : : C : B ; for, as has been proved, 
A : C : : B : C, and inverfely c, C : A : : C : B. Therefore, c A. 5. 
&c. Qj, E. D. 



PROP. VIIL P R O B. 

OF unequal magnitudes, the greater has a great* 
er ratio to the fame than thelefs has ; ai.d the 
fame magnitude has a greater ratio to the lefs than 
it has to the greater. 

Let 



i4» ELEMENTS 

^ Book V. I^t A+B be a magnitude greater ban A arid C a thitd 
magnitude, A+B bas to C a greater ratio tban A has to C ; 
. and C bas a greater rado to A tban it bas to A+B. 

Let m be fucb a number tbat mA and 191B are each of them 

greater .tban C ; and let nC be the leaft mul tiple of C that 

a 1. 5. exceeds wA+wB 5 Aexl «C — C, tbat is, » — i. C « wiH belefi 

tban wA+wB, or wA+.^B, tbat is m, A+B is greater thia 

«— » . C. Butbecaufe /nC is greater tban wA+otB, and 
lefs than mB, /tC — C is greater tban ///A, or /' A is lels thsn 
»C — C, that is, than n — i. C. Therefore the multiple of 
A+B by m exceeds the multiple of C by n — i, but the mul- 
tiple of A by ;77 does not exceed the multiple of C by »— If 
I1 7. def. 5- therefore A+B has a greater ratio, to C. than A has to C b. 
Again, becaufe the multijde of C by n — i, exceeds die 
multiple of A by w, but does not exceed the multiple rf 
A+B by in J C bas a greater ratio to A than it has to A+Bp* 
Therefore, &c. Q^E. D. 



P R O P. IX. T E^E O R. 

MAGNITUDES which have the fame ratio to the 
fame magnitude are equal to one another ; 
and thofe to which the fame magnitude has the fame 
* ratio are equal to one another. 

If A:C::B:C, A=:B. 

For if not, let A be greater than B ; then, becaufe A is 
greater than B, two numbers, m and «, may be found as ift 
the lall propofition, fuch that mK. fliall exceed «C, while «iB 
does not exceed «C. But becaufe A : C : : B : C •, if i»A ex- 
a 5. def. 5. ceed /iC, ///B mull aKo exceed «C a ^ and it is alfo fliewn that 
m& does not exceed «C, which is impoffible. Therefore A 
is not greater than B ; and in the fame way it is demonftrated 
that B is not greater than A \ therefore A is equal to B. 
b A. 5. Next, let C : A : : C : B, AzrB. For by inverfion^ 

A : C : : B : C 5 and therefore by the firft cafe, A i=B. 

PROP. 
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PROP. X.THEOR. 

TPHAT magnitude which has a greater ratio than 
another has unto the fame magnitude is the 
greater of the two : And that magnitude to which 
the fame has a greater ratio than it has unto ano- 
ther magnitude is the lefTer of the two. 

If the i-atio of A to C be greater than that of B to C, A 
is nreaterthan B. 

Aecaufe A : C > B : C, two numbers m and n may be 
finindy fuch that f»A > nC, and m& <»C ». Therefore alfo a deV. 7. 5. 
«A> »rB, and A> B b. b 4. Ax. 5* 

Again, let C : B > C : A ; B < A. For two numbers, -m 
and n may be found, fuch that mC > ;»B, and mC < mA ^. 
Therefore, fince mB is leis, and mA. greater than the. lame 
Baag^tude, /wC, m3 < mAy and therefore B < A. 



R 



P R O P. XL T H E O R. 

ATIOS that are equal to the fame ratio arc 
equal to one another. 



If A : B : : C : D i and alfo C : D : : E : F; then A : B : : 
E:F. 

Take /oA, mCy m% any equimultiples of A, C, and £ ; 
and /iB, /iD, nS any equimultiples of B, D, and F. Becaufe 
A: B : ; C : D, if mA > «B, mC>nD^ ; but i£ mO «D, adcf. 5. 5. 
foE > «F a, becaufe C : D : : E : F ; therefore if mA > «B, 
i^iE > -»F. In the fame manner, if mA zz «B, mlL zzn¥ ; and 
if mA < nBf m'E. < nF. Now, mA., mlL are any equimulti- 
ples whatever of A and E -, and /iB, «F any wliatever of B 
and F j therefore A : B : : E : F*. Therefore, &c. Q^ E. D. 

PROP. * 
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PROP. XII. THE OR. 

IF any number of magnitudes be proportionals, as 
one of the antecedents is to its confequent, h 
fliall all the antecedents taken together be to all die 
confequents. 

If A:B::C:D,andC:D::E:F; A:B::A+C+E: 
B-hD+F. 

Take mAy «rC, mE, any equimultiples of A, C, an3 £; 
and /»B, «D, «F, any equimultiples of B, D, and F. Then, be- 
t S- ^cf. 5. caufe A : B : : C : D, if mA > «B, mC > «D a-, and whca 
mC > «D, mE > «F, bccaufe C : D : : E : F. Therefore, if 
fnA > »B, fnA-^mC+mE > «B+/7D-fi7F : In the fame' man- 
ner, if ;;2A=«B, wA+/wC+wE = '/B-|-//D+«F; and if «A< 
n B, m A+mC-^mE < /?B+«D-f «F. Now /wA+otC+wEz 

b I. 5. fn,A -h C 4- E b, fo that mA and zwA-fwC+wE are any equi- 
multiples of A and of A+C+E. And for the fame reafco 
«B, and /rB-f^D+«F are any equimultiples of B, and of| 
B+D+F ; therefore a A : B : : A+C+E : B+D+F. There- 
fore, 6cc. Q^E. D. 



PROP. XIII. PR OB. 



IF the firfl: has to the fecond the fame ratio which 
the third has to the fourth, but the third to the 
fourth a greater ratio than the fifth has to the fixth; 
the firft Ihall alfo have to the fecond a greater ratio 
than the fifth has to the fixth. 

If A:B::C:Dj butC:D>E:F; then alfo, A:B> 
E:F. 

Becaufe C : D > E : F, there are fome two numbers m andf* 

ay. def. 5. fuch that wO «D, but mE<ft¥^. Now, if mOuDi 

f;i.\ > fiB, becaufe A : B : : C : D. Therefore mA > «B, ani 

;':' < «F, wherefore, A : B > E : F. Iherefore, &c. Q: 

E. D. 

PROP' 
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PROP. XIV. T H E O R. 

^TF the firft has to the fecond the fame ratio which 

^ J. the third has to the fourth, then, if the firft be 

jpreatpr than the third, the fecond (hall be greater 

than the fourth ; and if equal, equal j and if lefs, 

lefs. 

KA:B::C:D; then if A > C, B > D, if A=C, B=:D, 
andif A<C^B<D. «^ 

.., Tiril,letA>C;then A:B>C:Ba,butA:B::C:D, »«'5. 
4hen;fcrcC:D>C:Bb, andtherefore B>Dc. cils.' 

In the iame manner, it is proved, that if A=:C, B=:D ; and 
.if A < C, B < D, Therefore, &c. Q^ E. D. 



/• 



M 



PROP. XV. T H E O R. 

Agnitudes have the fame ratio to one ano- 
ther which their equimultiples have. 



^ If A and B bp two magnitudes, and m any numbei*, A : B 
: : mA. : fwB. " 

Bccaufc A:B::A:Ba; A:B:: A+A : B-hB b, or A : a 7. 5. 
B : : 2 A : 2B. And fince it has been proved that A : B : : 
aA : 2B, A : B : : A+2A : : fe+2Bb, or A : U : : 3 A : 3B ; biz. 
and fo on, for all the equimultiples of A and B. Thereibre, 
&c. Q. E. D. 



PROP. XVI. T H E O R. 

IF four magnitudes of the fame kind be propor- 
tionals, they fhall alfo be proportionals when 
taken alternately. 

L If 
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Book V. If A : B : : C : D,'then alternately, A : C : : B : D. 

' Take mA, mh any equimultiples of A and B, and «C, «Df 

a 15- 5 any equimultiples of C and D. Then * A : B : : mA : 
^ "• 5. now A : B : : C : D, thereforeb C:D::mA:mB. But C:| 

D : :nC: nD ^ ; therefore mA : mB : : »C : nD b ; wh< 
c H- 5. ifOTA>«C,»«B>«Dc;if/wA=:«C,OTB = «D,orif«A 

«C, fwB < «D j. therefore, A : C : : B : D. Therefore, 

Q^E. D. 






PROP. XVII. T H E O R. 

IF magnitudes, taken jointly, be proportioi 
they (hall alfo be proportionals when taken fe^. 
parately ; that is, if the firft, together with the 
Cond, have to the fecond the fame ratio which th( 
third, together with the fourth, has to the fourtl 
the firft fhall have to the fecond the fame 
which the third has to the fourth. 

If A+B :B : : C+D : D, tlien by divifiwi A :B : :C :IX 
Take r/iA and //B any equimultiples of A and B, by tk 
numbers ;// and n ; and firft, let mA > «B : to each of th( 

» I. 5. add mB, thenz«A+»2B > wB+;;B. But /«A+/7iBz:/w.A+fl' 
> a. 5. and mB-hfiBzzm+Td.B b, therefore z;^.AHhB > /q +/i.B. 

And becaufe A+B : B : : C-hD : D, if /».A+B > m-fn^) 
m.C+D > /w+fT.D, or ;wC-f »/D> mJi^nD, that is, taking] 
mD from both, mC > //D. Therefore, when mA is greater' 
than «B, mC is greater than nD. In like manner it is d^ 
monfti;ated, that 5 mAzz^B, ?/iCzz/iI>, and if mA < uB^ mG 
c |. c!cf. 5. < «D ; therefore A :^ : : C : D c. Tlierefore, &c. Q^E.D. 



PROR 
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PROP. XVIII. THEOR, 

IF magnitudes, taken feparately, be proportionals, 
they Ihall alfo be proportionals when taken 
pintly, that is. if the firft be to the fecond as the 
lijiird to the fourth, the firft and fecond together 
Piall be to the fecond, as the third and fourth to- 
tether to the fourth. 






¥ 



A+B : B : : 
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^ If A : B : : C : D, then, by compofirion, 
+D : D, 

'Takef».A+B, and «B any multiples whatever of A+B 
B : and firft, let m be greater than «, Then, becaufe 

L+B k alfo g reater than B, w.A-fB > «.B. For the lime 

fon, IW.C4-D > «D. In this cafe, therefore, that is, when 

^«, /».A-fB is greater than «B, and >7;.C+D is greater 
«D. And in the fame manner it may be proved, that 

rticn «r =//, m,A+b is greater than «B, and ot.C+D greater 

:, Next, IttrnKfiy or n>fny then ;w.A-|-B may be greater 
fen «B, or may be equal to it, or may be le£s \ firft, let 

•A-f-B be greater than «B ; then alfo, wzA-f /wB > «B ; take 

S, which is leis than «B, from both, and mA. > ;/B— -otB, 

' mA. > n — »7.Ba. But if mA > n — /7/.B, wC > n^mJ^ ; a 6. 5. 

l^caufe A : B : : C : D. Now, n — mH^ =: «D — mJ^ a, 
Lerefore, »»C > «D — iwD, and adding niQ to both 

tJHh^D > jgD , that isb «f.C+D > ;iD, If therefore, iw.A+B b i. 5, 

«B, /w-C+D > «D. 

In the lame manner it will be proved, that if »2.A+Bz:«B^ 

.C -f l)=:«D; and if jw.A -hB <«i:>, r/z.C + D < «D ; 
erefore, A+fl': B : : C-j-D : D. Therefore, &c. Q^ E. D. 



L2 



PROP. 
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PROP, XIX, T H E O R. 

IF a whole magnitude be to a whqle, as a maj 
t^de taken from the firft, is to a magnitude 
ken from the other J the remainder fhall be to 
remainder, as the whole to the whole, 

I 

If A : B : : C : D, and if C be lefs than A, A— C : B 

: : A : B. 

^ i6. 5. Becaufe A : B : : C : D, alternately a, A. : C : : B : D ; 

b 17. 5. therefore by divifion *> A — C : C : : B— D : I>. , Where 

again, alternately, A — C : B — D : : C : D ; but A : B : : C 

therefore A — C : B — D : : A : B. Tlierefore, &€• Q^ E 

Cor. A— C : B— D : : C : D. 



PROP. D. THE OR. 

IF four magnitudes be proportionals, they are 
proportionals by converfion, that is, the firft i 
its excefs abqve the fecond, as the third to its ex 
above the fourth. 

If A : B : : C : D, by converfion, A : A — ^B : : C : C- 
a xy. 5, For fince A : B : : C : D, by divifion a, A — B : 
b A. 5. C— I) : D, r.nd inverfely »>, B : A— B : : D : C— D ; there 
c x8 5 ^7 compofition c, A : A — B : : C : C — ^D. Therefore, 

« • 

PRO 
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^F there be three magnitudes, and other three, 
which, taken two and two, have the fame ratio; 
the firft be greater than the third, the fourth 

lall be greater than the lixth; and if equal, equal ^^ 

id if lefs, lefs. 

I If there be three magnitudes, A, B, and C» and other three 
\ E, and F ; and if A : B : : D : E ; 



aKoB:C::E:F,thenif A>C, A, B, C, 

>F-, if A3C, DnF; and if D| E, F. 

:<C,D<F, 

Firft, let A > C ; then A:B > C : B^ But A: B:: D : E, a 8. j. 
lerefore alio D : E > C ; Bb. Now B : C : : E : F, and in- i> u- 5- 
^trfely c, C : B : : F : E ; and it has been (hewn that D : E c A. 5. 
^ C :B, therefore D ; E > F : Eb, and confeiiuently D > Fd. d 10. 5. 
. ,Next, let A=:C; then A : B : : C : B«, but A : B : : D : E, «^- 7- 5- 
herefbre, C : B : : D : E ; but C : B : : F : E, therefore, 
i:E::F:Ef, and DnFg. Laffly, let A<C. Then y ^; ^^^ 
2 >" A, and, as was fliewn in the firft cafe, C : B : : F : E, and 
i : A : : E : D; therefore, by the firft cafe, if C> A, F > D, 
bat is, if A < C, D < F. Therefore, &c. Q^ E. D. 



PROP. tXI. T H E O R. 



[F there be three magnitudes, and dther three, 
which have the fame ratio taken two and two^ 
^ut.in a crofs order; if the firft magnitude be 
greater than the third, the fourth (hall be greater 
han the fixth; and if equal, equal; and if lefs, lefs. 

If there be three magnitudes, A, B, C, and otljpr threCj 
3, E; and F, fuch thit A : B : : E : F, and B : C : : D : E ; 
fA>CjD>Fi if A=:C, D=F, and if A < C, D < F. 

L3 Firft, 
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Again, let there be four magnitudes, and other four, which, .^*^^^r 
two and two, have the fame ratio, viz.. A:B::E:F;]|:C:: 
T:Gi; C:D::G:H,then A:D::E:H. 

For fince A, B, C are three magnitudes. 



A, B, C, D,. 
£, F, G, H. 



and E, F, G other three, which, taken two 
tsiii two, have the fame ratio, bj the fore- 
tfoing caie A : C : : E : G. And becaufe 
tHb C : D : ; G : H, bj that &me cafe, A : D : : E : H. Id 
the fiune manner is the demonffaration extended to any num- 
Jberof magnitudes. Therefore, &c. Q^E. D. 



PROP. XXIII. THEOR^ 

IF there be any number of magnitu^s, and as 
many others, which, taken two and two, in a 
crofs order, have the fame ratio ; the firil (ha]l have 
to the laft of the firft magnitudes the fame ratio 
Which the firft of the others has to the laft*» 



Firft, let there be three magnitudes. A, B, C, and other 
three, D, E, and F, which, taken two and two in a crois or- 
der, have the fame ratio, viz. A : B : : E : F, and B : C : : 
D ; E, then A : C : : D : F. 

Take of A, B, and D any equimultiples f^A, foB, ^D -, 
and of C, E, F any equimultiples »C, »E, nF. 

Becaufe A : B : : E : F, and becaufe alfo A : B : : mA : mR &, a i5- i- 
and E : F : : /zE : «F therefore, mA. : /wB : : «E : «Fb. A- b it. 5. 
gain, becaufe B : C : : D : E, mB : 
»C : : mD : nK ; and it has been juft 
{hewn that mA : fnS : : «E : «F ; there- 
fore, if mA > «C, mD > nF c ; if mA 
zznCfmDzznF -f and if fwA</iC, 
mD < iiF. Now, mA and mD are 
any equimultiples of A and D, and /zC, /srF any equimultiples 
rf C and F •, therefore, A : C : : D : Fd. d 5. def 5. 



A, 


B, C. 


D, 


E, F. 


mA, 


xrrB, /zG, 


mB, 


»Ef «F. 



C 21. 5. 



L4 



Next, 



* N. B. This propoiiiion is ufually cited by the wotdf, ^* ex leqaaH in 
< proportiofie ^rtacbata i*' or, " ex equo perturbat^.*' 
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Book V. Next, let there be four magnitudes A, B, C, and D, ibI 
'other four. E, F, G, and H, which, taken two and two ini] 
crols order, have the lame ratio, viz. 



A : B : : G : H ; B : C : : F : G, and A, B, C, D. 
C : D ; : E : F, then A : D : : E : F. E, F, G, H. 

For fince A, B, C are three magni- I — ■ ■ ^ 

tudes, and E, F, G other three, which, taken two and two, a 
a crols order, have the lame ratio, by the firft cafe A : C : : 
E : G. But C : D : : G : H, therefore again, by the firft cafe 
A : D : : E : H. In the fame manner may the demonftradoi 
be extended to any number of magnitudes. Therefore, &ci 
Q^E. D. 



r 

i A. 

I 

r. 






PROP. XXIV. THE OR. 

IF the firft has to the fecond the fame ratio which 
the third has to the fourth ; and the fifth to the 
fecoiid, the fame ratio which the iixth has to the 
fourth ; the firft and fifth together fhall have to the 
fecond, the fame ratio which the third and fixth to- 
gether have to the. fourth. 

Let A : B : : C : D, and alfo E : B : : F : D, then A+E : 

E : : C-fF : D. 

Becaufe B : E : : D : F, by inverfion, E : B : : F : D. 

a 22. 5. But by hypothefis, A : B : : C : D, therefore, ex aequali*, 

b 18. 5. A : E : : C : F, and by compofition b, A+E : E : : C+F : F. 

Now again by hypothefis, B : E : : D : F, therefore, ex sequaliS 

A+E : B : : C+F : D. Therefore, &c. Q^E. D. 



R 



PROP. E. THE OR. 

ATIOS which are compounded of the fame ra- 
tios, are the fame with one another. 



Let 
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Let the ratios of A to B, and of B to C, which compound ^^J^\ 
the ratio of A to C, be equal, each to each, to the ratios of D 
to E, and E to F, which compound the ratio of E to F, 
A : C : : E : F. 

For, firft, if the ratio of A to B be 
ecual to that of D to E, and the ratio 
of B to C equal to that of E to F, ex 
aequalis A : C : : D : F. ^ ^2, 5. 

And next, if the ratio of A to B be equal to that of E to F, 
and the ratio of B to G equal to that of D to E, ex aequali in 
proporione perturbatab, A : C : : D : F. In the fame man- b 43. 5, 
ner muy the propofition be demonftrated. whatever be the 
aumber 01 ratios. Therefore, 8tc. Q^ E. D. 





( 


A, B, 


c. 


Df E, 


F. 
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BOOK VI. 



DEFINITIONS. 



I. 



SIMILAR reailineal fi- 
,_ gures are thofe which 
have their feveral angles 
equal, each to each, and 
the fides about the equal 
angles proportionals. 



BookVL 




II. 



Two ^des of one figure are faid to be reciprocally proportion- 
al to two fides of another, when one of the fides of the firft 
is to one of the fides of the other, as the remaining fide of 
the other is to the remaining fide of the firft. 

III. 

A firaight line is iSud to be cut in extreme and mean ratio, 
^hen the whole is to the greater fegment, as the greater 
fegment is to the lefs. 

IV. 

The altitude of any figure is the ftraight 
line drawn from its vertex perpendi- 
cular to the bafe. 

PROP. 
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SIMILAR reailineal fi- 
gures are thofe which 
l^ve their feveral angles 
equal, teach to each, and 
the fides about the equal 
angles proportionals. 
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II. 



Two pdes of one figure are faid to be reciprocally proportion- 
al to two fides of another, when one of the fides of the firft 
is to one of the fides of the other, as the remaining fide of 
the other is to the remaining fide of the firft. 

III. 

A ftraight line is iSud to be cut in extreme and mean ratio, 
^hen the whole is to the greater fegment| as the greater 
fegment is to the lefs. 

IV. 

The altitude of any figure is the ftraight 
line drawn from its vertex perpendi- 
cular to the bafe. 

PROP. 
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TRIANGLES and parallelograms of t4ie fame alti- 
tude are one to another as their bafes. 

Let the triangles ABC. ACD, and the paraQelogruns EC, 
CF have the fame altitude, v:z. the perpendicular drawn from 
the point A to BD : Then, as the bafe EC is t<f the bafc CD, 
fo b the triangle ABC to the t' langle ACD, and the paial- 
lelogram EC to the paralielogram CF. 

Produce BD both ways to the points H, L, and take, w 
number of ftraight lines BG, GH, each equal to the bafc BC; 
and DR, KL, anj number of them, each equal to the ba& 
CD ; and join AG, AH, AK, AL : Then, becaufe CB, BG, 
GH are all equal, the triangles AHG, AGB, ABC are all 
equal » : Therefore, whatever multiple the bafe HC is of the 
bafe BC, the fame multiple is the triangle AHC of the tri- 
angle ABC. For the fame reafon, whatever muldple the 
bafe LC is of the 

bafe CD, the fkme E A F 

multiple is the tri- 
angle ALC of the 
triangle ADC : 
And if the bafe 
HC be eqial to the 
bafii CL, the tri- 
angle AHC is alfo 
c,ual to the tri- 
angle ALC " ; and if the balie HC be greater tlian the ba& 
CL, like^vife the trian ,le AHH is greater than the triangll 
^VLC ; and if lefs, kfs. Therefore, lince there are four mr^ni' 
tildes, vii. the two bafes BC, CD, and the two triangles ABC, 
ACtJ ; and of the bafe BC and the triangle ABC, the M 
and third, any equimult pies whatever have been takes, vJl. 
tl:ebafeHC and triangle AHC; and of the bafe CD and 
triangle ACD, the fecond and ibutth, have been taken any 
equimultiples whatei'er. vjz. the bafe CL and triangle ALC ; 
and fince it ha? been ihown, that if the bafe HC be greatei 
than the bsfe CL, the triangle AHC is greater than the tri- 
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angle ALC ; and if equal, equal ; and if Ids, lefs : Thenft- Book VL 
fore '^j as the bafe BC is to the bafe CD, £6 is the triangle j, ' def./ 
ABC to the triangle A<::D. 5- -s- 

And becaufe the parallelogram CE is double of the triangle 
ABC c, and the parallelogram CF double of the triangle ^ 4i* i- 
ACDy and that magnitudes have the fame ratio which their 
e^imultiples haved ; as the triangle ABC is to the triangle ^ '5- S- 
ACD, fo is the parallelogram LC to the parallelogram CF, 
And becaufe it has been fhown, that, as the bafe BC is to the 
bafe CD, fo is the triangle ABC to the triangle ACD ; and 
as the triangle ABC to the triangle ACD, fo is the parallelo- 
gram EC to the parallelogram C .F ; therefore, as the bafe BC 
is to the bafe CD, fo is e the parallelogram EC to the paral- e iz. 5. 
lelogram CF. Wheref-re triangles &.c. Q^E. D. 

Cor. From this it is plain, that triangles and parallelo- 
grants that have*, equal altitudes, are one to another as their 
bales. • \ 

Let the figiixe^ be placed fo as to have their. bales in the 
fiune ftraight line.;^ and having drawn perpendiculars from the 
vertices <^ the triangles to the bafes, the ftraight line whi9h 
Joins the vertices 1^ parallel to that in which their bafes are f, f 33- i- 
becaufe the perpendiculars are both equal and parallel to one 
another, llien, if the fame conftruraon be made as in the 
proportion, the demonflration will be the fame. 



P R O P. II. T H E O R. 

IF a ftraight line be drawn parallel to one of the 
fides of a triangle, it ihall cut the other fides, or 
the other fides produced, proportionally: And if the 
iideSy or the fides produced, be cut proportionally, 
the ftraight line which joins the points ot fedtion fhall 
"be parallel to the remaining fide of the triangle. 

Let DE be drawn parallel to BC, one of the fides of the 
trianrie ABC : BD is to DA, as CE to EA. 

Jom BE, CD ; then the triangle BDE is equal to the triangle 
CDE •^t becaufe tliey are on the fame bafe I^E, and between a 37. r. 
the lame parallels DE^ BC : but ADE is aj^iother triangle, 

and 
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Bock VI. and equal magnitudes have to the fame the fame ratio b j 
^ ' ^ therefore, as the triangle BDE to the triangle ADE, fo is the 
triangle CDE to the triangle ADE ; but as the triangle BDE 
« »- ^' to the triangle ADE, fo is c BD to D /\, becaufe having the 
£une altitude, viz. the perpendicular drawn from the point £ 
to AB, they are to one another as their bafes ; and for the 
lame reafon, as the triangle GDE to the triangle ADE, fo is 
^ 11.5. CE to E A. Therefore, as BD to DA, fo is CE to E A d. 
Next, let the fides AB, AC of the triangle ABC, or thefe 






fides produced, be cut proportionally in the points D, E, that 

is, fo that BD be to DA, as CE to EA, and join DE *, DE 

is parallel to BC. 

The fame conilruftion being made, becaufe as BD to DA| 

fo is CE to EA; and as BD to D -\, fo is the triangle BDE 
e 1. 6. to the triangle ADE e ; and as CE to EA, fo is the triangle 

CDE to the triangle ADE ; therefore the triangle BDE is to 

the triangle ADE, as the trianrie CDE to the triangle ADE; 

that is, the triangles BDE, CDE have the fame ratio to the 
f ^ ^, triangle ADE ; and therefore ^ the triangle BDE is equal to 

the triangle CDE : And they are on the fame bafe DE ; but 

equal triangles on the fame bafe are between the fame paral- 
5 39.1. lekg; therefore DE is parallel to BC. Wherefore, if » 

ftraight line, &c. Q^E. D. 



PROP. 
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IF the angle of a triangle be bifeded by a ftraight 
line which alfo cuts the bafe ; the fegments of the 
bafe (hall have the fame ratio which the other fides 
of the triangle have to one another: And if the 
fegments of the bafe have the fame ratio which thp 
other fides of the triangle have to one another, the 
ftraight line drawn from the vertex to the point 
of fedion, bifeds the vertical angle. 

Let the angle BAG of anj triangle ABC be divided into 
two equal angles by the ftraight , line AD : BD is to DC, as 
BA tQ AC. 

Through the point C draw C£ parallel ^ to DA, and let • 31. i. 
BA produced meet C£ in £. Becaufe the ftraight line AC 
meets the parallels AD, EC, the angle ACE is equal to the 
alternate angle CAD ^ : But CAD, by the hypothefis, is b 29. t. 
equal to the angle BAD ; wherefore BAD is equal to the 
angle ACE. Again, be- 
caufe the ftraight line B A£ •» 
fleets the parallels AD, ^ 
EC, the outward angle 
Bad is equal to the in- 
vmd and oppofite angle 
AEC : But the ang^ AC E 
lias been proved equal to 
the angle BAD ; therefore 
3lfo ACE is equal to the 
angle AEC, and confe- 
quently the fide AE is 
e^ual to the fidec AC: ci.rr^ 
And becaufe AD is drawn parallel to one of the fides of the 
Wangle BCE, viz. to EC, BD is to DC, as BA to AE d ; ^ a. 6. 
m AE is equal to AC j therefore, as BD to DC, fo is BA 

Let 
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Book VL Let now BD be to DC, as BA to AC, and join AD ; the 
^■"v***^ angle BAC is divided into two equal angles by the ftra:ght 

line AD. 

The lame conftrudion being made -, becaufe, as BD to DC, 

fo is BA to AC ; and as 

BD to DC, fo IS HA to 

^11- 5- AE *^> becaiife AD is pa- 

5 1' I' rsilleito EC ; therefore AB 

^' * is to AC, as BA to AEf : 

Confeqiiently AC is equal 

to AE g, and the angle 

A EC is thcrefare equal to 

the angle ACE h : But the 

angle \EC is equal to the 

outward and oppofite angle 

BAD •, and the angle ACE 

is equal to the alternate angle CAD^: Wherefore alfo the 

angle BAD is equal to the angle CAD : Therefore the andc 

BAC is cut into tv^o equal angles by the ftraight line AD. 

Therefore, if the angle, &c. Q^E. D. 




P R OP. A. T H E O R. 

IF the exterior angle oF a triangle be bifefi- 
ed by a ftraight line which ^Ifo cuts the bafe 
produced,; the fegments between the bifefting 
line and tlie-extremities of the bafe have the fame 
ratio which tb^other fides of the triangle have to 
6ne another'; Artd^if the fegments of the bafe pro- 
duced have the fani>P.ratio u hich the other fides of 
the triangle have, the' ftraight line drawn from the 
vertex to the. point of fcftion bifeds the exterior 
angle of the triangle. 

Let the outward angle C AE of any triangle ABC be di- 
vided into two equal angles by the ftraight line AD whiA 
meets the bafe produced in D : BD is to DC, ab BA to 
AC. 

Throujii 

3 
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Through C drvcw CF parallel to Al)* ; and becaufe the Book VI. 

ftraigfat line AC nieets the parallels AD, FC, the angle ACF ^^'^ 

IS eqnal to the altctriate angle CADb : But CAD is equal b Vo 'i. 
. to the angle DAE c^ therefore alfo DAE is equal to the c Hyp ' 

angle ACF. Again, becaufe the ftraight line FAE meets 
. the parallels AD, FC, the outward angle DAE is equal to 
^the inward and oppofite angle CFA : But the angle ACF has 

l)een proved to be equal 

to the angle DAE ; 

therefore alfo the angle 

ACF is equal to the 

angle CFA, and confe- 
f quently the fide AF is 

equal to the fide AC d : 5-^"^^ / \. d d r. 

and becaufe AD is pa- 
rallel to FC, a fide of 
the triangle BCF, BD 
is to DC, as BA to 

AF c ; but AF is equal to AC ; as therefore BD is to DC, e 2. 6, 
fo is BA to AC. 

Let now BD be to DC, as BA to AC, and join AD ; the 
tode CAD is equal to the angle DAE. 

The fame cohftru6tion being made, becaufe BD is to DC, 
as BA to AC ; and alfo BD to DC, as BA to AFe ; 
therefore BA is to AC, as BA to AFi"; wherefore AC is ^ y* ^• 
fcqual to AFg, and the angle AFC equal h to the angle ACF: *^h 5.^1. 
But the angle AFC is equal to the outward angle EAD, and 
the angle ACF to the alternate angle CAD ; therefore alfo 
EAlD is equal to the angle CAD. Wherefore, if the ex- 
terior, &c. Q^ E. D. 

P R O P. IV. T H E O R. 

THE fides about the equal angles of equiangular 
triangles are proportionals ; and thofe which 
are oppofite to the equal angles are homologous 
fides, that is, are the antecedents or confequents of 
the ratios. 

Let ABC, DCE be equiangular triangles, having the angle. 
ABC equal to the angle DCE, and the angle ACB to the 
mgle DEC, and ronfequently a the angle BAC equal to the a 32. i. 
ingk CDE. The fides about the equal an^es of the tri- 
mgles ABC, DCE are proportionab •, and thofe are the ho- 
Qologous fides which are oppofite to the equal angles. 

M . Let 
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Boofc VL Let the triangle DCE be placed, fo that ks fide CE mxf 
^ be contiguous to BC, and in the fiune ftraight line wth it : 

And becaufe the andes ABC, ACB are together leis than 
b X 7. ^. two right angles b, ABC and DECj which is eqiiaL to ACS, 

are alfo lefs than two right 

angles; wherefore BA, ED 
e cor, 29. z. produced ihall meet c ^ let them 

be produced and meet in the 

point F ; and becaufe the angle 
, ABC is equal to the angle 

^ *^- '• DCE, BF is paraUeld to CD. 

Again, becaufe the angle ACB 

is equal to the angle DEC, AC 

is parallel to FE d : Therefore 

FACD is a parallelogram , and 

confequently AF is equal to 

c 3-4. 1. CD, and AC to FD e : And becaufe AC k parallel to FE^ 

f a! 6. one of the fides of the triangle FBE, BA : AF : : BC : CE^ : 

g7. 5, but AF is equal to CD;^ thecefore g, BA : CD : : 

BC : CE ; and alternately, AB : BC : : DC : CEb i AgMB^ 

becaufe CD is parallel to BF, BC -..CE ::.FD : DEf ; bat 

FD is equal to AC ; therefore, BC : CE : : AC : DE ; asi 

alternately, BC : CA : : CE : ED. Therefore, becaufe it lias 

been proved that AB : BC : : DC : CE; and BC:CA:i 

CE : ED, ex aequali, BA : AC : : CD : DE. Therefore tte 

fides, &c. Q.E.D. 




P R G P. V. T H E a R. 

IF the fides of two triangles, about each of thek 
angles,, be proportionals, the triangles fliall be 
equiangular, and have their equal angks oppofitcta 
the homologous fides. 

Let the triangles ABC, DEF have their fides proportion* 
ais, fo that AB is to BC, as DE to EF ;. and BC to CA, as 
EF to FD •, and confequently, ex aequali, BA to AC, as ED^ 
to DF^ the triangle ABC is equiangular to the triangle DEF^ 
and their equal angles are oppofite to the homologous, fides, 
^ via. 
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viz. the angle ABC being equal to the angle DEF, tod BC A to Book vl 

EFD, and alfo BAG to EDF. ^— ^ 

At the points E, F, in the ftraight fine EF, make a the a «3. t. 
angle FEG equal to the angle ABC, and the angle JIFG 
equal to BCA; wherefore 
the remaining angle BAC 
is equal to the remaining 

angle EGFb, and the tri- /^ / \ b 31 x. 
angle ABC is therefore e- 
quiangular to the triangle 
GEF ; and confequendj 
they have their fides oppofite 
to the equal angles propor- 
tionals c. Wherefore, as AB "R ^ ^ c 4- ^» 

to BC, fo is GE to EF V 

but as AB to BC, fo is DE 

to EF; therefore as DE to EF, fod GE to EF: There- d n. $. 

fore D£ and GE have the fame ratio to EF, and confe- 

mently are equals : For the fame reafon, DFis equal toFG: c 9. 5. 

And becaufe, in the triangles DEF, GEF, DE is equal to EG, 

and EF common, and alfo the bafe DF equal to the bafe GF *, 

dierefore the angle DEF is equals to the angle GEF, and ( 8. i. 

the other angles to the other angles, which are fubtended by 

the equal fides g. Wherefore the angle DFE is equal to the g 4* *• 

angle GFE, and EDF to EGF : and becaufe the angle DEF 

is equal to the angle GEF, and GEF to the angle ABC ; 

therefore the angle ABC is equal to the angle DEF : For the 

fame reafon, the angle ACB is equal to the angle DFE, and 

the angle at A to the angle at D. Therefore the triangle 

ABC is equiangular to the triangle DEF* Wherefore, if the 

^des, &c. Q^ £. D. 



PROP. VL T H E O R* 

IF two triangles have one angle of the one equal to 
one angle of the other, and the fides about the 
equal angles proportionals, the triangles fhall be 
equiangular, and (hall have thofe angles equal which 
are oppofite to the homologous fides. 

Ma Let 



i64 -eleme'nts 

Book VI. Let the triangles ABC, PEf have the ancle BAG in the 
^"''"'^^"■"^one equal to the angle EDF in the other, and the fides about 
thofe angles proportionals ; that is, B A to AC, as ED to DF ; 
the triangles ABC, DEF are equiangular, arid have the angle 
ABC equal to the angle DEF, and ACB to DFE. 
z 13. I* At the points D, F, in the ftraight line DF, make a the 
angle FDG equal to either of the angles BAG, EDF ; and 
the angle DFG equal 
to the angle ACB ; A 
wherefore the remain- 
ing angle at B is equal 
to the remaining one 
b 3a. 1. atGb, andconfequent- 
Ij the triangle ABC Is 
equiangular to the tri- 
angle D OF; and there- ^ ^ 

fore as BA to AC, fo -^ C J^ Jf 

c 4 6. is c GD to DF : But, by the hypothelis, as B A to ACf fo k 
d II. s ED to DF ; as therefore ED to DF, fo isd GD toDF; 
. e 5. 5» wherefore ED is equal e to DG : And DF is eomnion to die 
two triangles EDF, GDF; therefore the two fides ED, 
DF Qie equal to the two fides GD, DF; but the angle, EDF . 
is alfo equal to the angle GDF ; wherefore the bafe EF is equal 
f 4. 1, to the bafe FG^, and the triangle EDF to the triangle GDF, 
and the remaining angles to 9ie remaining angles, each to 
each, which are fubtelided by the equal fides : Therefore the 
angle DFG is equal to the angle DFE, and the angle at G to 
the angle at E: But the angle DFG is equal to the angle 
ACB ; therefore the angle ACB is equal to the angle DFE 7 
Hyp, and the angle BAC is equal to the angle EDFg ; wherefore 
alfo the remaining angle at B is equal to the remaining angle 
at E. Therefore the triangle ABC is equiangular to the tri- 
angle DEF. Wherefore, if two triangles, &c. Q^E. D* 
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PROP. VII. XH E O R. 

IF two triangles have one* angle of the one equal 
to one angle of the other,, and the (ides about 
two other angles proportionals, . then, if each of the 
remaining angles be either ]efs, or not lefs, than a 
right angle, the triangles ihall be equiangular, and 
have thofe angles equal about which the fides are 
proportion ali$. 

Let the two triangles ABC, DEF have one angle in the 
one equal to one angle in the other, viz. the angle BAG to 
tbe angle £DF, and the fides about two other angles ABC, 
D£^ proportionals, fo that AB is to BC, as DE to £F *, and 
in the firil cafe, let each of the remaning angles at C, F be 
lels than a right angle. The, triangle ABC is eqiiiangular 
to the triangle DEF, that is, the angle ABC is equal to the 
angle DEF, and the remaining angle at C to the remaining 
an^e.atFf 

For, if the; angles ABC, EfEF be not equal, one of them is 
greater than the otlier : Lqt ABC be the greater, and at the 
point B, in the ftraight line ^ 

AB, make the angle A BG A. 

equal to the angle a DEF: A jj a23. i. 

And becaufe the angle at 
A is equal to the angle at 
D, and the angle ABG to 
the angle DEF-, the re- 
maining angle AGB is _^ _ _ 
equal ^ to the remaining b ^2. i, 
angle DFE : Therefore the triangle ABG is equiangular to 
the triangle DEF ; wherefore c, as AB is to RG, fo is DE to c 4. 6, 
EF ; but as DE to EF, fo, by hypothefis, is AB to BC : 
therefore as AB to BC, fo is AB to BG ^ *, and becaufe AB d ii. 5. 
has the fame ratio to each of the lines BC, BG; BC is equal e e 9 5, 
to BG, and therefore the angle BGC is equal to die angle 
BCG^ : But the angle BCG is, by hypothefis, lels than a right ^ ^« i- 
angle ; therefore alfo the angle BGC is lefs than a right angle, 

M 3 and 
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Book vi. and the adjacent angle AGB muft be grfeater than a riglit 
g I ' J angle g. But it was proved that the^ngle. AGB is equal to 
the angle at F ; therefore the angle at r is greater than a right 
angle : But, by the h3rpothefis, it is lels than a right angle ; 
which is abfurd. . Therefore the. angles ABC, DtF arp aot 
unequal, that is, they are equs^l r And the angle at A i$ emial 
to the angle at D; wherefore the remaining angle 2tCk 
equal to the remaining angle at F : Thererore the triangle 
ABC is equiangular to the triangle DEF#. 

Next, let each of the angles at C, F be not le& thana rigbt 
angle ; the triangle ABC is alfo in this 9afe eq\iiangu^ tQ t^ 
triangle DEF. 

The fame conftrufKon -A. 

being piade, it may be 
proved in lil?:e manner 
that BC is equal to BG, 
and the angle at C equal 
to the angl^ BGC : But jf 

the angle at C is not lefe i 

than a right angle ; therefore the angle BGC i?' hot kfe 
than a right angle : Wherefore, two angles of the trian^ 
BGC are together not lefs than two right angles, which ii im- 
\^ \7' «• poflibleli ; and therefore the triangle ABC may be proved td 
be equiangular to the triangle DEF, as in the firft cafe. ' 




PROP. VIII. T H E O R. 

IN a right angled triangle, if a perpendicular be 
drawn from the rip;ht angle to the bafe; the tri- 
angles on each fide of it are fimilar to the whole 
triangle, and to one another. 

Let ABC be a right angled triangle, having the right angle 
BAC ; and from the point A let AD be drawn perpendicmar 
to the bafe BC : the triangles ABD, ADC are fil;^ila^. to the 
whole triangle ABC, and to one another. 

Becaufe the angle BAC is equal tp the angle ADB, each 
of them being a right angle, and that the angle at B is com- 

Qion 
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mem to the two triangles 
ABC, ABD ; the remain- 
ing angle ACB is equal to 
the remaining angle BAD &: 
therefore the triangle ABC 
is equiangular to the tri- 
angle ABDy and th^ fides 
about their equal angles are 
proportionals b. whetirfpre V 

the triangles are fimilarc : in the like manner it ma^ be de- 
monftrated, that the triangle ADC is, equiangular and fimi- 
Jar to the triangle ABC : And the triangles ABD, ADC, 
being both eqmangular and fimilar to ABC, are equiangular 
and umilar to each other. Therefore, in a right angled, &6. 

CoR. From this it is manifeft, that the perpendicular drawn 
from the right angfle of a right angj^d (riangle to the bafe, is 
a mean proportional between the fegments of the bafe : and 
a^ that each of the fides is a mean proportional between the 
]>afe, and its fegment adjacent to thai: fide. For in the tri- 
angles BDA, ADC, BD : DA ; : DA : DC b ; and in the 
triangles ABC, DBA, BC : BA : : BA : BD b ; and in 
thetriangles ABC, AGD, BC : C A : ': C A :€J)\ . 
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PROP. IX. P.ROB. 

FROM a given ftraight line to cut off any part 
required, that is, a part of which the line fliaU 
be a given multiple. • 



Let AB be the given ftraight line ; k is required to c;ut off 
from it a part of which AB uigli be a given midtiple. 

From the point A draw a ftraight line AC making any 
angle with AB ; and in AC take any point I}, and take AC 

M 4 tto 



iH ELEMENTS 







B«* ^ rhe faax nmlnple of AD, that AB b 
^"^^ c£ the part wiuch is ro be cut off firom 

it ; iciTL BC, and draw DE paraHel to it : 

then A£ is the part required to be cot 

off. 

Becacie £D is parallel to one of the 

6dc5 of the triangle AfiC. viz. to BC, 
a ^ tf. as CDs to Da. lb is» BE to LA; and, 
h 1%. 5. hj compotitioa ^. CA is ro AD, as BA § \ 

to AE : bur CA is a mi^ple of AD ; ik g T 

? C. 5. thexefbre - BA is the jaxne multiple of i 

A£ : wfaotever part therefore AT) b of AC, AE 29 Ae 

£une part of AB ; wherefore, finom the ftrai^bt fine AB tkl 

psuT required is cut off. Whick was to be daac 



PROP. X. PR OB. 

TO divide a given ftraight line fimilarlj to a gi- 
ven divided flraight line, that is, into paitl 
that fnall have the fame ratios to one another whick 
the parts of the divided given flraight line have. 

Let AB be the ftraitht line ^ven to be divided, and AC 

the divided line -, :t ii required to divide AB fimilarlj to AC. E 
Let AC be divided in the points D, E i and let AB, AC | 

be placed fo as to contain anv angle, and join BC, andthroogb 
I. the p*^.inn D, E, draw a DF/EG parallel to BC ; and througli 

D dr?.v: DHK parallel to AB ; therefore each of the figuits 
*> W- '• EH, if B, 13 a paraHelogram ; wherefore DH is equal b to 

f r;, and HK to GB ; and bccanl'e 

JIE ;■> parallel 10 KC, one of the 

f.dfi ot the triangle DKC, as CE 
e *' ^' tf* KD, fo be KH to HD : But 

K H w equal to BG, and HD to GF; 

therefore, as CE to ED, fo is BG 

to GF : again, becaufe FD is paral- 
lel to EG, one of the fides of the 

triangle AGE, as ED to DA, fo is 

GF to FA ; but it has been proved 
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that CE is to ED, as BG to GF; and as ED to DA, fo GF Book VL 

to FA : therefore the given ftraight line AB is divided find-''* ^"..* 
larly to AC. Which was to be done. 



PROP. XL PR OB. 



TO find a third proportional to two given ftraight 
lines. 



a 

Let AB, AC be the two given ftraight lines, a^d let theq^ 
be placed fo as to contain any 
angle ; it is re(]uired to find a 
third prdpomonal to AB, AC. 
. Produce AJS, AC to the points 
D, £ ; and make BD equal to 
AC ; and having joined BC, 
through D, draw DE parallel to 
it a. 

Becaufe BC is parallel to DE, 
a fide of the triangle ADE, AB 
is b to BD, as AC to CE : but 
BD is equal to AC ; as therefore AB to AC, ib is AC to 
CE. Wherefore to the two given ftraight lines AB, AC a 
third proportional CE is found. Which was to be done. 
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PROP. XIL P RO B. 



TO find a fourth proportional to three given 
ftraight lines. 



Let A, B, C be the three given ftraight lines ; it is required 
to fiind a fourth proportional to A, H, C. .; 

Take two ftraight fines DE, DF, containing any angle 
£DF 9 and upon thefe make D&> equal to A, G£ equal to 
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BookYl. B, and DH equal to C ;- and having joined GH, ^draw Ep 

D 



b 2. 



z. 



6. 







parallel & to it through the point £ : and becaufe GH is pa* 
rallel to EF, one of the fides of the triangle DEF, DG is to 
GE, as DH to HF b .,: but DG is equal to A; GE to B, and 
DH to C ; therefore, as A is to B, fb iS Q to HF. "Where- 
fore to the three given ftraight lines, A, B,' C a fourth pro- 
portional HF is found. Which was to be done. 



PROP. xm. P R O B. 



I^O find a mean proportional between two given 
ftraight lines. 

Let AB, BC be the two given ftraight lines *, it is required 
to find a mean proportional between them. 

Place AB, J^C in a ftraight line, and upon AC defcribe did 
femicircle ADC,'and from 
4 II. X. the point B draw & BD at 
.righcr angles to AC, and join 
AD, DC, 

Becaufe the angle ADC 

in a femicircle is a right 

b 31. 3. angle b, $1^ becaufe in tj^e 

right augled triangle ADC, , . J^ 

DB is ^^vm from the right ;; 

angle perpendicukr to $he bafc, DB is a mean proportioiill 

€ Cor. 8. 6. between AB, BC the fegments of the bafe c •, therefore be* 

tween 
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twccn the two given ftraight lines AB, BC, a mean propor- BoofcVL 
tional DB is found. Which was to be done. 



PROP. XIV. TH E O R- 

EQUAL parallelograms which have one angl^ of 
the one equal to oner angle of the other, have 
their fides about the eqqal angles reciprocally pro- 
portional : And parallelograms that have one angle 
of the one eqtiaj to one angle of the other, and 
their fides about the equal angles reciprocally pro- 
portional, are equal to one another. 

Let AB, BC be equal parallelograms, which have the 
smgles at B equal, and let the fides DB, BE be placed in the 
fame ftraight Tine ; wherefore alfo FB, BG are in one ftraight 
Jine a : the l^des of the pairallelo^ms AB, BC about the c- » »4- «• 
qusd angles, are reciprocally proportional ; that is, DB is to 
BE, as GB to BF. 

Complete the parallelogram FE ; and becaufe the paralle- 
logram AB is equal to BC, 
fuid that FE is another pa- \ F 

rallelogram, AB is to FE, \ ^ \ 

^ BC toFEb; butasAB \ \ W ^7.5. 

to FE, fo is the bafe DB jj '' ^ y 

toBEc; and, as BC to \ \ ci.6. 

FE, fo is the bafe QB to \ \ 

BF; therefore, as DB to \ \ 

BE, iq is GB to BF d, \ \ d n. g. 

Wherefore, the fides of the Cr C 

paraUelojgrams AB, BC a- 

bout their equal angles are reciprocally proportional. 

But, let the iides about the equal angles be reciprocally pro- 
portional, viz. as DB to ?:E> fo GB to BF -, the parallelogn^n 
AB is equal to the parallelogram BC. 

Becaufe, as DB to BE, fo is GB to BF ; and as DB to BE, 
fo is the parallelogram AB to the parallelogram FE ; and as 
GB to BF, fo is the parallelogram BC to the parallelogram 
FE •, therefore as AB to FE, fo BC to FE d : wherefore the 

parallelogram 
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V Book VI. parallelogram AB is equal e to tlie parallelograin BC^ ' 
^e 9>S' fore'equal J)arallelograms, &c. Q^E. D. 



PROP. XV. THE OR. 

PQUAL tri^ngj^es: which havepne anglq oi 
one equal to ope angf/e of .the;.other^ h^lTc 
* fi.des. jabout the equal angle? reciprocally propoi 

al : And trianj^lea which haypoiie angle in the 

equal t;Q one an^le in the other, .^ft^.» their fid 
"iiout th($ equ^l. angles reciprpcally .jprogortiona 

equal to one another. 

Let ABC, ^DE^c equal, triangles, vl^idi ^avc the 

BAC ^qual to tK<9 angle IjAl; ;' the ^des about the 

ingles of the faiiaides are reciprpcally proportional; t 
A IS to AI>^ as jpA to AB. ». . 

' ' Let the tri^o^^es J?e^laped fi? ttat their ides CA, h 

in one: ftraigH'tlihe V wherefor^ alfo EA and AB 
%, 14. 1. one ftraight line * % -jpin BP* B^qaufe th^ triangle A 

equal to the triangle 

ADE,andthatABD / . U- 

is another trian^e-r- 

th^efore as the tri- 
angle CAB is to the 

tmangle BAD, fo is 

t;riangie ^ AD to tri- 

angleD^B b : but as 

-triangle/ CAB to tri- 
angle BADj fo isthe 

We CA to AD c ; 

and as triangle EAD 

to triangle DAB, fo 

is .the bafe EA to AB c ;,as therefpre CA to AD, fo J 
^ "• 5- to AB ^ •, wherefore the IJdes of the triangles ABC, 

^out the equal angles are reciprocally: propdrtionaj. 
** But let the fides of the triangles ABC, -ADE abc 

equal angles be reciprocally proportional, viz. CA to 1 
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A to AB; the triangle ABC is cqu^l to the triangle .^°°^ Y^. 
J3E. '" 

Having joined BD as before ; becaufe, as CA to. AD, fo is 
lA to AB 9 and as C A to AD, fo is triangle ABC to tri- 
ftgle BAD c ; and as EA to AB, fo is triangle £ AD to « i. 6. 
magle BAD c ; therefore d as triangle BAG to triangle d ii. $. 
MlD, fo is triangle EAD to triangle BAD ; that is, the 
glesBAC,EAD have the fame ratio to the triangle 
3 : wherefore the triangle BAG is equal e to the triangle ^ ^' *• 
E. Therefore equal triangles, &c. Q^ E. U. 




PROP. XVL T H E O R. 

JF four ftraight lines be proportionals, the re6l- 
[. angle contained by the extremes is equal to tbe 
bftangle contained by the means : And if the redl- 
Kgle contained by the extremes be equal to the 
iSaingle contained by the means, the four ftraight 
Ines are proportionals. 



Let the four flxaight lines, AB, CD, E, F be proportionals, 
'iz. as AB to GD, fo E to *F ; the reftangle contained by 
KB, F is equal to the reftangle contained. by GD, E. 

From the points A, C draw a AG, CH at right angles to 
hS, CD ; and make AG equal to F, and GH equal to E, 
ind complete the parallelograms BG, DH : becaufe, as AB 
:o CD, fo is E to F ; and that E is equal to CH, and F to 
AG ; AB is b to CD, as CH to AG : therefore the fides of b 7. 5. 
ie parallelograms BG, DH aboi^t the equal angles are reci- 
procally proportional ; but parallelograms which haVe their 
ides about equal angles reciprocally proportional, are equal to 
Ue another c ; therefore the parallelogram BG is equal to c 14. 6. 

2 ' the 
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Book VI ^g parallelogram DH : and the parallelogram BG 
• contained by the Ibraight -g. 
lines AB, F ; becaufe AG 
is equal to F ; and the pa- I*- 
rallelogram DH is contain- 
ed by CD and E ;' becaufe p 
CH is equal to E : tiiere- ^ 
fore the reftangle contain- 
ed by the ftraight lines /\B, 

F^is equal to dbat which is . _. 

contained by CD and E. "^ B C 

And it the refbmgle contained by the ftraight lines 1 
F be equal to that which is contained by CD, E ; theic I 
lines are proportionals, viz. AB is to CD, as £ to F. 

The fame conftruftion being made, becavde the re&u 
contained by the ftraight lines AB, F is equal to that wl 
is contained by CD, £, and that the redlangle BG is > 
tained by AB, F, becaufe AG is equal to F ; and the : 
angle DH by CD, E, becaufe CH is equal to £ ; there 
the parallelogram BG is equal to the parallelogram DH ; 
they are eqmangular : but the fides about the equal angle 
d x4. 6. equal parallelograms are reciprocally proportional d : wl 
fore, as AB to CD, fo is CH to AG ; and CH is equal t 
and AG to F : as therefore AB is to CD, fo E to F. Wl 
for^f if four, &c. Q^E. D. 



PROP. XVII. T H E O R. 

IF three ftraight lines be proportionals, the -^r 
angle contained by the extremes is equal to 
fquare of the mean : And if the redlangie cont 
cd by the extremes be equal to the fquare of 
mean, the three ftraight lines are proportionals. 

IiCt the three ftraight lines A, B, C be proportionals, 
as A to B, fo B to C ; the reftangle contained by A, C 
qual to the fquare of B. 



OF GEOMETRY. X75 

I D equal to B ; and becaufe as A to B, fo B to C,**«>k VL 
t B is equal to D ; A is * to B, as D to C : but if four ^ ^ ' ^ 
lines be proportionab, the reflangle contained by the ' * ' 
25 is equal to that which 

lained by the means ^ : a h <s «u 

:e the reft?.ngle contained 

C is equal to that contain- B ■ 

3, D : but the reftangle j^ . 

sd by B, D is the fquare 
becaufe B is equal to D : ^ 
re the redlangle contained 
\ is equal to the fquare of B. 

if the reftangle contained by A, C be equal to thcr 
3f B V A is to B, as B to C. 

fame conflruftion being made, becaufe the redangle 
ed by A, C is equal to the fquare of B, and the fquare 
equal to the redtangle contained by B, D, becaufe B 
. to D ; therefore the redangle contakied by A, G is 
> that contained by B, D : but if the re&angle con- 
■yy the extremes be equal to that contained by the 
the four ftraight lines are proportionals b : therefore A 
as D to C ; but B is equ^ to D *, wherefore as A to 
to C. Therefore, if three ftraight lines, &c. Q^E. Dl 



PROP. XVIII. P R O B. 

*0N a given ftraight line to defcribe a refti- 
lineal figure fimilar, and fimilarly fituated to 
n reftilineal figure. 

A.B be the given ftraight Kne, and CDEF the given 
eal figure of four fides ; it is required upon the given 
: line AB to deicribe a reflilineal figure funilar, and fi- 
' fimated to CDEF. 

DF, and at the points A, B in the ftraight line AB,- 
the angle BAG equal to the angle at C, and the a «3. f. 
VBG equal to the angle CDF ; therefore the remain- 
»le CFD is equal to the remaining angle AGB b : ^ 3«« 
ore the triangle FCD is equiangidar to the triangle 

GAB^: 



I. 
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jBookVI. QAB : agam, at the points G, B in the Itt^At fine GB 

a JJ3. ,, make a the angle BGH equal to the angle DFE, and At 
angle GBH equal to FDE ; therefore the remaining an^ 
FED is equal to the remaining angle GHB, and the trkngfe 
FDE equiangular to the triangle GBH ; then, becaufe the 
angle AGB 

is equal to " 

the angle 
CFD, and 
BGH to 
DFE, the 
whole angle 
a6H is e- 
qual to the 
wholeCFE: 

for the fame reafon, the angle ABH is equal to the angle 
CDE ; alfo the angle at A is equal to the angle at C, and die 
angle GHB to FED : therefore the rectilineal figure ABH6 
is equiangular to CDEF : but likewife thefe figures have 
their fides about the equal angles proportionals : becaufe die 

Q 4. 5. triangles GAB, FCD being equiangular, BA is c to AG, as 
DC to CF ; and becaufe AG is to GB, as CF to FD ; and ^ 
as GB to GH, fo, by reafon of the equiangular triangles B6H| 

a 22. 5. DYE, is FD to FE ; therefore, ex aequali d, AG is to GH, 
as CF to FE ; in the fame manner it may be proved that 
AB is to BH, as CD to DE; and GH is to HB, as FE to 
ED c. Wherefore, becaufe the redtilineal figures ABHG, 
CDEF are equiangular, and have their fides about the equal 
c I. def. 6. angles proportionals, they are fimilar to one another e. 

Next, Let it be required to defcribe upon a given ftrai^ 
line AB, a rectilineal figure fimilar, and fimUarly fituated to 
the redtilineal figure CDKEF. 

Join DE, and upon the given ftraight line AB defcribe ihc 
reftilineal figure ABHG fimilar, and fimilarly fituated to the 
quadrilateral figure CDEF, by the former cafe ; and at the 
points B, H in the ftraight line JiH, make the angle HBL c- 
qual to the angle EDK, and the angle BHL equal to the 
angle DEK ; therefore the remaining angle at K is equal to 
the remaining angle at L : and becaufe the figures ABHG, 
CDEF are fimUar, the angle GHB is equal to the angle 
FED, and BHL is equal to DEK ; wherefore the whole 
angle GHL is equal to the whole angle FEK •. for the lame 

reafoa 



: 



* 



6f GEOMETRli^ 177 

teaCoa the angle ABL is equal to the angle CDK : therefore Book VL 
Ite five fided figures AGHLB, CFEKD are equiangular ; and ^ 
secaufe the figures AGHB, CFED stre fimilar, GH is to 
HB, as l^E to ED ; and as HBto HL, fo is ED to EK c ; 04. 6. 
Jierefore, ex aequali ^, GH is to HL, as FE t<> EK : fdt the ^ «»• 5. 
ame reafon, A B is to BL, as CD to DK : and BL is to LH, 
is c DK to KE, becaufe the triahgles BLH, DKE are cqui- 
mgular : therefore, becaufe the five fided figures AGHLB, 
CFEKD are equiangular, and have their fides about the e- 
jual angles proportionab, thej are fimilar to one another : 
uid in the fame manner a rectilineal figure of fix or more 
[ides may be defcribed upon a given ilraight Ime fimilar tc^ 
3ne given, and fo on. Which was to be done. 



s 



1> R O p. XIX. T H E O R. 



Imilar triangles are to one another in the du- 
plicate ratio of their homologous fides. 



Let ABC, DEF be fimilar triangles, having the angle B 
equal to the angle E, and let AB be to BC, as DE to EF, fo 
that the fide BC is homologous to EF a : the triangle ABC 113. deft 5. 
has to the triangle DEF, the duplicate ratio of that Which 
BC has to EF. 

Take BG a third proportional to BC, EF t, fo that BC is |, ^j^ ^ 
to EF, as EF to BG, and join GA : then, becaufe as AB to 
BC,foDEtoEF; A 

alternately c, AB is //\ ^ i^^ ^^ 

to DE, as BC to /? \ 

EF : but as BC to // \ f^ 

EF, fo is EF to / / \ j^ ' 

BG ; therefore d as / / \ / \ d 1 1 4 

ABtoDE,foisEF / / \ / \ 

to BG: wherefore X / , \ x A 

the.fidesof thetri- B G CE F 

angles ABG, DEF which are about the equal angles, are reci- 
procally proportional ; but triangles which have the fides a- 

N bout 
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Book vr. boat two equal angles reciprocally propordonalare equal to one 
\i7 ^ another e : there- -^ 

fore the triangle 
ABG is equal to 
the triangle BEF ; 
and becaiife as BC 
is to £F, fa £F to 
'BG; and that if 
three ftraigbt Ixnes 
be proportionals^ 
the firft has to the 

third the duplicate ratio of that which it has to die fe- 
cond ; BC therefore has to BG the duplicate ratio of dot 

f X. €. which BC has to £F : but as BC to BG, ib is ^ the m- 
angle ABC to the triangle ABG. Therefore the tria^ 
ABC has to the triangle ABG the duplicate ratio of mrt 
which BC has to EF : but the triangle ABG is eqtial to the 
triangle DEF ; wherefore alfo the triangle ABC has to tbe 
triangle DEF the dc^licate ratio of that which BC has to 
EF. Therefore iimilar trianeles, &c. Q. E. D. 

CoR. From this it is mamfeft, that if mree firai^t lines 
be proportionals, as the the firft is to the third, fo is any tii- 
angle upon the firft to a fimihr, and fimilarly deibribed tii' 
angle upon the fecond. 

PROP. XX. T H E O R, 

SIMILAR polygons may be divided into the fame 
number of fimilar triangles, having the feme 
^ ratio to one another that the polygons have ; and 
the polygons have to one another the duplicate ratio 
of that which their homologous fides have* 

Let ABCDE, FGHKL be fimilar polygons, and let AB 
be the homologous fide to FG : the polygons ABCDEf 
FGHKL may be divided into the fame number of fimiltf 
tnangles, whereof each to each has the fame ratio which die 
polygons have ; and the polygon ABCDE has to the po- 
lygon FGHKL the diq>ficate ratio of that which the fide AB 
has to the fide FG. 

Join BE, EC, GL, LH: and becaufe the polygon ABCDE 

is fimilar to the polygon FGHKL,^the angle BAE is cojoal 

ai 1. dcf. 6. to the angle GFL a, and BA is to AE, as GF to Fl»5 

whcjrefore, becaufe the triangles ABE^ FGL have an an^ 

rini; ecjual to an angle in the other, and their fides abmtf 



in 
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thefe equal angles proportionals, the triangle ABE is equi- BookVi.^ 
angular J>, and therefore fimilar to the triangleFGLc j where- b 6, 6, 
fore the £uigle ABE is equal to the angle FGL : and, be- c 4< ^• 
caufe the polygons are fimilar, the whole angle ABC is equal 
a to the whole angle FGH ; therefore the remaining angle 
£BC is equal to tide remaining angle LGH : and becaufe the 
triangles ABE, FGL are fimUar, EB is to BA, as LG to 
GF A ; and alfo, becaufe the polygons are fimilar, A B is to 
BC, as FG to GH a ; therefore, ex sequali d, EB is to BC ^ "• 5- 
as LG to GH ; that is, the fides about the equal angles 
£BCy LGH are proportionals ; therefore b the triangle EBC 
IS equiangular to the triangle LGH, and fimilar to it c. For 
the iame reafon, the triangle EC D likewife is fimilar to the 
triangle LHK; therefore the fimilar polygons ABCDE, 
FGHEXi are divided into the lame number of fimilar triangles. 




Alfo thefe triangles have, each to each, the fame ratio 
Ivhich the polygons have to one another, the antecedents be- 
ing ABE, EBC, ECD, and the confequents FGL, LGH, 
LHK : and the polygon ABCDE has to the polygon FGHKL 
the duplicate ratio of that which the fide AB has to the ho^ 
mologeus fide FG. 

Becaufe the triangle ABE is fimilar to the triangle FGL, 
ABE has to FGL the duplicate ratio e of that which the c ip. 6. 
fide BE has to the fide GL : for the fame reafon, the triangle 
BEG has to GLH the duplicate ratio of that which BE has 
to GL : therefore, as the triangle ABE to the triangle FGL, 
fo f is the triangle BEC to the triangle GLH. Again, bp- ^ "' ^ 
cauie the trian^e EBC is fimilar to the triangle LGH, EBC 
has to LGH the duplicate ratio of that which the fide EC 
has to the fide LH : for the fame reafon, the triangle ECD 
has to the triangle LHK, the duplicate ratio of that which 
EC has to LH : as therefore the triangle EBC to the triangle 
LGH, fo is f the triangle ECD to the triangle LHK : but it 
has'been proved, thajt the triangle EBC is Ukewi£e to the 

N 2 ttiangl^ 
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J^^^^IL triangle LGH, as the triangle ABE to the triangle FGL 
Therefore, as the triangle ABE is to the triangle FGL, fo is 
triangle EBC to triangle LGH, and triangle ECD to tri- 
angle LHK : and therrfore, as one of the antecedents to one 




of the confequents, fo are all the antecedents to all the coo- 
g I a. 5. fequents g. Wherefore, as the ti'iangle ABE to the triandc 
FGL, fo is the polygon ABCDE to the polygon FGEDHi: 
but the triangle ABE has to the triangle FGL, the duplicate 
ratio of that which the fide AB has to the homologous fide 
FG. Therefore alfo the polygon ABCDE has to the poly- 
gon FGHKL the duplicate ratio of that which AB has to 
tlie homologous fide FG. Wherefore fimilar polygons, &c 
Q^E. D. 

Cor. I. In like manner it may he proved, that fimilar 
four fided figures, or of any number of fides, are one to ano- 
ther in the duplicate ratio of their homologous fides, and it 
has akeady been proved in triangles. Therefore, univerfellj 
fimilar rectilineal figures are to one another in the duplicate 
ratio of their homologous fides. 

CoR. 2. And if to AB, FG, two of the homc^ogous fides, 

hii.def.f.a third proportional M be takwi, AB has h to M the dupli- 
cate ratio of that which AB has to FG : but the four fided 
figure or polygon upon A B has to the four fided figure or 
polygon ijpoji FG likewife the duplicate ratio of that which 
, AB has to FG : tlierefore, as AB is to M, fo is the figure op- 
en AB to the figure upon FG, which was alfo proved in tri- 

i Cor.i9r 6. angles i. Therefoi e, univerfally, it is' manifeft, that if three 
ftraight lines be proportionals, as the firil is to the thirdj fe is 
any reftillneal figure upon the fii*ft, to a fimilar and iimilarly 
defcribed rectilineal figure upon the fecond. 

Cor. 3. . Becaufe all fquares are fimilar figures, the ratio 
cf any tv/o fquares to one another is the fame with tlie dupli- 
cate ratio of their fides •, and hence, aUb, any two finaikr rec- 
tilineal figures are to one another zz the fquares of their ho- 
mologous fide.s. 

P R O Y. 
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Book VI. 

PROP. XXI. T H E O R. 

V 

RECTILINEAL figures which are fimilar to the 
fame redilineal figure, are alfo fimilar to one 
another. 

Let each of the reailineal figures A, B be fimilar to the 
redyimeal figure C : The figure A is fimilar to the figure 
B. 

Becaufe A is fimilar to C, they are equiangular, and alfo 
have their fides about the equal angles proportionals a. Again, a i. dcf. tf. 
becaufe B is fimilar to 
C, ihej are equiangu- 
lar, and have their 
fides about the equal 
angles proportionsds »: 
therefore the figures 
A, B are each of thepi 
equiangular to C, and 
have the fides about 

the equal angles of each of them and of C proportionals. 
Wherefore the redlilineal figures A and B are equiangular b,b i. Ax. i, 
and have their fides about the equal angles proportionals c.c ii. 5. 
Therefore A is fimilar a to B. Q^ E. D. 




PROP. XXII. THE OR. 

IF four ftraight lines be proportionals, the fimilar 
redlilineal figures fimilarly defcribed upon them 
ihall alfo be proportionals ; and if the fimilar 
redlilineal figures fimilarly defcribed upon four 
ftraight lines be proportionals, thofe fl:raight lines 
(hall be proportionals. 

Let the four ftraight lines AB, CD, EF, GH be propor- 
tionals, viz. AB to CD, as EF to GH, and upon AB, CD 

N 3 let 
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Book VI. let the fimilar reailineal figures K AB, LCD be fimUarly de- 
fcribed ; and upon EF GH the fimilar redilineal figures MF, 
NH in like manner : the redilineal figure RAB is to LCD, 
as MF to NH. 

To AB, CD take a third proportional a X ; and to EF, 
GH a third proportional O : and becaufe AB is to CD, as 
EF to GH, and that CD is b to X, as GH to O ; wherefore, 
ex aequali c, as AB to X, fo EF to O : but as AB to X, lb 

d a. cor. is d the re£Hlineal KAB to the rectilineal LCD, and as EFto 

«o. 6. O, fo is d the reftilineal MF to the reftilineal NH : therefore, 
as KAB to LCD, fo b is MF to NH. 

And if the redilineal KAB be to LCD, as MF to NH| 
the ftraight line AB is to CD, as EF to GH. 
Make e as AB to CD, fo EF to PR, and upon PR defcribe 

f x8. ^. f the redtilineal figure SR fimilar and fimilarly fitpated to 



ft XI. 6, 
h IT. 5, 

C22 5. 



d 3. cor. 
20. 6, 



e z2. 6, 





g 9- 5< 






o 

cither of the figures MF, NH : then, becaufe as AB to CDi 
fo is EF to PR, and that upon AB, CD are defcribed the fi^ 
milar and fimilarlj fituated redilineals KAB, LCD, and up- 
on EF, PR, in like manner, the fimilar re6tilineak MF, SR; 
KAB is to LCD, as MF ^o SR > but, by the hjjrpothefis, 
KAB is to LCD, as MF to NH ; and therefore the re6ilineal 
]V1F having the fame ratio to each of the two NH, SR, thefe 
are equal g to one another : thej are alfo fimilar, and fixmlar- 
iy fituated ; therefore GH is equal to PR : and becaufe as AB 
to CD, fo is EF to PR, and that PR is equal to GH -, AB is 
to CD, as EF to GH. If therefore four ftraight lines, &c. 
Q^E.D. 
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PROP. XXIII. T H E O R. 

EQUIANGULAR parallelograiTis have to one ano- 
ther the ratio which is compounded of the ra- 
tios of their fides. 



Let AG, CF be eqtiiangular parallelograms^ having the 
angle BCD eq^ to the angle ECG : the ratio of the paral* 
lelogram AC to the parallelogram CF, is the fai^e with the 
ratio which is compounded of the ratios of their fides. 

Let BCy CG be placed in a ftraight line ; therefore DC 
and CE are alfo in a ftraight line « ^ and complete the paral- * '4- <• 
lelogram DG ; and, taking any jQtraight Une K, make t> as ^ i«*^« 
EC to CG,4b K to L ; and as DC to CE, fo make b L to 
M : therefore the ratios of K to L, and L to M, are the fame 
with the ratios of the fides, viz. of BC to CG, and DC to 
CE. But the ratio of K to M is that which is faid to be 
compounded c of the ratios of K to L, and L to M : where- c io.aef.5. 
fore alfo jK has to M the 

ratio compounded of the ra- j^ D H 

tios of the iides : and becaufe 
as BC to GjQ, fo is the paral- 
lelogram AC to the parallelo- 
gram CH d ; but as BC to 
CG, fo is K to L ^ therefore 
K IS e to L, as the paraUelo- 
gram AC to the paraflelo- 
gram CH : again, becaufe as 
DC to CE, fo is the parallelo- 
gram CH to the parallelo- 
gram CF ; but as DC to CE, |^ 
fo is L to M •, wherefore L is 

c to M, as the parallelogram CH to the parallogram CF : 
therefore, fince it has been proved, that as K to L, fo is the 
parallelogram AC to the parallelogram CH ; and as L to M, 
fo the parallelogram CH to the parallelogram CF ; ex gequa- 
ii f, K is to M, as the .parallelogram AC to the parallelogram f aa. 5! 

N 4 CF : 
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Book yr. CF : but K has to M the ratio which is compoauiied iof Atij 
ratios of the fides ; therefore alfo the parallelograia AC has 
to the par^llelog)i;um CF the ratio which is compdunded of 
^e ratios df the fides. Wherefore equiangular paraUelognuiu. 
gtc. QiE.D. 
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PROP. XXIV. THE. OR. 

fF'HE parallelograiiis about the diameter of aoj 
^ parallelograiTi, ' are fimilar to the whc^, and to ' 
one another. 

Let ABCD be a parallelog];amy of which the cUaihieter i; ^ 
AC ; and EG, HR i^e parallelograms about the diaqieier; 
The parallelograms EG, HK are fimilar both to the wboli; 
parallelogram ABCD, and to one another. 
t ap. r. . 'Becauie DC, GF are parallels, the angle ADC ia equd* 
to the dingle AGF : for die fame feafbn, beosHiib BC, £F ait 
parallels^ the angle ABC is equal to the aj^gle AEF: an^ 
%ach of the angles BCD, EFG is equal to the oppofite angl^ 
b 34. I. DAB b, and therefore are equal to one another, wherefm 
the parallelogratos ABCD, AEFG are equiangular : and be- 
ciufe the ahgle ABC is equal to the angle AEE, and the 
angle BAC common to the twq 
triangles BAC, EAF^ they ar6 
equ^gul^rto one another ; there- 
c 4. ^' fore <^ as AB to BC, fo is AE to 
EF : and becaufe the oppofite 
, fides of parallelograms are equal 

d 7. 5. to one another b, AB ia d to AD, 
ias AE to AG ; and DC to CB, 
as GF to FE ; and alfo CD to 
DA, as FG to GA : therefore ' '. 

the fides of the parallelogratos ABCD, AEFG about the ^- 
tjual angles are proportionals ; and thej are therefore fimilar 
e I. def 6 tib one another e : for the fame reafon, the paralleiograii 
« ABCD is fimilar to the parallelogram FHCK. Wherefore 

each of the parallelograms, GE, KH is finiilar to DB : but 
redilineal figures which are* fimilar to the jGame redilineal fi- 

gWSf 
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gtrtf arc alfo fimilar to one another'^ ; therefore die paral- Book VI. 
logramGE is fiqiilar to KH. Wherefore the parallelpgrams, , ' - ' 
i&c. QiE.D. ^"- ' 



PROP. XXV. PROB. 

TO defcribe a redilineal figure which ftiall be 
fimilar to one, and equal to another given rec- 
fdlineal figure. 

Let ABC be the. given redtilineal figure, to which the fi-» 
Jgarc to be defcribed is required to be umilar, and D that to 
Which it muft be equal. It is required to defcribe a reflili- 
iieal figure fimilar to ABC, and equal to D. 

Upon the ftraight line BC defcribe a the parallelogram BE * cor. 45. t. 
tanal to the figure ABC -, aKo upon CE defcribe » die paral^ 
leJogram CM equal to D, and having the angle FCE equal 
fc6 the angle CBL : therefore BC and CF are in a ftraight 
line ^, as alfo LE and EM between BE and BF find c a 
|tttean proportional GH, and upon GH defcribe ^ the reftili- 

A 



bp9. '• 
1 14 I. 

c 13. 6. 

d 18. 6. 




t^jeal figure KGH fimilar and fimilarly fituated to the figure 
ABC : and becaufe BC is to GH as GH to CF, and if three 
Ilraight lines be proportional^, as the firft Is to the third, fo is 
^ the figure upon the firft to the fimilar and limilarly de- 
Ccribed figure upon the fecond ; tlierefore as BC to CF, fo is 
the reffilineal figure ABC to KGH : but as BC to CF, fo is 
^ the parallelogram BE to the parallelogram EF : therefore f i. 6 
" ' as 



c a cor. 
20. 6. 
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Bdok VI.as the reffiHncal figure ABC is to KGH, fo is tfic paralldo- 

\ ^\ gram BE to the parallelogram EF g : and the reftUineal fr 

gure ABC is equal to the parallelogram BE ; therefore the rec. 

b 14. 5. Slineal figure KGH is equal ^ to the parallelogram EF : but 
EF is equal to the figure D ; wherefore alfo KGH is equal to 
D ; and it is fimilar to ABC. Therefore the redtilineal fi- 
gure KGH has been defcribed fimilar to the figure ABC, anl 
equal to D. Which was to be done. 



( 



PROP. XXVI. THEOR. 

IF two fimilar parallelograms have a commc 
angle, and be fimilarly fituated, they are aboi 
the fame diameter. 

Let the parallelograms ABCD, AEFG be fimilar and fc] 

milarly fituated, and have the angle DAB common. ABCp| 

and AEFG are about the fame diameter. 
For, if not, let, if poflible, the 

parallelogram BD have its dia- 
meter AHC in a different ftraight 

line from AF the diameter of the 

parallelogram EG, and let . GF 

meet AHC in H ; and through 

H draw HK parallel to AD or 

BC : therefore the parallelograms 

ABCD, AKHG being about the 

a 24. 6. fame diameter, they are fimilar to one another a : wherefore, 

b I. def. 6. as DA to AB, fo is b GA to AK : but becaufe ABCD and 

AEFG are fimilar paiallelograms, as DA is to AB, fo is 
c II. 5. GA to AE ; therefore c as GA to AE, fo GA to AKj 

wherefore GA has the fame ratio to each of the ftraight lines 
<3 9' 5' AE, AK ; and confeqiiently AK is equal d to AE, the lefc 

to the greater, which is impoffible : therefore ABCD andj 

AKHG are not about the fame diameter ; wherefore ABCD' 

and AEFG muft be about tlie fame diameter. Therefore, if 

two fimilar, &c. Q^E. D. 

^. PROP. 
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PROP. XXVII. T H E O R. 



OF all the redan gles contained by the fegments 
of a given ftraight line, the greateft is the 
fquare which is defcribed on half the line. 

Let AB be a given ftraight line, which is bifeded in C ; 
^d let D be any point in it, the 

fquare <m AC is greater than the jT Tf TZ — ^ 

redangle AD, DB. ^ U n 

For fince the ftraight line AB is divided into two equal 
parts in C, and into two unequal parts in D, the redangle con- 
tained by AD and DB, together with the fquare of CD, is e- 
qual t9 the fquare of AC ». The fquare of AC is there- * 5. »« 
foregreater than the reftangle AD, DB. Therefore, &c. 
^E.D. 



PROP. XXVIII. PR OB. 



TO divide a given ftraight line, fo that the red- 
angle contained by its fegments may be equal 
to a given fpace ; but that fpace muft not be greater 
than the fquare of half the given line. 

Let AB be the given ftraight line, and let the fquare upon 
the given ftraight line C be the fpace to which the reftangle 
contained by the fegments of AB muft be equal, and this 
iquare, by the determination, is not greater than that upon 
half the ftraight line AB. 

Bifeft AB in D, and if the fquare upon AD be equal to 
;bp fquare lipon C, the thing required is done : But if it be not 

equal 
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b 47. X. 




Book VI. equal to it, AD muft be greater than C, according to the de- 
termination : Draw D £ at 
right angles to AB, and 
make it equal to C ; produce 
ED to F, fo that EF be e- 
qual to AD or DB, and from 
the centre E, at the diftance 
EF, defcribe a circle meet- 
ing AB in G. Join EG ; 
and becaufe AB is divided 
equally in D, and unequal- 
ly in G, the reftangie AG, GB, together with the fquare of 
DG is equal » to the fquare of DB, that is, of EF or EG; 
but the fquares of ED, DG are alfo equal to the fquare of 
EG b -, therefore the redbngle AG, GB, together with the 
fquare of DG, is equal to the fquares of ED and DG ; take 
away the fquare of DG from each of thefe equab -, therefore 
the remaining reflangle AG, GB is equal to the fquare of 
ED, that is, of C : Wherefore the given line AB is divided 
is G, fo that the reftangle contained by the fegments AG, 
GB is equal to the fquare upon the given ilraight line C. 
Which was to be done. 



PROP. XXIX. PROB. 



TO produce a given ftraight line, fo that the 
redangle contained by the fegments between 
the extremities of the given line and the point to 
which it is produced, may be equal to a given fpace. 

Let AB be the given ftraight line, and let the fquare upon 
the given ftraight line C be the fpace to 'which the redlanglc 
under the fegments of AB produced, muft be equal. 

Bifed AB in D, and draw BE at right angles to it, fo that 
BE be equal to C ; and having joined DE, from the centre D 
at the dillance DE defciibe a circle meeting AB produced in 

G. 
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5. And becaufe AB is bife&ed in D, and produced to G, Book VL 

he redlangle AG, GB toge- 

her with the fquare of DB 

s equal a to the fquare of 

DG, or of DE, that is, to 

iie fquares of EB, BD b. 

From each of thefe equals 

aike the fquare of DB ; 

therefore the remaining reft- 

angle AG, GB is equal to 




«tf. 3. 



b 47. t. 



C 



the fquare of BE, that is, to the fquare upon C. "WTiere- 
(oTt the line AB is produced to G, fo that the redtangle con- 
tained by the fegments AG, GB of the line produced is e- 
qual to tfie fquare of Cf. Which was to be done. 



PROP. XXX. p R o :b. 



To cut a given ftraight line in extreme and 
mean ratio. 



I, 

6. 



Let AB be the given ftraight line ; it is required to cut it 
in extreme and mean ratio-. 

Upon AB defcribea the fquare BC, and produce CA to D, ^ ^g. 
fo that the redlangle CD, DA may be equal to the fquare 
CB b. Take AE equal to AD, and complete the rectangle b ao 
DF under DC and AE, or imder DC and DA. Then, be- 
caufe the re£langie CD, DA is equal 
to the fquare CB, the re£l:angle DF 
IS equal to CB. Take away the 
common part CE from each, and tr.e 

remainder FB is equal to the remain- -^- 1 1 1 B 

der DE. But FB is th^ redangle 

Contained by F£ and EB, that is, by 

A.B and BE ; and DE is the fquare 

ipon AiE ; therefore AE is a mean 

proportional between AB and BE c, c 17, 4, 

)r AB is to'AE as AE to EB. 



D 



■ 


E 


■ 





Jut AB is 



ffreatcr 



than AE ; 



F 

wherefore 
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P^^ VI. wherefore AE is greater than EBc : Therefbre the flrairia 

\ ,^ line AB is cut in extreme and mean ratia in E ^. Wbck 

f 3. def! 6. was to be done. 

Otherwife, 

Let AB be the given ilraight line ; it is irequired to cut nC 

in extreme and mean ratio. ft 

Divide AB in the point C, fo that the reAangle rontnindlpj 

by AB, BC be equal to the fquare of 

g II. a. AC g : Then, becaufe the redangle r ^ ^ 

AB, BC is equal to the fquare of AC, ^3 

h 17. 6. as BA to, AC, fo is AC to CB *» : 

Therefore AB is cut in extreme and mean ratio in C^i 
Which was to be done. 



PROP. XXXI. T H E O R. 



IN right angled triangles, the redlilineal figure de- 
fcribed upon the fide oppofile to the right angle, 
is equal to the firriilar, and fimilarly defcribed fi- 
gures upon the fides containing the right angle,. 



Let ABC be a rieht angled triangle, having the right an(^ 
B AC ; The reftihneal figure defcribed upon BC is equal to 
the fimilar, and fimilarly defcribed figures upon BA, AC. 

Draw tlie perpendicular AD ; therefore, becaufe in the 
right angled triangle ABC, AD is drawn from the right a^Ie 
at A perpendicular to the bafe BC, the triangles ABD, ADC 
are fimilar to the whole triangle ABC, and to one another S| 
and becaufe the triangle ABC is fimilar to ADB, as CB to 
b 4. 6. g^^ fQ jg j^^ J.Q gu b . ^j^^ becaufe thefe three ftraight Imcs 

are proportionals, as the firft to the third, fo is the figure upon 
^ the firft to the fimilar, and fimilarly defcribed figure upon tbc 
20 6 fecond c : Therefore as CB to BD, fo is the figiure upoa f 

CB * 

'I 



a 8. 6. 
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CB to the fimilar and fimi« 

arly defcribed figure upon 

SA: and inTerielydy as 

[)B to BG, fo is the figure 

Lpon B A to that upon Sc ; 

or the fame reafon, as DC 

o CBy fo is the figure upon 

2A to that upon CB. 

^Vherefore, as BD and DC 

ogether to BC, fo are the 

igures upon BA, AC to that upon BC c : But BD and DC * *4' 5* 

c^ether are equal to BC. Therefore the figure defcribed on 

iC is equal ^ to the fimilar and fimilarly defcribed figures ^ ^' ^ 

>n BA, AC. Wherefore, in right angled triangles, &c* 

^^£. D. 

PROP. XXXII. T H E O R. 

IF two triangles which have two fides of the one 
proportional to two fides of the other, be joined 
sit one angle, fo as to have their homologous fides 
parallel to one another ; the remaining fides ftiall 
1)6 in a ftraight line. 

Let ABC, DCE be two triangles which have thdtwo fides 
iA, AC proportional to the two CD, DE, viz. B A to AC, 
as CD to DE ; and let AB be parallel to DC, and AC to 
D£, BC and CE are in a firaight line. 

Becaufe AB is parallel to DC, and the ftraight line AC 
meets them, the alternate angles BAC, ACD are equal a; for a ^9- '• 
the fame reafon, the angle CDE is equal to the angle ACD ; 
wherefore alfo BAC is equal to CDE: And becaufe the tri- 
iangles ABC, DCE have 
otie angle at A equal to k 
one at D, and the fides a« 
bout thefe angles propor- 
tionals, viz. BA to AC, 
:as CD to DE, the tri- 
jsttigle ABC is equiangu- 
lar b to DCE : Therefore 
8ie angle ABC is equal 
to the angle E^CE : And 
the angle BAC was pro- 

ved 
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Book VI. ved to be equal to ACD : Therefore ttie whole angle ACE 

' is equal to the two angles ABC, BAG ; add the commoa 

angle ACB, then the angles AGE, AGB are equal to the 

angles ABG, B \G, AGB : But ABG, BAG, ACB are. equal 

€ 32. 1, to two right angles c- therefore alfo die angles AGE, ACB 
are equal to two right angles : And fince at the ' point C, in 
the ftraight line AG, the two ftraight lines BG, CE, whidi 
are on the oppofite fides of it, make the adjacent angles 

A 14. 1. AGE, AGB equal to two right angles ; therefore d BC and 
CE are in a ftraight line. Wherefore, if two triangles, &c. 
Q^E.D. 
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PROP. XXXIII. THE OR. 

1;N equal circles, angles, whether at the centres or 
circumferences, have the fame ratio which the 
circumferences on which they (land have to onea^ 
nother : So alfo have the fedtors. 

Let ABG, DEF be equal circles -, and at their centres die 
angles BGG, EHF, and the angles BAG, EDF at their cir- 
cumferences ; as the circumference BG to the circiimference 
EF, fo is the angle BGG to the angle EHF, and the angle 
BAG to the angle EDF 5 and alfo the fe6lor BGG to the 
fedor EHF. 

Take any niunber of circumferences CK, KL, each equal to 
BG, and any number whatever FM, MN each equal to EF; 
and join GK, GL, HM, HN. Becaufe the circumferences 
BG GK, KL are all equal, the angles BGG, GGK, KGL are 
a *7. 3- alfo all equal a : Therefore what multiple foever the circum- 
ference BL is of the circumference BG, the lame multiple is I 
the angle BGL of the angle BGG : For the fame reafbn, J 
whatever multiple the circumference EN is of the circum- 
ference EF, the fame multiple is the angle EHN of the angle 
EHF : And if the circumference BL be equal to the circum- 
ference EN, the angle BGL is alfo equal a to the angle EHN; 
and if the circumference BL be greater than EN, likewife the 
angle BGL is greater than EHN ; and if lefs, lels : There 
being then four magnitude?, the two circumferences" BG, £F, 

and 
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id the two aiigles BGC, EHF, of the circumference BC, and Book Vr. 
the angle BGC, have been taken any equimultiples what- ♦ 
er, viz. the circumference BL, and^the angle BGL; and of 
c circumference EF, and of the angle EHF,* any equimul- 





Aes whatever, viz. the circumference EN, and the angle 
HN : And it has been proved, that, if the circumference 
L be greater than EN, the angle BGL is greater than 
HN ; and if equal, equal *, and if lels, lefs : As therefore 
e circumference BC io the circumference EF, fob is the b5»^cf. 5. 
igle BGC to the angle EHF : But as the angle BGC is to 
e angle EHF, fo is c the angle B AC to the angle EDF, for c 15. 5. 
ch is double of each d ; Therefore, as the circumference BC d zo. 3. 
to EF, fo is the angle BGd to the angle EHF, and the 
igle B AC to the angle EDF. 

Alfo, as the circumference BC to EF, fo is the feftor BGC 
the {tGtor EHF. Join BC, CK, and in the circimiferences 
C, CK take any pomts X, O, and join BX,.XC, CO, OK : 
hen, becaufe in the triangles GBC, GCK die two fides BG, 
C are equal to the two CG, GK, and that they contain, e- 
al angles ; the bafe BC is equal e to the bafe CK, and the 
angle GBC to the triangle GCK : And becjaufe the circum- 
rence BC is equal to the circumierence CK, the remaining 
It of the whole circumference of the circle ABC, is equal to 
B remaining part of the whole cif cumfeijence of the fame 
•cle : Wherefore the angle BXC is equa^itp jthe angle 
3K * ; and the fegment BXC is therefore fimilar to the feg- 
snt COK f ; and they are upon equal ftraight lines BC, CK : 
It fimilai fegments of circles upon equal ftraight lines, are 
ual g to one another : Therefore the fegment BXC is equal g 24. 3. 

O to 



e 4. 1 



f 9 def, 3^ 
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Book^. to the fegmcnt COK : And the triangle BG€ is emial to tho 
triangle CGK ; therefore the whole, the feftor BGC, is -equal 
to the whole, the fe^l^or CGK : For the fame reafpn, die ieAor 
KGL is equal to each of tlie fe6k)r9 BGC, CGK : In the fiune 
manner, the feftors EHF, FHM, MHN may be proved equal 
to one another : Therefore, what multiple foever the circum- 
ference BL is of the circumference BC, the fame multiple is 
^e ie&or BGL of the fedor BGC : For the fame reaibii) 
whatever midtiple the circumference tN is pf EF, the £un(^ 
pultipk is the fe£tor EHN of the feSor £;HF : And. if the 





circumference BL be equal to EN, the feftor BGL iaf equal 
to the fedtor EHN ; and if the circumference BL be greater 
than EN, the feftpr BGL is greater than the fedor EHN} 
and it leis, leis : Since, then, there are four magnitudes, the 
t^vo circumferences BC, EF, and the two fe£bors BGC, F.HF , 
and of the circumference BC, and fedor BGC, tiie circnin- 
ference BL and fedor BGL are any equal multiples whateveig| 
and of the circumference EF, and feiftor EHF, the circum- 
ference EN and fedor EHN, are any equimultiples whatever j 
and that it has )>een proved, if the circum&rence BL be 
greater than EN, the fedor BGL is greater than the k&x 
h c. def. <. EHK •, and if equal, equal •, and it leis, lels. Therefore l>, as 
the circumicrence BC is to the circumference EF, fo is the 
feaor BGC to the ic&ox hUF. Wherefore, in equal circles, 
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1'F aaan^e of a triangle be biieded by a ftraigfat 
; linci which like wife cuts the bafe ; the redangle 
G^tained by the (ides of the triangle is equal to the 
redangie contain^ by the fegments of tb^ bafe» to- 
gether with the fquare of the ftraight line bifeding 
the angle. 




Let ABC be atriangley and let die.^de BAG be bifefied 
by the ftraight Hne AD ; the redangle %A, AG is equal to 
the reflangle BD, DG, toother with the fquare of y^n, 

Defcribe the circle » AGB about the triangle, ond produce * ^* '^^ 
AD to the circumference in E, 
and join EG : Then becaufe the 
angle BAD is equal to the anigle 
GAEy and the angle .ABD to 
the angle *> AEG, for tjiey are ^. 
ike Came fegment ; the triangles 
ABD, AEG are equiangular to 
one another: Therefore as BA 
to AD, fo is c EA to AG, and 
confequently the redangle BA| 
AC IS equaled to the redangle 
EA,. AD, that is e, to the reft- 




b ai. 3. 



c 4.tf« 



d 16. d, 

e ^ a. 



angle ED, DA, together with the fquare g£ AD : But the 
reoangle ED, DA is equal to the re£bnglef BD, DG. f35*3< 
Therefore the red^gle BA, AC is. equal to the re&angle 
BD, DG, together with the fquare of AD. Wherefore, if aa 
^ngle,fcc, %E.J). 
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*o6k vi; 



PR.OR Q. THE.OflL. 

IF from any angle of a triangle a ftraight line be 
dra:wn perpendkjilar to the bafe ; thfe re^Sangljp 
contained by the fide? pf tj;ie triangle is equal tpitl^ 
reftangle' qon^ained rby the perpendicular ^lidthet 
diameter of the circle defcribed 4bp4t the triangle,. 



w* I 



• . « * 



IF5-4* 



Let ABC be a triangle, s^nd AD the perpendicular fruki 

the angle A to the bafe BC ; the rectangle BA, AC is equal 

to thj5. re^t^nglc. contained by, AD ^d the dian^eter qi the 

circle defcribed about the triangle. , 
Defcribe a the circle ACB a- 

bput the triangle, and draw it3 

diameter AE, and join EC : Be- 

caufe the right angle BDA is e- 
h 3 'd' qualb to the angle EC A in a fe- 

micircle, and the angle ABC to 

the angle AEC in the feme feg^ 
C21.3. ment c ; the triangles ABD, 

AEC are equiangular: There- 
fore, a$ d EA to AD, fo is'EA 

to AC ; and confeqiently, the 

re6taiigle BA, AC is equal e to 

the rectangle EA, AD. If therefore, from an angle, &c. 

Q^E.D. ' ' 



d4 6. 



r 16. 69 




PROP. D. T H E O R. 

gecN. ^T^HE reSangle contained by the diagonals of st 
•■- quadrilateral infcribed in a circle, is equal tq 
both the redlangles contained by its oppofite fides. 



Let ABCD be any quadrilateral infcribed in a circle, and 
join AC, BD 5 the redangle contained by AC, BD is equaj 

to 
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to the Vfto itaangles contained by Afi.'CO, and by AD, Bijok VL 

Be.- .' "^^ 

Make the angle ABE equal to the angle DBC ; add to each 
of .thefe the commtm angle EBD, then the tin^e ABL) U e- 
qual to the ingle EBC: And the angle BDA is equal* to » " 3- 
the angle BCE, becaufe they are in the fiime fegmentj dieie- 
fore the triangle ABD is equi- 
angular to the-triangle BCE; ^ • 

Wherefore b as BC Is to CE. ^ ^ '' *' ^■ 

fb IS BD to DA { and confe- 

quently the rectangle BC, AD ■ 

is equal c to the reftangle .BD, 

CE : Agjiin, becaufe the angle 

ABE is equal lo the angle 

DBC, and the angle » BAE to 

the angle BDC, the triangle 

ABE is equiangular to the trir - 

an^e BCD : As therefore BA ' 

to AE, fo is BD to DC ; wherefore the redangle BA, DC 

is equal to the reftangle BD, AE: But tfic redangk BC, AD 

baa been Ihewn, equal to the, refbngle BD, CE; therefore 

the; vhole rectangle AC, BDii? eqml tothc ref^gleAB, 

DC, together with the rectangle ADtBC. Therefore, the 

reflangle, 8cc. Q^E. D. 



PR'O P. E. T S E O R. 

IF a fegmeot of a circle be bifedted, and from the 
extremities of the bafe of the legmenr, and froBi 
the point of bifedion ftraight lines be infledcd tn 
any pomt in the circumference, the fum of the two 
lines drawn from the extremities of the bafe will 
have to the line diawn from the point of bifeiSloa, 
the fame ratio which the bafe of the fegmeat has 
to the bafe qf half the fegment.' ■ 

Let ABD be a circle, of which AB is a fegiAfint h'j&aed 

in C, and &oin A, C and B to D, any point whatever in the 

O 3 circurflferencej 
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Book VI. drcumfcrencc, let AD, CD, BD be dnwm ; the fmb rf die 
' two lines AD and DB has to DC the fame ratio that BA iu 

to AC. 

For fince ACBD is a quadrilatetal inic^bed in a circb, of 

Tdiich the diagonals are AB and CD, the redangles AD, CB^ 
^ 1>* ^' and DB, AC are toge&er equal to the red2an^« AB, CSX 

But the reftangle Al), BC is e- 

qual to the re&ngle AD, AC, 

becaufe BC is equal to AC ; 

and therefore the two reft- 

angles AD, AC and BD, AC 

are equal to the rectangle 

AB,CD. But the two red- 
angles AD, AC, and BD, AC, 

are the redangle contained 

by AC, and the fum of the 
h 1. a. lines AD and DBb. Wherefore 

the reftangle contained by AG 

and the fum of the lines AD, 

DBis equal to the reflangle AB, 

CD; and becaufe the fides of equal redan^es ar^ reeipRM 
c 14. 6. cally proportional c, the fum of AD and DBis ta BGaB 

ABtoAC. Q^E.D. 




PR OP. F. T H E O R. 



IF two points be taken in the diameter of a circle, 
fuch that the reftangle contained by the^f- 
m'ents intercepted between them and the centre of 
the circle be equal to the fquare of the femidiame- 
ter ; and if from thefe points two ftraight lines be 
inflefted to any point whatfoever in the circomfe- 
jence of the circle, the ratio of the lines inflefted 
will be the fame with the ratio of the fegnients in- 
tercepted between the two firft mentioned points 
and the circumference of the circle. 

Let ABC be a circle, of which the centre is D, and in DA 
produced, let the points £ and F be fuck that the reftangle 

ED, 
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ED, DF is equal to the fquare of AD.; £rom E and F to any Book vi. 
point B in die circumference, let EB, FB be drawn ; y— «^ 
FB : BE : : FA : AE. ■'' ' 

Join BD, and becaufe the teftangle FD, DE is e«iuai to the 
: $]iiai<p of AP, that iBi,'of DB, FD:DB: ;DBspJfc«- The a 27. s. 




nK>- tn&ngles, FDQi BDE have therefoire the Mss ptopof- 

tnna}- that are abput the conuction angle D ; there&re they 

at^ eqiiiangular b, the angle DEB being equal to die angle ^ ^* ^> 

jQBF, and DBE to DFB. Now, fince the fides about thefe 

^fSfasl angles are aU»- proportional c, FB : BD : : BE : ED, and c 4. 6i 

atemately d^, *^B : BE : : BD : ED, or FB ; BE : : AD : DE. d 16. 5. 

BJut beca^i^fe FD: DA : : DA : DE, bydivifione^EA :DA : : c 17. 5. 

AE : ED, and. alternately e^ FA : AE : : DA : ED. Now, 

it haS' b^n Ihewn that FB ; BE : : AJO r DE, therefore f f it. $, 

FB : BE : : FA : AE. Ther^fdre, &c. Q^ E. D. 

Cor. If AB be drawn, becaufe FB : BE : : FA : AE, the 
ailgle FBE is bifeaed g by AB. Alfo, fince FD : DC : 1 ^ 3 5. 
D|C : DE, by compofidonb, FC : DC : :C£ : EB, and fince it h 18. 5. 
hw been fliewh diat FA : AD (DC) : : AE : ED, therefore, 
ex sequo, FA : AE : : FC : CE. But FB : BE : : FA : AE, 
therefore, FB : BE : : FC : CE ^ ; fo diat if FB be produced 
to G, and if BC b^ drawn, the angle EBG is bifeded by the 
lineBCk. ^ •• 
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PROP. G. T k E O R- 



[ 



IF from the extremity of the diameter of a circle 
a ftraiglit line be drawn in the circle, and if 
either within the circle or produced without it, it 
meet a line perpendicular to the fame diameter, the 
reftanglje contained by th^ ftraight line drawn in 
the circle, and the fegment of it TiTtef cepted be- 
tween the extremity of the diameter and the per- 
pendictijar, is equa»l to the reftangle contained by 
the diameter atid the fegment of it cut off by the 
perpendicular. 

Let ABC be a circle, of which AC is a diameter, let DE 
be perpendicular to the diameter AC, and Ifet-A^S meet DE 
in F V the reftangle B A, AF is eqixal to the reftangle G A, AD. 
join BC, and becaufe ABC is an angle in a'feniiciitky 





t S*"- 3 



it is a right angle a : Now, the angle ADF Is alfo a right 
b Hyp. angle ^ *, and the angle BAG is either the fame with DAF, 

or vertical to it ; therefore the triangles ABC, ADF are 
c 4. 6. equiangular, and BA: AC : : AD: AFc ; therefore alfo the 

rc£langle BA, AF, contained by the extremes, is equal to 
il 16. 6. the reftangle AC, AD contained by the means d. If therefore,- 

gcc. Q^E. D. 

PROP. 
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lE perpendiculars drawn from the three 
angles of any triangle to the oppofite fides in- 
l one another in the fame point. 

ABC be a triangle, BD and CE two perpendiculars 
fting one another in F ; let AFbe joined, and, produced 
iflarj, let it meet BC in G, AG is perpendicular toBC. 
DE, and about the triangle AEF let a circle be de- 
., AEF j then, becaufe AEF is a right angle, the 
defcribed about the 
e AEF will have 
r its diameter a. In 
le manner, the circle 
ed about the triangle 
has AF for its di- 
; therefore tlie points 
F and D are in the 
ference of the fame 
But becaufe the 
lFB is equal to the 
!)FG b, and alfo tlie 
BEF to the angle 
being both right 
the triangles BEF 
DF are equiangular, and therefore BF : EF : : CF: FD, c c 4. d. 
nately d, BF : FC : : EF : FD. Since, then, the fides d 16. 5. 
he equal angles BFC, EFD are proportionals, the tri- 
BFC,EFD are alfo equiangular « •, wherefore the angle t ^ 6. 
s equal to the. angle EDF. But EDF is equal to 
becaufe they are angles in the fame fegjnent^ •, there- f 21. 3, 
e angle EAF is equal to the angle FCG : Now, the 
AEF, CPG are alfo equal, becaufe they are vertical 
, therefore the remaining angles AEF, FGG are alfo 
: But AEF is a right angle, therefore FGC is a right g 3^ i- 
ind AG is perpendicular to BC. Q^ E. D. 
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BOOK VII. 



DEFINITIONS. 



' . , 



I. 



r * 9 • r • 



Afiraight line is perpendicular, or at right angles to a BookYH. 
plane, when it make&^ght angles witheverjilraight 
line meef!iiigi^iftth8^plai»e.i:> * " 

IL K 

V plane is perpendicular to a jplane, when the ftraigfat lines- 
drawn in one of the planes perpendicularly to the common 
fe^ionoS dift two plajkcfl^ am perpiindiciJAii t[9!t:liM cHJi^r 
plane. 

ni. 

tlie inclination of a ftraight line to a plane is the acute angle 
contained by that fbraight line and another drawn from 
the point in which the firft line meets the plane» to the 

point 
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Book VII. point in which a perpendicular to the plane drawn from 
any point of the firft line above the^plane, meets the im 
plane. i V- ^l " 



\^ 



IV. 

The inclination of a plane to a plane is the acute angle ca 
tained by two flraight Hn^ ^wn from any the &me poii 
of their common fe6Hon at right angles to it, one upon oi 
plane, and the other upon the other plane. 



Y 



V 



Ji. 






V. 



Two planes are iaid to have the fame, or a like inclination 
one another, which two other planes have, when the li 
angles of inclination are equal to one another. 

VI. 

Parallel planes are fuch as do not meet one another thoD 
produced. 

VII. 

A Solid is that which has length, breadth, and thickneis. 



y. -J \J I/. 



' ' VIII. 






Vi. 



Sec N. A folid angle is that which is made by the meeting of m( 
than two plane angles, whicl^ are not in the &me plane, 
one point. 

■'.5 5 y. ■ . 






i .j^ 



* J 






Sec N. Similar folid figures are fuch--«3 'Eire contained- "by die & 
number of fimilar planes fimilarly fituated, and having li 
inclinations to one another.^ - 



'*'.,i 



I -I ■ I- »• 



r< • ^fL* • 



A pyramid is a; folid figure contained bj plaiies that arec 
ftituted betwixt one plane and a point above it in wh 
they meet. 



J .. 



> / 



O r GE M ETR Y. aoi 

^priiin is a iolid figui;e contained, by plane figures, oi which 
two that are oppcfite are equal, iumlai:^ and parallel to one 
another ; and the others paiallelogrs^. 

XII. 

^ pandlelopiped is. a folid figilre' cdnta^^ bj fix qcuidrfl^te- 
nd figures, whereof everj^6pp6^^^6*'Siit^!aa9Sd» 

j^ cube^is a folid figure cpntained by fix equal fquaree* 

' • ' •■".•■•> 

XIV. 

lA fphere is a folid figure de&ribed bj the revolution of a fe- 
Z micircle about a dimeter, which remains unmoved. 

|fV •• . 1 ' • 

XV. 

^e axis of a fphere is the fixed ftraight line about which the 
/, femicircle revolves. ' . . 



XVL 
pThe centre of a fphere is the fame with that of the {emicircle. 

XVII. 

l*he diameter of a fphere is any ftraight line which paiTes 
through the centre, and is terminated both ways by the fu^' 
pelrficies of the fphere. 

XVIII. 

I& cone is a folid figure defcribed by the revolution of a right 
angled triangle about one pf the fides containing the right 
angle, which fide remains fixed. 

XIX, 

^The axis of a cone is the fixed ftraight line about which the 
triangle revolves. 



to6 EL.EMBtrT« 



Th6'b^«f^'4$Otte1sthe c^e iikiSM by'ttet fide 
taiiimg^ the TigM wiglei ^^di ^1^^ 



^.i^linder is^a folid Sgax^ fif^cxib^'hy: the reatroluuon 
nght iimI^ ji^q^^ onewof W fides Wb^ 

mains nxed* \' - 



The aadis df a cfBoSbris Ae'Sxsditm^ line 'sA>oii£l!i 
the paraUelognun revolves. 

The bafes of a cylmder are the drdes deTcnbed hy the 
revolving oppofite fides of the parallelogram. 

Similar cones and cylinders are thofe which haVe their 
aad the diameters of their baies proportionak. 
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PROP. I. THEOR. 



Book Vir. 



o 



NE part of a ftraight line cannot be in a plane seeN. 
and another part above it. 



K it be poffible, let AB, part of the ftraight line ABC, be 
ift the plane, and the part BC above it : an4 fince the ftraight 
ine. AB is in the plane, it can 
ie produced in that plane : let 
t be produced to D : Then 

KG a^ ABD are two 
ght- lines, and they have 
^ common fegment AB, 
* " ich is impoi&ble b. There- 
e ABC is not a ftraight line. 
L. E. D. 




^yherefbre one part, &c. 



b cor, det 
4.x. 



A 



PROP. II. THEOR. 

NY three ftraight lines which meet one ano- 
ther, not in the fame point, are in one plane. 



Let the three ftraight lines AB, CD, CB, meet one ano- 
^r in the points B, C and £ ; AB, CD, CB are in on^ 
lane. 

Let any plane pais through the 
^raight line EB, and let the plane 
^ turned about £B, produced, if 
^ceflarj, until it pais through the 
*^int C : Then, becaufe the points 
U, C are in this plane, the ftraight 
Lne EC is in it &: for the ikme rea- 
1^, the ftraight line BC i^ in the 
aune ^ and, by the hjrppthefis, EB is 
H it : therefore tfie jhree ftraight 
ines EC, CB, BE are in one plane : 
int the whole of the lines DC« AB, 

mdiSC produced, are in the fame plane with the parts of them 

... . ^ . .... j.^^ 




2oS 



E LE M EN TS- 



BoofcVii. EC, EB, BC b. Therefore AB, CD, CB, are all in one 
b I. ■}. plane. Wherefore, StCr Q^ E. D. 

CoR.' It is manifeit, that any two ffarught lines which cut 
one another are in one plane. .... 



. I 



PR OP. III. THE OR. 



I:F. two planes cut one another, their cdmmbn fee-* 
tion is a ftraight lind. 

Let tvwy planes AB, BC cut one another, and let'B and & 
be two points in the line of their common fe£tion. FrbmB^ 
to D draw the' ftraight Hfte BD \ 
and becaufe the points B and D 
are in the plane AB, the ftraight 
5. clef I. line BD is in that plane a : for the 
fame reafon it is in the plane CB ; 
the ftraight line BD is therefore 
common to the planes AB and BC, 
or it is the common fedtion of 
thefe planes. Therefore, &c. 
Q^ E. D. 




? R O P. IV. t H E O R. 



IF a ftraight line ftand at right angles to each d 
two ftraight lines in the point of their interfeo 
tion, it will alfo be at right angles tb the plancl^ 
in which thefe lines are. 

\je,t the ftraight line EF ftand at right angles to each of 
ftraight lines AB, CD in E, the point of their iriterfeflido ! 
EF'is alfo at right angles tpthe plane pafling throuigh ABj 
CD. 

Take the ftraight lines lAE, EB, CE, ED all equal toorn 
^notlier ; and through E draw, in the plane in which ai;e ABj 

\. • ■ ' ..■■.■■■-. ■ x:^ 



OF GEOMETRY. 



309 



d t. z. 



CD any ftraight line GEH ; and join AD, CB ; then, from ^f^^ vil. 
any point F in EF, draw FA, FG, FD, FC, FH, FB :. and' '^— ' 
becaiife the two ftndght lines, AE, ED are equal to the two 
BE, EC, and that they contain equal angles » AED, BEC, a 5. u 
the bafe AD is equal b to the bafe BC, and the angle b 4. z. 
DAE to the angle EBC : and the angle AEG is equal to 
the angle BEH a ; therefore the triangles AEG, BEH have 
two angles of one equal to two angles of the other, each to 
each, and the fides AE, EB, adjacent to the equal angles, e- 
qual to one anotl^er; wherefore they fhall have their other 
iides equal c : GE is therefore euual' to EH, and AG to BH : c 26* 1. 
and becaufe AE is equal to EB, and FE common and at 
right angles to them, the bafe AF s equal b to the bafe FB ; b 4 i. 
far the lame reafon, CF is equal to FD^: and becaufe AD is 
equal to BC, and AF to FB5 
and becaufe the bafe DF was pro- 
ved equal to the bafe FC ; there- 
fore the angle FAD is equal 4 to 
the angle FBC. Again, it was 
proved that GA is equal to 
BH, and AF to FB ; and 
the angle FAG has alfo been 
proved equal to the angle FBH ; 
therefore tlie bafe GF is equal 
^ to the bafe FH : And becaufe 
GE is equal to EH, as was al- 
ready proved, and" EF is com- 
mon^ to the triangles G FE, HFE ; 
•and alio the bafe GF equal to 
the bafe FH;- the angle GEF is equal d to the angle HEF ; 
and'confequently each of thefe angles is a right « angle. There- < 7* ^cf.i. 
fore FE makes right angles with GH, that is with any ftraight 
line drawn through E in the plane palling through AB, DC ; 
therefore it makes right angles with every ftraight line which 
meets it in that plane. But a ftraight line is at right angles to 
a plane when it makes right angles with every ftraight line 
which meets it in that'plane f : therefore EF is at right an^V* ^x.2tf. 7. 
to the plane in which are' AB, CD. Wherefore, if a ftraight 
line, &c. Q^E. D. 
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PROP. V. T H E O R. 

IF three ftraight lines meet all in one point, and a 
ftraight line (land at right angles to each ci 
them in that point : thefe three ftraight lines are in 
one and the fame plane* 

Let the ftraight line AB ftand at right angles to cSadb of 
the ftraight lines BC, BD, BE, in B, the point where they 
meet ; BC, BD, BE are in one and the fame plane. 

If not, let, if it be poffible, BD and BE be in one plane, ml 
BC be above it ; and let a plane pa& thi'ough AB, BG, Av 
common fe£tion of whfch with the plane, in which BD tad 
BE are, fiiall be a ftraight & line ; let this be BF : thereto 
the three ftraight lines AB, BC, BF are all in one plane, m 
that which palTes through A.B, BC ; and becaufe AB flandi 
at right angles to each of the ftraight lines BD, BE, it is it 
fo at right angles b to the plane pafting through them ; ni 

e i.dcf.7. therefore makes right angles c with 
every ftraight line meeting it in that 
plane ; but BF which is in that 
plane meets it : therefore the angle 
ABF is a right angle ; but the 
angle ABC, by the hj^pothefis, is 
alio a right angle ; tilierefore the 
angle ABF is equal to the angle 
ABC, ind they are both in tihe 
fame plane, which is impoiSble : 

— therefore the ftraight line BC is not 

above the plane m which are BD 
and BE : Wherefore the three 

ftraight lines BC, BD, BE are in one and the feme planft 
Therefore, if three ftraight lines, &c. Q. E. D. 
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P R O P. VI. T H E O R. 



tx.def. 7. 



^ two ftraight lines be at right ailgles to the fame 
plane, th^y {hall be parallel to one another^ 

L^t the ftraight lines AB, CD be at right angles to the bm4 

ae ; AB b parallel to CD. 

Let them meet the plane in the points B, D, and draw die 

light line BD, to which draw D£ at right angles, in the 

ae plane ; and make D£ equal to 

8, and join BE, AE, AD. ThcH, 

:aufe AB is perpendicular to the 

ne, it fliall make right & angles 

'h every ftraight line which meets it, 

1 is in that plane : but BD, BE, 

ich are in that plane, do each of 

m meet AB. Therefore each of 

angles ABD, ABE is a right angle : 

the fame reafcm, each of the angles 

)B, CDE is a right angle: and be- 

ife AB is equal to DE, and BD 

nmon, the two fides AB, BD, are 

lal to the two ED, DB; and 

y contain right angles *, therefore the bafe AD is equal b to b 4 f • 

; bafe BE» Again, becau£e AB is equal to D£, and BE to 

D, and the bafe AE common to the triangles ABE, EDA ; 

: angle ABE is equal c to the angle EDA : but ABE is a c 8. x. 

fat angle ; therefore EDA is alfo a ri^t angle, and ED per- 

idicular to DA : but it is alfo perpendicular to each of the 

BD, DC : Wherefore ED is at right angles to each of 

1 three ftraight lines BD, DA, DC in the point in which 
jy meet : Therefore thefe three ftraight lines are all in the 

oe plane ^ : but AB is in the plane m which are BD, DA, j ^, j^ 
zBXjie any three ftraight lines which meet one another are in, 
e plane e : Therefore AB, BD, DC are in one plane ; and 
;h of the angles ABD, BPC is a right angle ; therefore AB 
parallel^ to CD. Wherefore, if two &aight lines, &c. 
E- D. 
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• ^ 7- 



TF two ftraight lines be parallel, and one of tb( 
is at right angles to a pltnie ; the other alfoih 
be at right angles to the fame plane. 

Let AB, ^D be two parallel ftraight lines, and let oM 
tfaein-AB-be -at right angles 
to a plane ; the other CD 
is at right angles to the 
lame plane. 

For, if CD be not pcr- 
pendiculsur to the plane to 
which AB is perpendicu- 
lar, let DG be perpendicu- 
lar to it. Then», DG is 
piarallel to >AB: DG and 
DC therefore are both pa- 
rallel to AB, and are drawn 




— — , ^ _ — ^ -- — — _ 

b II^Az. i.through'tlie iame point D, which-is impc^ble ^. 



PROP. ' VIII. T H E O R. 
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TWO ftraight lines which are each of them 
rallel to the fame ftraight line, though notl 
in the fame plane with it, are parallel to one anot 

f Let AB, CD be eac:h of them pamlkl to £F, and n< 
the fame pkne with it ; AB fhall be parallel to CD. 

In £F take any point G, from which draw, in the ] 
paffing through £F, AB, the ftrakht line GIf at 
angles to. EF J and in the plane pafmig through £F, 
draw GK at right angles to the fame EF. And becaof 
is perpendicular both to GH and GK, EF i^ perpendio 
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:oihe plane HGK pafiing through them : and £F ^is paCnd- Book vn. 
Icl to A B ; therefore — " "-^ 



A 



b 7.7. 



E— 



F 



A.B is at right angles b 

:o the plane HGK. For 

:he fame reafon, CD 

is like wife at right 

ingles to the plane 

HGK. Tlierefore AB, 

CD are each of them 

•It right angles to the 

plane HGK. But if 

tv'o llraight lines are at right anj^es to the fame plan>, tfcey 

su-e parallel c to one another. Therefore ' AB i-? pariliel c 6. 7. 

to Cl). Wherefore two ftraight lines, Stc. Q^E. D. 
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PR OP. IX, THE OR. 



"1 



•»» 



IF two ftraight lines metOnjE onc^ another be: pa^ 
ralltl to two others that i meet: one: another, 
though not, ill rhe fame plane with tfit 'fif ft tvio^; the 
firft two ^nd the other tw6 ihalt cohtaih equa} 
angles. \ ^ . . ^ 



§ 



Let the two i^r^ght lines /AB, 30 which ineet one ano- 
ther be paraljel'to Uie two ftraight lines !)£, :t,¥- that ineet 
oAe another,! and are nocinthe &n)e. , -^ ,., 
il|tne- Willi . ^B, -fiC.- fThe an(gic- i . ?]g 

B. is equal to the anale'DEF. } , 

Take BA, BC, ED, EF aU equal tQ 
one another ; ai^ join AD, CF/ BE, Ji 
AC, DF: because B^^ is equal and 
pa|:'allel to ED. • therefore AD is^^ 
botii equal and parallel to BE. Fac • 
the lame realbn, <:F is equal ^^d paral- 
lel to BE. Therefore aD and CF 
* ■ ■■ • ^ 

are each of them equal atid parallel 
to tiE. But ftraight lines that areparal- 
lei to he fame ftraight line, though. _ 
aot m tlic Ome pLne w th it, are j'a- ^ 
rallel ^ to one another^ Therefore AD is pandfel to CF ; 

P 3 and 
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BoQkyil. andit iacqoal jto k, and A£l,DFjpm them towaxds die fiuK 
•^ : ^ parts ; and therefore » AC is equal and parallel tp DF. Ai4 

becaufe AB,BC a!re equal to D£, £F, and the bafe ACl| 
c 8. 1, the bate DF ; the angle ABC is equal c to the alngjb DEFi 

Therefiore, if two ftraight lines. Sec. Q^^E. D. 
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PROP. X. THEOR. 



:lc> 



T6dra^j^ Ar^fcigbt liae perpendicular to a plan^ 
from a givpQ poi.nt a];>oye it. 



. ) 



a 12. X. 



1) XX. X. 



e 31. I. 



a 4.7. 



e 7.7. 




Let A be the ^yen ppint above the plane BH ^ it is i^ 
<{uired to draw from the point A a ftraight line perpendicnlv 
to the plane BH. , , 

In the plane draw any ftraight li^e BC, and from the poi[t 
A draw » AD perpendicular to BC. If then AD be A 
{lerpendicdar to-thie plane BH, die thing'reqnired is alrea^ 
(done ; but if it be opt, frtiin 
the point D'draw ^^ in the 
pla^e BH, the ftraij^h^ lini^ 
L)£ at right angles to BC ; 
and from the point A draw 
AF perpendicular to DE ; 
and through F draw c GH 
parallel to BC : ^dbeoaufe 
BC is at right angles to ED 
an4 DA, 2C is at fight 
angles 4 to the plane paf- 

fing throu^ fcD, DA. -And GH is parallel to BC ; but, if 
two ftraight Itne^be parallel, one of which is at right iBtn^ 
to a plane, the other fball be at right e angles to xht fune 
plane ; wherefore GH is at right angles to the plane throng 
/x. dcf. 7. JJD^ I) A, ^nd is perpendicular f to every ftraight line meet- 
ing it in th'4t plane. But AF, which is in the plane throng 
ED, DA9 meets it : Therefore GH is perpendicular to 
AF ; and confequently AF is perpendicular to GH^ 
aijid AF is alfo perpendicular to DE : Therefore AF is per- 
pendicular tP each of the ftraight lines GH, DE. But if 
a ftraight line ftands at right angles to each of two ftnught 
fines ill the pojjit of <lieir interfedioa, it iball alfo be at r^ 
*• • aii£liB( 
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;les to the plane palBng through them d. And the plane paf-^^^ y^- 

r through ED, GH is the plane BH ; therefore AF is per- ^ "* 

idicular to the plane» BH ; fo that, &om the given point 

above the plane BH, the ftraight line AF is drawn per- 

idicular to £hat plane. Which was to be done. 

Cor. If it be required from a point C in a plane to 

61 a perpendicular to that plane, take a point A above the 

ne, and draw AF perpendicular to the plane, then, if from 

I line be drawn parallel to AF, it will be the perpendicil- 

required ; for being parallel to AF it will be perpend icu- 

to rfie fame plane to which AF is perpendicular «, 



PROP. XI, T H E O R. 

pROM the fame point in a given plane, there 
' cannot be two ftraight lii^es at right angles to 
2 plane, upon the fame fide of it : And there can 
but one perpendicular to a plane from a point 
ove the plane; 

For, if it be pqffible, let the two ftraight lines AC, AB be at 
ht angles to k giyen plane from die feme point A in the 
ne, and ugpxi^ie fame fide of it ; and let a plane pafs 
diLgh BA, jACT; the common feftion of this with the given 
ne is a ftraigjita line paflBng through A: Let DAE be ^ ^^ j^ 
ir comrnon feftion : - Therefore the fcaight lines Afi, AC, 
^E are in one plane ; And becaufe CA is* at right angles 
the given plane, it fliall n^ake 
ht angles with every ftraight 
5 meeting it in ^at plane. But r 
^E, which is in that plane, 
ets C A ; therefore C AE is a 
ht angle. For the fame reafon 
lE is a right angle. Where- 
e the an^ C AE is equal to 
angle BAE;; ^d they are in jj 
: plane, which is imppfiible. 

fo, from a point above a plane, there can be but one per- 
idicular to that ^ plane; for, if there could be two, they 

P 4 would 
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Bfok VIT. ^ould be parallel b to one another, wl^di is abford. Then- 
^ ^ ^ -^ fore, from the lame point, &c. Q^E. D. 



P 



PROP. xn. THEOR. 

LANES to which- the fame ftraight line is per- 
pendicalar, are parallel to one another. 



Let the ftraight line AB be perpendicular to each of dw 

planes CD, EF ; thefe planes are parallel to one another. 
If not, they fhall meet one another when produced ; let 

them meet ; their common fedioii 

fliall be a ftraight line GH, in which 

take any point K, and join AK, 

BK : Then, becaufe AB is perpen- 
dicular to the plane EF, it is per- 
« l. def.7. pendicular » to the ftraight line BK 

which is in that fdane. Therefore 

ABK is a right angle. For the 

fame reafon, BAK is a right angle; 

wherefore the two angles ABK, 

BAK of the triangle' ABK are 

equal to two right angles, which is 
b 17. X. impoffibleb; Therefore the planes 

CD, EF, though produced, do not 
c 5. der.7.me^t one another; that is, they arc parallel 

planes, &c. Q^ E. D. 




PROP. XIII. THEOR. 

IF two ftraight lines meeting one another, be pa^ 
rallel to two ftraight lines which meet one ano- 
ther, but are not in the fame plane with the firft 
two ; the pjane which pafles through thefe is pa- 
rallel to the plane pafling through the others. 



Let 
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AB, BC, two ftraight lines meerinff one another, bcBoo\Vljt, 

1 ta DE, EF that meet one another, but arc not in the ' ^ 

•lane with AB, BC : The planes through AB, BC, and 

^F fliall not meet, though produced 

n the point B draw BG perpendieulat* «• to die plane t lo, 7; 

pafles through DE, EF, and . let it meet that pls^ in-; 

d through G draw GH parallel b to ED, and GK pa- ^ 3i» "' 

EF : And becaufe BG is pei3>e^dicular to the plane 
h DE, EF, it ' 

ake right angles 
every ftraight 
leeting it in^at 
. But the ftraight 
JH, GK in that 
meet it : There- 
Lch of the angles 
BGK is a right 
And becaufe 
paraUeH toGH 
ach of them is 

1 to DE,) the 

GBA, BGH are together equal e to two right angles : c «9. i. 

BGH is a right angle ; therefore alfo GBA is a 

angle, and GB peipendicular to B A : For the feme 

, GB is . pq*pc^4icular to BC: S^ice . therefore the 

t line GB ftands dt right angles to the two ftraight lines 

BC, that cut one ano^er in B ; GB is perpendicular f. f 4« 7« 

plane tbi-ough BA,fiC : And it is perpendiculi^ to tho 

through PE^ £F ; therefore BG. is peipendicular to 

f the planes through AB, BC, and DE, EF ; But planef 

ch the fame ftraight line is perpendicular, are parallel g g 12. 7. 

another: TKeremre the plane through AB, BC is pa- 

to the plane through DE, EF. " Wherefore, if two 

It lines, &c. Q^ E. D. 
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iP R O P. XIV. T H E O R. 

F two parallel planes be cut by another plaoe^ 
their common fedions with it are parallels. 



Let the parallel planes AB, CD be cut by the plane 
EFHG, and let their common feftions with it be EF, GH; 
EF is parallel to GH. 



For the ftrai^ht lines 
EF and Gil are in the 
feme plane, viz. EFHG, 
which cut$ the planes 
AB and CD ; and they 
do not meet though pror 
duced ; for the planes in 
which tiiey are do not 
meet ; therefore EF 
• 30. def.i.and GH are parallel &. 
(^E-p. 




. • 
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P R O 1^. XV, T H E 9 R. 

F two parallel planes be cut Jby a third plane, 
they have the fame inclination to that plane. 



Let AB and CD be two parallel planes, and EH a third 
plane cutting them : The planes AB and CD are ecjually in- 
clined to EH. 

Let the ftraight lines EF and GH be the common feftion 
of the plane EH with the two planes AB and CD ; and 
from K any point in EF, draw in the plane EH the ftraight 
line KM at right angles to EF, and let it meet GH in L ; 
draw alfo KN at right angles to EF in the plane AB : and 
through the ftraight Imes KM, KN, let a plane be made 
to pais cutting the plane CD in the line LO. And becaufe EF 
and GH are the common feftions of the plane EH with the 

two 
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Let the ftraight fine A B be at right atagfes to b pkne So«k ViL 
CK ; every plane whkh paiTes'throftgh. AB &aU: be at rigiit ^ 
angles to the plane CK, 

Let anj plane D£ pds throng AB; and let G£ be the 
conxnaon fedtion of the.plsknes D£,' CK -, take any point F in 
CE, from which draw FG in the plane D£ at tight anglesita 
CE: And becaufe AB is 

perpendicular to the plane- * D Cr - A. ' K 

CK, therefore it is alfo 
perpendicular to every 
flxaight line meeting it in 
that plane a ; and confe- 
quently it is perpendicular 
to CE: Wherefore ABF 
is a right angle ; but GFB 
is like wife a right angle; 

therefore AB is parallel b "^ b aB. ■• 

to FG. And AB is at right anrles to die plane CK ; there- 
fore FG is alio at right angles to the fame plane c. Bur one c 7, 7. 
plane is at right an^es to another plane when the ftraight 
lines drawn in one of the planes, at right angles to their com^ 
mon feftion, arq alfo at right angles to the other plane ^ ; andd z.'&A 7. 
any ftraight line FG in the plane DE, which is at right an^ 
gles to CE the common fedion of the planes, has been proved 
to.be perpendicular to the other plane CK ; therefore the 
plane 'i)E, is at right angles to the plane CK; In like iBlm« 
ncr, it may be proved that aU the plan^ wliich pafe tfar^n^ 
AB are at right angles to the plane CK. Therefore, if a 
ftraight line, &c. Q^E. D. 




PROP. XVIIL T H E O R. 



IF two planes cutting one another be each of them 
perpendicular to a third plane, their commoa 
feftion fhali be perpendicular to the fame plane. 

Let the two planes AB, BC fee each of them perpendicqSar 
to a third plane, and let BD fee the common feftion of the 
firft two ; BD is perpendicular to the jilahe ADC* 

From 
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^^?r From D in the plane ADC, draw DE perj^^ndicuhf ta 
^-'^—^ AD, and DF to DC. Becaufe DE h perpendicular to ADjf 

the common fedtion of the planes 

AB and ADC ; and becatife the plane 

Afi is at right angles to ADC, DE 
1 2. def. 7. is at right angles to the plane AB >, 

and therefore alfo to the Ifaraight line 
b I. def. 7.BP in that planel>; For the fame rea-. . 

fon, DF is at right angles to DB.' 
;. _ Since BD is therefore at ris^t angles 

to both the lines DE and DF, it is at 

right angles to the plane in which DE 

and DF ^are, that is, to the plane ' 
€ 4- 7- ADC<^. Wllfetfefore,&c. QvE.;D... A F 
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IF a folid^ angle be contained by three plane angles/ 
any two tjf tliem ace greater than the third. 
•• » . . . 

Let the folid angle at A be contsdned by tlie three plane; 
angles B AC, CAD, DAB. Any two of them are greater 
than the third. 

. If the angles BAC, CAl), DAB be aU equal, it is evi- 
dent that any two of them are greater than the third. But 
if, they are not, let BAC be that angle \^ch is not lefe than 
either of the other two, and is 
greater than one of them DAB ; 
and at the point A in the ftraight 
line AB, make, in the plane which 
gaffes through BA, AC, the angle 
B AE equal a to the angfeD AB ; and 
make AE equal to AD, and through 
E draw BEC cutting AB, AC in the 
points B, C, and join DB, DC. 
And becaufe DA is equal to AE, 
and AB is common to the two triangles ABD, ABE^ 
and alfo the angle DAB equal to the angle EAB -, therel 

fore 
2 




OF GEOMETRY. aaj 

Fore the bafe DB is equal b to the bafe BE. And be-»ook vii. 
:aiife BD, DC are greater c. than CB, and one of them BD *— v*^ 
las been proved equal to BE a part of CB, therefore the o- ^ Jo 'j^ 
±ier DC is greater than the remaining part EC. And be- 
:aiife DA is equal to-AE, and AC common, but the bafe 
DC greater than the bafe EC ; therefore the angle DAC is 
greater d than the angle EAC ; and, by the coni&uSion, the ^ ^5* '• 
ingle D A^ is equal to the angle BAE ; wherefore the angles 
DAB, DAC are together greater than BAE, EAC, that is, 
±Lan the angle ^AC. But BAC is not leis than either of 
the angles DAB, DAC ; therefore BAC, with either of 
them, is greater than the other. Wherefore, if a fblid angle. 
Sec. Q^E.D. 



E 



P R P. XX. T H E O R. 

VERY folid angle is contained by plane angles 
which together are lefs than four right angles. 



Firft, Let the folid angle at A be contained by three plane 
angles BAC, CAD, DAB. Thefe three together are leis 
than four right angles. 

Take in each of the ftraight lines AB, AC, AD any 
points B, C, D, ffhd join BC, CD, DB : then, becaufe the fo- 
Ud angle at B is contained by the three plane angles CBA> 
ABD, DBC, any two of them are greater a than the third j a i<>. 7, 
therefore the angles CBAf ABD are greater than the angle 
DBC : for the fame reafon, the angles BCA, ACD are great- 
er than the angle DCB •, and 
the angles CD A, ADB greater 
than BDC : Wherefore the fix 
angles CBA, ABD, BCA, 
ACD, CD A, ADB are great- 
er than the three angles DBC| 
BCD, CDB: but the three 
angles DBG, BCD, CDB are 
equal to two right angles b j b 13. i, 

Therefore the fix angles CBA, AbI), BCA, ACD, CDA, 
ADB are greater than two right angles J and becaufe the 

three 
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SoDk vn.three ftnglea of each of the triaoglfs ABC, ACDt ATO 
''" «~ ' are equal to two right angles, therefore the nine SBglu rf 
thefe three triuigles, viz. the angles CBA, BAG, ACB, 
ACD, CDA, DAC, ADQ, DBA, BAD are caqual to & 
right angles : Of theib, the fix angles CBA« ACB, A£i>, 
CDA, ADB, DBA are greater than two ri^t m^': 
therefore the :rem^mng three angles BAG. DAC, BAB^ 
which contain the folid angle at A, arc lelj than fbor n^ 
angles. 

Next, Let the folid angle at A be ccmbuned b^any 
ber of plane angles RAC, CAD, DAE, EAF, FAB ; thit 
together are le& than four ri^htangles. 

Let the planes in which die angles are, be cut by a pte, 
and let the common fefHons of it with thofe planes be SC, 
CD, DE, EF, !< B : and becaufe the foUd angle at B is 
tained by three plane angles 
CBA, ABF, FBC, of which any 

a ij. 7. two are greater ^ than the third, 
the angles CBA, ABF are great- 
er than the angle FBC : for the 
fame reafon, the two plane angles 
at each of the points C, D, E, F, 
vii. the angles which are at the 
bales of the triangles having the 
common vertex A, are greater 
than the third angle at the lame 
point, which is one of the angles 
of the polygon BCDEF : there- 
fore all the angles at the bares of 
the triangles are together greater than all the angles of dx 
polygon : and becanfe all the angles of the triangles are t» 
gethcr equal to twice as many right angles as there are ti 

bjJ.i. anglcsli ; that is, as there are fides in die polygon BCDEF; 
and becaufe all the angles of the polygon, together widi fin 
right angles, are likewile equal to twice as many r'ght ao^ 

e I. cor. as there are fides in the polygon c ; therefore aU the angles li 

i^- ■• the triangles are equal to all the angles of the polygon tc^ 
ther with four right angles. But all the angles at the bates 
the triangles are greater than all the angles of the polygon, 
as has been proved. 'Wherefoie, the remaining angles of tic 
triangles, viz. thofe at the vertex, which contain the fitGd 

"^ 
3 
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angle at A, are le(s than four right angles. Therefore every Booh VIT. 
folid angle, &c. Q^E. D. ' 

PROP. XXI. T H E O R. 

■ 

IF two folids be contained by the fame. number of 
equal and iimilar planes, fimilarly fituated, and 
if the inclination of any two contiguous planes in 
ithe one folid be the fame with the inclination of 

r ■ 

the two equal, and fimilarly fituated planes in the 
other, the folids tbemfelves are equal and fimilar. 

• liCt AG and K(^ be two folids contained by the fame 
tvumber of equal and fimilai: planes, fimilarly fituated, fo that 
Oie plane AC is iimilar and equal to the plan^ KM, the 
^lane AF to the plane KP ; BG to LQ, GD to QN, DE to 
SjO, and FH to PR, Let alfo the indination of the plane 
^lF to the plane AC be the iame with that of the plane KP 
:o the plane KM, and fo of the reft j. the folid KQ^is equal 
t^iid fimilar to the folid AG. . ■ • 

Let the folid KQ^Wc applied tp the folid AG, fo that the 
^afesKMand _^ 

^C, which il Jj 

M:e equal and 
omilar, may 
coincide 2, the 

^int N CO. j^l I 1^ N 

xcidmg with 
:Sie point D, 
£ with A, L 
9irith By and 

jD on. And biscaufe the plane KM coincides with the 
^hne AC».a]»d« l>y hypothefis, the inclination of KR to KM 
^ the fame with the mclination of AH to AC, the plane 
KR will be upon the plane AH, and will coincide with it, 
&ecau£b they ^^ fimilar and equal a, and becaufe^th^ equal 
nd^ KN and AD coincide^ And in the flame .manner, 
It IS fhewn that the other planes of the folid KQ^ coin- 
cide with the other planes of die folid AG, each with each : 
k&reJbri the folids KC^ and AG do wholly coincide, and 
ire equal and fimilar to one another. Therefore, &c. 

Q^E, D. 

Q^ PROP. 
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?ROP. XXII. THE OR. 



IF a folid be contained by fix planer, two and 
of which are parallel, the oppofite plants ai 
milar and ec^^ual parallelograms. 

Letdie folid CPGH be contained by the parallel ] 
AC, GF •, BG, CE ; FB, AI, : its oppofite planes an 
lar and equal parallelograms. 

Becaqfe the two pandlel planes BG, CE, are cot I 

ff 14. 7* plane AC, their cpmmcm felons AB, CP, are parallel 
gain, becaufe the two parallel planes BF, AE, are cat I 
plane AC, their common fefidons AD, BC are pan 
and AB is parallel tp CD ; therefore AC is a par^llek 
|n'like manner, it may be proved 
that each of the figures C£, FG^ 
GB, BF, AE is a parallelogram : 
Join AH, DF ; and becaufe AB 
is parallel to DC> and BH to CF ; 
the two ftraight lines AB, BH, 
whiph meet one another, ^e pa* 
ralldl to DC and CF, which 
meet one another *, wherefore, tho' 
the firft twoare not in the iame plane 
with the other two, they contain e- 

h 9. 7. qual angles b ; the angle ABH is 
therefore equal to the angle DCF. 
And becaufe AB, BH, are equal to I)C, CF, aiid th^ 
ABH equal to the angle DCF ; therefore die bafe I 

^ 4. X. equal c to the bsife DF, and the triangle ABH to tl 
angle DCF : For the feme reafon, the triangle AGH h 
to the triansle D£F; and thetefore the parallelogram 
equal and umilar to the jparallelogram CE. In the 
manner it may be proved, that the parallelogram AC is 
and fimilar to the parallelogram GF, and the paralkl 
^E to BF. Therefore^ if a folid, &c. Q^E. D, 
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OF GEOMETRY. 

PROP. XXIIL THEOR. 

F 3 folid parallelepiped be cut by a plane parallel 
to two of its oppofite planes, it will be divided 
to two folids, which will be to one another as 
eir bafes. 

Xet the folid parallelepiped ABCD be cut by the plane 
V, ■which is parallel to the tmpofite planes AR, HD, and 
'ides the whole into the foUda ABFV, EGCD ; as the 
Cs AEFY to the bafc EHCF, fo is the foUd ABFV to the 
id EGCD. 

froduce AH both ways, and take any number of ftraight 
ics HM, MN, each equal to EH, and any number AK, KL 
ch equal to EA, and complete the pusllelograms LO, KY, 
5^ MS, and the folids LP, KR, MU, MT : then, bccaufc 
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B ftraieht lines LK, KA, AE are all equal, and alfo the 

«ight lines KG, AY, EF, which make equal an^s with 

^, KA, AE, the paraUelograms LO, KY, AJ are e- 

W anil fimilar ■ : and likewife the parallelograms KX, , ^q g 

b, AG ; as alTo b the parallclograias LZ, KP, AR, ^ ^, ^' 

■paufe they are oppofite planes. For the lame realbn, 

% paraUelograms EC, HQ, MS, are equal ' ; and the pa- 

jklogiwns HG, HI, IN, as alfo b HD, MU, NT ; there- 

Pe three planes of the folid LP, are equ^ and fimilar 

I three planes of the folid KR, as alfo to three planes of 

K folid AV : but the three planes oppolite to thefo three 

|) equal and fimilar to them i> in the foveral folids; there- 



^ ait fohds LP, KR, AV are contained far equal and fi- 

** r planes. And becaufe the planes LZ, KP, AR are pa- 

I, and are cut by the plane XV, the intlinatioti of LZ 
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I.to XP b equal to that of KP to PB, or of AR to BVc:i 
■ the fame is true of the other coniiguous places, therdne I 
folids LP, KR. and AV, are equal to one'atrotherJ. Fori 
tame reafon, the three folids ED, HU, MT are equal to i 
another ; therefore whu multiple foevei the bibi IP w 
the bafc AF, the lame multiple is the folid LV «^ tbe fl 
AV ; for the fame reafon, whatever multiple the hali IB 
of the bafe HF, the fame multiple is the fofid m tH 
folid ED ; and if the bafe LF be equal to the bale NTj 
folid LV is equal d to (he folid N V ; sod if fhe b>^ 11 
greater than the bafe NF, the folid LV ia greaMl 
the folid NV ; and if le&, Ie&. Since tben Aext a ' 




magnitrdcs, viz. the two bofes ' \F, FH, vnd^the tn 
lids AV, ED, end of ihd bafe AF and fcUd AV, Act 
LF and folid LV are any equimultiples whatever; ail 
the bafc FH and frftd ED, llie UfeFN and folid NTl 
tfiij- cffniimiltiplca whatever ; and it haS been pioved, d* 
the bafe LF is greater than the bafe FN, the folid LV 
grca-er than the folid NV ; and if equal, equal ; and if i 
« S- <I»f- 3- lefc : Tljcrtfore *, a^ the bafe AF k to the bafc FH, ft 
the folid AV to the folid ED. Wherefore, if a foH' 
Q.E.D. 

Cor. Becaufe the j(«rallelogram AF is to the parallebi{|l 
' '■ *• FH as YF to FG f.therefore the folid AV is to the fotdl 
as YF to FC. 



PROP. XXIV- T H E O R. 

IF a folid parallelepiped be cut by a plane plii 
through the d.a^^onals of two of the oppd 
planes, it Ihall be. cut in two equal prifms. 
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AB be a folid parallelepiped, and DE, CF the diago- Book Vir. 

the oppofite parallelograms A.H, GB, viz. thofe which 

Lwn betwixt the equal angles in each : and becaufe 

E are each of them parallel to G A, though not in the 

lane with it, CD, FE are pvallel a ; wherefore the » ^- 7« 

lis CF, DE are in the plane 

a. .B 




b 14. 7. 



c 34. I. 



d as. 7. 



:h tbe parallels are, and are 
Ives parallels b : and the plane 
fhall cut the folid AB into 
iial parts 

.ufe die triangle CGF is equal 
i triangle CBF, and tlie tri- 
3AE to DHJE ; and that the 
logram C A is equal d and fi- 
o the oppofite one BE ; and 
irallelogram GE to CH: 
ire the planes which contain 

Oms C AE, CBE, are equal and fimilar, each to each; and 
e aUb equally inclined to one another, becaufe the planes 
3 are parallel, as alfo AF and BD, anH thej are cut 
plane CE •. Therefore tiie priim CAE is eqnal to the c 21. 7. 
ZBYs e, and the folid AB is cut into tw6 equal prifms 
plane CDEF. Q^E. D. ' v ' 

L The infifting firaight lines of a pai^aUelepiped, men- 
in the following propofitions, are the {ides of the paral- 
ms betwixt the bafe and the plane parallel to it. 
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PROP. XXV. THE OR. 

SOLID parallelepipeds upon the fame bafe, 
of the fame altitude, the infifting ftraight 
i^hich are terminated in the fame ftraight lii 
in the plane oppofite to the bafe, are equal to 
another. 



m 



Let the folid parallelopipeds AH, AK lie upon the 
bafe AB, and of the {ame altitude, and let their ioi 
ftraight lines AF, AG, LM, LN, be terminated in the 
ftraight line FN, and CD, C£, BH, BK be terminaited ii 
fame ftraight line DK; the fdid AH is equal to the 
AK. . . 

Becauie CH, CK are parallelograms, CB is equal * to „ 
of the oppofite fides DH, £K ; wheiefore PH is eond 
£K : add, or take awaj the common part HE ; then DE 
equal to HK : Wherefore alfo the triangle CD£ is equally 
the triangle BHK : and the parallelogram DG is equal < 
the pajrallelogram HN. For the fame reafon, the ttriaiif^ 
AFG is equal to the triangle LMN, and the parallekgid 
d It. 7. CF is equal d to the parallelogram BM, and CG to BN ; ii 



« 34. 1. 



h 3S. I. 
c 3d. I. 
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e 15 7- 

fix. 7- 



they are oppofite. Therefore the planes which contain tl 
prilm DAG are fimilar and equal to thofe which contain d 
prifm HLN, each to each ; and the contiguous planes are all 
equally inclined to one another e, becaufe that the parall 
planes AD and LH, as alfo AE and LK, are cut by the Cub 
plane DN : therefore the prifm§ DAG, HLN are equals. ' 

therefoi 
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zhae&>i€ the prifm LNH be taken from the fiOid, of which Boofc VW; 
^ bafc is the parallelogram AB, and FDKN die plane op- • 
aoGce to the ba& ; and if from tliis lame folid there be taken 
dieprilin AGD, the remaining, fblid, viz. the parallelepiped 
Afl, is equal to the remaining parallelepiped AK. Thcrc- 
|te folid parallelepipeds, &x. Q^£. D. 



PROP. XXVI. T H E O R. 

^OLID parallelepipeds upon the fame bafe, and 
^ of the fame altitude, the inliftingllraight lines 
r which are not terminated in the fame ftraight 
aies in the plane oppoQte to the bale, are equal to 
be another. 

Let the parallelepipeds CM, CN, be upon the lame ba£e 
jkS, and of the fame altitude, but their infilBng ftru^t 
ioes AF, AG, LM, LN, CD, C£, BH, BK, not terminated 
Ih the lame Ibaight lines ; the folids CM, CN are equal to 
fe another. 

,. Produce FD, MH, and NG, K£, and let them meet one 
taidier in the points O, P, Q, R; and join AO, LP, BQj 
3%. Becaufe the planes > LBHM and ACDF are ' p>^ ., 
N K 




\" 



LBHM b that m which are 
and in wh'ch alfo is the figure 
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BookTlI. BLPQj and becuifi: the pkne ACDF ia tbat m vhU 
' • ^«re the pndleh AC, FDOR, «ad in which alfo ii the i- 
^uie CAOR ; tlMiefore the fignns BLPQ^. C AOK. m 
in panilel plaiies. In Uke manner, becxufe the pJanta ALNG 
and CfiKE arc parallel, and the plane ALNG ia thatinwkiA 
are the paralleb AL, OPGN, sid in wfaidi alio u the fignt 
AU'O ; and the plane CBK£ b that in which are the puiL 
lek CB, RQEK, and in which alfo is the figure CBQlli 
therefore the figures ALPO, CBQR are in parallel plina 
But the planes ACBL, ORQP are alio puallcl; thae- 
, fore the &^ CP is a parallelepiped. Now the {(did pnL 




lelepiped CM is equal b to the {olid parallelepiped CP ; becnfe 
thev are upon the fame bafe, and their infilling flnugbt 
' Vbcs AF, AO, CD, CR ; LM, LP, BH, B<i_are !n the & 
ftraight lines FR, MQj and the folid CP k equal b to the b- 
ltd Cti ; for the; are upon the lame bafe ACBL, and theit 
infilling ftndght Unes AO, AG, LP, LN ; CR, GE, BQj 
BK are in the lame ftraight lines ON, RK : therefore the fo- 
lid CM is equal to the folid GN. Wherefore folid. paraUck- 
pipeds,&c. QiE.D. 
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PROP. XXVII. T Us. Ot- 

SOLID parallele|«peds • which are upon equal 
bafes, and of the famcaltiifude, ate equal to one 
another. 



Let' die folid pnranelepipedi, AE, GF, be upon eqoal bafes 
AB, C£), and be of the ^me akiti^e ; the fi^d AE i» equal 
to the folid CF. 

Caie I. Let the infixing ftraight lines be at rigbt angle; to t^e "• 
bales AB, CD, and let die htSes be placed in die fittne plane> 
and fo as that the fides CL, LB be in a ftiuight Imcj there- " 
fc^e the ftraight line LM, which is at right angles to the planti' ' 
in which the bafes are, in the point L, is coninlon* pi t^ a ii 
two folids AE, CF ; let'ihe other infixing lines of the foEds' 
be AG, HK, BE ; DF, OP, CN : and firft, let dte angle 
ALB be equ^ to die angle GLD ; then AL, LD are in a 
ftraight line b. Produce OD, KB, and let them meet in Q\ b i' 
and complete the (blid paraUelepiped LR., the bafe of ^vfaich 
b the parallelogram LQ^ tmd of which LM is one of its bir 
lifting ftraight lines : therefore, becaufc the partlleloeram AB 
is eqvud to CD, as the bafe AB ia to the bafc LQ , fo is c the = ; 
bafe CD to the fame LQ: and becaufe the b^ parallelepi- 
ped AR is cut by 
the ^dase LM EB, 
which: is parallel 
to the oppoGte 
planes AK, DR; 
as tlie bafe AB is 
totiiebaie LQ^ (o 
B^ the CoUdAE 
to the Iblid LR : 
for the fame rea-* 
foD, becanle the ib- 
lid parallelepiped 
CR is cot by tbe 

pkBe XAIFD, wbich is parallel to die oppoCte planes GP, 
^(.1 Hthe1)al£CDtotheJba£eLq:;&.i:- the folid CF to 

flic 
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BookVa^efolidLR: but as the bafe AB to the biie LQ., £b tfae 

' ■*'" 'bafe CD to the bafc LQj as has been proved: therefore as 

the folid AE to the foliTLR, fo b the folid CF to the foUd 

« g. S- LR ; and therefore the folid A£ b equal « to the fdid CF. 

But let the Iblid parallelepipeds S£, CF be up<m equal 
bales SB, CD, and be of the lame altitude, and let their in- 
Ming ilrai^t lines be at right angles to the bafcs ; and place 
he bafes SB, CD in the &me plane, fo that CL, LB be in a 
itraight line ; and let the angles SLB, CLD be unequal ; the 
folid SE is dfo in this cafe equal to die ic^ CF. Produce 
DL, TS until they meet in A, and frtHQ B draw BH paral- 
lel to DA ; and let HB, OD produced meet in (^ and com- 
plete the folids A£, LR : therefore the folid AJl, of which 
the bale ia the parallelognua L£, and AK the plane oppoiite 
' *S- 7- to it, is equal I to 

the folid SE, of p_ 

which the bafe is 

lE, and SX the 

plane oppofite ; 

for the^ are upon 

theluue bale LE, 

and of the £ame 

altitude, and their 

in£fUng flraig^t 

lines, viz. LA,LS, 

BH. BT; IVfp, "' ' ' ' 

MU,ES,EXare 

in the fame ftraight lines AT, GX ; and becaufe the paral- 

I 35- I- lelogram AB is equal g to SB, for they are npoa the feme 
faafe LB, and between the lame parallels LB, AT ; and becajiie 
the bafc SB is equal to the bafe CD; therefore the bafc AB is 
equal to the bafe CD-, hat the angle ALB is equal to the 
angle CLD : therefore, by the firftcafe, the folid AE is espial 
.to the folid CF ; but the folid AE is c^ual to the folid S£, as 
was demonflrated } therefore the folid SE is equal to the fo- 
Ud CF. 

Cafc 2. If the infitting ftiaight lines AG, HK, BE, 
LM; CN, RS, DF, OP, be not at right angles to the 
bafes AB, CD ; in this cafe likewife the folid AE is e- 
qual to the folid CF. Becufe folid parallelepipeds aa the 

k a6. 7 fjuje ^^ ^^ ^ (jjg ^jj^g altitude, arc equal t if two fo- 
a lid 
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lid parallelepipeds be confiitated on the bafes AB and CD Book Yii;- 

M E 





of the lame altitude with the folids A£ and CF, and with 
their infifling lines perpendicular to their baieSy thej will be 
equal to the tolids AE and CF ; and, by the firft cafe of dus 
propofitioUy . they will be equal to one another ; wherefore, 
the folids AE and CF are alfo equal. WherefcKre, folid pa- 
rallelepipedsy &c. Q^E.D. 



s 



!> R O P, XXVIII. T H E O R. 

OLID parallelepipeds which have the fame al^ 
titude, are to one another as their bafes. 



Let AB, CD be folid parallelepipeds of the £ime altitude : 
they are to one another as their bafl^ ; that is, as the bafe AE 
to the bafe CF, fo is the folid AB to the foUd CD. 

To the ftraight line FG apply the parallelogram FH equal 
« to AE, fo 
that the angle 
FGH be e- 
qual to the 
angle LCG ; 
and complete 
the folid paral- 
lelepiped GK 
Upon the bafe 

FH, one of whole infilling lines is FD, whereby the fo- 
lids CD, GK piuft be of the lame altitude. Therefore the 

fclid 




acor.4s.x. 



\ • 



2^ ElJLM^JtN^T* 

yo<A yu. fcJid AB is equftl3>ito i^ folid ^Glt, becadfe tlwy «e npon 

b 27! 7. equal bafes AE, f^, and are of the fame altitude : and bc- 
caufe the folid parftllelepiped CK is cut *by the jplane DG 

« *3' 7» which is parallel tp^i^s oppofite planes, the bafe HF is c to 
the baf^ FC, as 0?e foli4 HD to the folid DC : Bitt the bafe 
HF is equal to the bafe J\E, and the (olid ^GK to the folid 
AB : therefore, as the bafe AE to the bafe CF, fo is the £>• 
lid AB to the fotid CD. Wherefore .foGd -papaU^lep^fds, 
&c. Q^E. D. 

Cor. I. From this it is xnanifeft, that pri&is -upon triangu- 
lar bafes, of the fame altitude, are to oncf another as their bafes. 
Let the priims BNM, DPG. the bafes of which arc the tri- 
angles AEMf CEO, ^have the fame' altitiidc ; comi^tte the 
pa^elograms AE, CF; and the folid pamllelepipedi AB^ 
CD, in the firft of which let AN, and in the other fat CIP 
be (»ie of tlie infixing Une8. And btcaufe tbe folid -paYal^ 
lelepipeds AB, CD. have the fanie altitud^^^they are to <»e 
another as the bafe A £ is to the bafe CF-^ wbertfiiM the 

i *4' 7* prifms, which are their halves d are to one another, as the 
bafe AE to the bafe CF ; that is, as the triangle AEM to 
the triangle CFG. . ,: . 

Cor. a. Alfo a prifm and a parallelepiped,' which have the 
fame altitude, are to one another as their baies ; that is, the 
priiin KNM is to the paitidlelepiped CD as thei tri^gle AEM 
to the parallelogram hG. For by the laft Cor. the; priiin BNM is 
to the priiin DPG as the triangle AME to the triangle CGF, 
and therefore the prifai BNM is to twice tho priifn DPG as 

c 4. s- the triangle AME to twice the triangle CQF^ \ ,ib»t is, the 
prifm BNM is to the parallelepiped CD as tfe^ twigle AJtfE 
to the parallelogram LQ. 



PROP. 
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PR Of. XXIX. THE OR. 

SOLID paralielepipeds ;are tO; one another in thp 
ratio tnat is compourided of the ratios of their 
b^fes^ and of their altitudes. 

Let AF and GK> be tWo-folid p^lr^lkkpipecfe, of which the 
bafes are the parallelograms AC and GK, and the altitude^, 
the perpendicolars let &11 oii^ th^ ploii^fe* of thefe bafes' from 
any yointin the.oppofirc planes EF and MOj the folid 
AF IB to the fdiid GO in a ratio compounded of the ra- 
tios o£ the Jjafe AC to tlie bafe GK, and of the perpen^culsu: 
mr AC to- the perpendicidar on GK. 

• (J»fe ,i,„ When the inllfting lines are perpentUoilar to the 
b^fe^ jA-C and GK, or w^ien the folids are upright. 

'JnpjVI, ohe of the irififting lines of the folid GO, take 
<3Q^ feqU^rtdlA,^> qne of "the infiiting lines of the folid AF, 
aid tirough: Q^ Jet ji plsjne pais- paralkf to » the plane GK, 
nae^f^^Sftg ^le -oiibr ;inl\fti»g- lines of the folid GO in the 
p<)ijrts R, S^d I ' . 

X, It is evi- 
apnt that GS is 
a folid pai allele- 

piped^; and that j' 
it hsiA the fame al- 
nttidcwith AF» 
viz. GQ^or AEl. 
Now the foiid v^y^ 
AF is to the fo- "" ^ 
lid GO in a ra- 
tio cbitipounded ^ 

of the j'atios : of A. B 

the folid AF to 

the folid GS \ and of the foHd GS to the folid GO ; but theb ro. de£s. 

ratio of the folid AF to the folid GS, is the fame with thstt 

of the bafe of AC to the bafe GK c, becaufe their altitudes c a8. 7. 

AE and G<^ arc equal v and tiie ratio <5f the folid GS to 

the folid GO; is the fame with that of GQ^to GMd; CI23.7. 

Ilierefore, the ratio which is compounded of the ratios 

pf'the foHdAFto the folid GS, tod of the folid GS to 

v.- ■ ■ '-.- ■ : .- the ■■ ^ 
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Book vn. the folid GO, is the fame with ihc ratio which is com. 
pounded of the ratios of the hafe AC to the bafe GK, 

. e £• 5. and of the altitude AE to the altitude GM «. But the ratio 
of the folid AF to the folid GO, is that which is compouiid- 
ed of the ratios of AF to GS, and ^( GS to GO ; there- 
fore, the ratio of the foHd AF to th^ folid GO is compound- 
ed of the ratios of the bale of AC to the bafe GK, and of the 
altitude AE to the altitude GM. 

Cafe 2. When the infifling lines are not perpendicular to 
the bafes. 

Let the paraIlelogram3 AC and GK be the baiies as be^ 
' fore, and let AE f\ 

and GM be the • Pf^ ^ 

altitudes of two 
parallelepipeds Y 
and Z on thefe 
bafes. Then, if 
the upright para- 
lelepipeds AF 
and GO be con- JQ 
ftituted on the 
bafes AC and 
GK, with the aU 
titudes AE and 
GM, they will be 

1 27. y, equal to the parallelepipeds Y and Z d. Now, the folids AF 
and GO, by the firft cafe, are in the ratio compounded of 
the ratios of the bafes AC and GK, and of the altitudes AE 
and GM ; therefore alfo, the folids Y and Z have to one ano- 
ther a ratio that is compounded of thefe fame ratios. There- 
fore, &c. Q^ E: D. 

CoR. I. Hence, two ftraight lines may be found having 
the fanie ratio with th^ two parallelepipeds AF and GK). 
To AB, one of the fides of Uie parallelogram AC, apply 
the parallelogram BV equal to GK, having an angle equal to 
the angle BAD e ; and as AE to GM, fo let A V be to AX f, . 
then AD is to AX as the foHd AF to the folid GO. For 

t ^ ^^^' 5- the ratio of AD to AX is compounded of the ratios g of AD 
to AV, and of AV to AX ; but the ratio of AD to AV is 
.theikme with that of the parallelogram AC to the parallelo- 
gram BV h or GK-, and the ratio of AV to AX is the &me 
with that of AE to GM ; therefore, the ratio of AD to AX 
i$ compounded of the ratios of AC to GK, and of AE to GM k. 

Bm 
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But the ratio of the folid AF to the folid GO U compounded Book VU. 
of the feme ratios ; therefore^ as AD to AX, ib is the folid ' 
AF to the folid GO: 

CoR. 2. Hence all priims are to one another in the ratio 
.compoonded of the ratios of their bafes, and of their altitudes. 
For every priiSai is equal to a parallelepiped of the fune al- 
titude with it, and of an equal ba& 1. IsB.cor. t. 

7. 



PROP. XXX. T H E O R. 

COLID parallelepipeds which have their bafes and 
altitudes reciprocally proportional, are equal ; 
and parallelepipeds which are equal, have their 
bafes and altitudes reciprocally proportional. 

Let AG and KQ^be two folid pandlelepipeds, of which ^ 
the bafes are AC and KM, and the altitudes AE and KO,\ 
and let AC be to KM as KO to AE, the folids AG and 
KQjare equal. 

As the bafe AC to the bafe KM, fo let the ftraight Kne 
KO be to the ftraight line S. TTicn, fince AG is to KM « 

KOtoS,and 

aifobyhypo, j^ ^ R q^ 

thens, AC to 
KM as KO to 
AE, KOhas 
the fame ra- 
tio to S that 
ithasto A£a; 
whereforeAE 
is equal to S b. 
But the folid 
AG is to the 

folid KQJb the ratio compounded of the ratioi of AE IQ 
KO, and of AC to KM c, that is, in the ratio compounded of c »9, 7. 
the ratios of AE to KO, and of KO to S. Aind the ratio of 
AE to S is alfo compounded of the feme ratios <1 ; there- d lo.def.i^* 
fote; the folid AG has to the folid K<^ the, faoie ratio that 
AE has to S. But AE wtis proved to be equal to S, there- 
jTgrc AG is espial w K(^ ^ • ^i . . 

Again^ 




■ If. r, 



:♦:: 
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B<»k m Again, if the folids AG and KCLbe equal, the ba& AC b 
'to th6 bale KM as die altitude KO to the altitude A£. Tdu 
S, fo that AC maj be to KM as KO^ to 5, and it iivillbe 
IheTUB^ as was done above, that the folid AG is to the lb- 
lid KQj» AE to S ; now, the fblid AG is, b j h jpcKfaefis, 
equal to the Iblid K^ therefore, A£ is equal to S ; but^ bj 
confbudtion, AC is to KM as KO is-.toSL; therefore,- AC is 
to KM as KO to AE. Therefore, &c. (^ E. D. 

Cor. In the fame manner, may it be demonftrated, diat 
equal priCms have their bafes and altitucjkts redprocall j pro- 
portional, and converfelj. 



PROP. XXXI. THE OR. 



CIMILAR folid parallelepipeds are to one another 
in the triplicate ratio of their homologous fides. 

Let AG, KQ^be two fimilar pnrallelepipeds, of which AB 

' -and^KL are' two homologous fides ; the ■ ratio of the folid AG 

to the £b1id l^QJis triplicate of the ratio of AB to KL. 

Becaufe the folids are fimilar, the paraiQelogTanis AFj EP 

a 9. def. 7. are fimilar », as alfo the parallelograms AH, K.R j therefore, 

the ratios of AB 

II G 



to 
td 



KL, 
KO, 



of AE 
and of 



.E 



F 



A 



B 




AD to KN, are 

b I. dcf. 6.al| equal. But 
thfe ratio of the 
folid AG to the J) 
folid KQJs com- 
pounded of the 
ratios of AC to 
,KM,and,ofAE 
to KQ. . Now, the ratio of AC to KM, becaofe they arc 

c 14a 6. equiaagular parallelograms, is compounded c of the ratios of 
AB to KL, and of AD to KN. Wherefore, the ratio of 
AG to KQ^fs compo^ded of tlie thrpe ratios of Afi to KL, 
AD to KN, and A^ ^ ^O ; and thefe three ratios have al- 
ready been prove j to be equal \ thcrc^Qrei,.ilue ratio tl^ is 

' compounded 

I 
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Componsdeif of them, tiz. dfe ntio /li &ia Colid AO t 
"" '"^ ' ' ** " ' them ^ ; iris therefbre 1 

Therefbre, fiioilar iblid pa- 



fifid K^ istripCote of anrof them^ ; iris therefore tri^iaT 
eof tin^nKio of ABtoEL. "~ ' ^ ■..-.■ . 



nUelepipeds, ficc. <^£- !>• 

GoR. I. If B3 ABto RL, fo KL to fl), and tf KL to m. f? 
ism totf, dtea ABia tonas theioHd AG to fbe foHd K<^ 
^or die ratio of AB to « is triplicate of the ratio of AB to 
KLe,and is dierefore equal to that of thefofid AG totbefo- c cor. i: 

CoK. %. As cubes are fitoHar folids, dierefore the cobs 
on AB IB to the cube on KL in the triplicate ratio of 
AB to KL, diat is in the fame ratio with the falid AG to the 
^lid KQ^ Similar folid papallelepipeifa ore therefore to one 
Miother as the cubes on their homologous fides. , 

Cor. 3. In iJbe &me manner it is provcQ^ that limilar 
prilin^ are to onC iinother in the triplicate ratia,.«r in the ra- 
tio of the cubes,. of their bomologcHis fides. > 



,P R; pp. XXXII. T H ,E O H. 

IF two trl^nrufor pyramids whioh haveequal ba- 
fes and altitudes be cut by planes tbat'are pa- 
lallel to thd bafes, and Qt equal dillance»ffom them, 
tbe fediona aft: equal Co one anothtr. 

Let ABC33 and EFGH b« two pjrramidB, havi&g equal 
Wes BDC and FGH, and equal alticodes, viz. ttie pcipcodi- 




^Ji^•n AC^and £S drawn (roiu A and £ upon ^s pilanM 



24^ 
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BDC and FGH; and let them be cut by planes paraDdta 
BDC and FGH, and at equal altitudes QR and , ST above 
thofe planes, and let the fedions be the triangles .KLM» 
NOP ; KLM and NOP are equal to one anot&er. 

Becaufe the plane ABD cuts the parallel planes '""'' 
KLM, the common fedtons BD and KM are parallel 
the fame reafon, DC and ML are parallel. Since therefore KM 
and ML are parallel toBD and DC, each to each, though not 
in the fame plane with them, the angle KML is emial to die 
angle BDC b. In like manner the other angles of thele tii 



angles are proved to be equal ; therefore, the triangles are e* 
qmangular, and confequentlj fimilar ', and the £une is true of 
the triangles NOP, FGH. 



1 





■ 



B C F G 

Now, fince the ftraight lines ARQ^, AKB meet the pand- 
L 1 planes BDC and KML, thej are cut by them propor- 
c 16. 7. t ona ly c, or QR : RA : : BK : KA ; and A(^: AR : : AB 
d is. 5. • AK d, for the fame rcafon, ES : ET : : EF : EN ; therefore, 
AB : AK : : EF : EN, becaufe AQ^is equal ta ES, and AR 
to ET. Again,, becaufe the triangles ABC, AKL are fimilar 
AB : AK : : BC : KL ; and for the &me rekfon 
EF :EN : : FG : NO ; therefore, 
BC : KL : : FG : NO. And, when . four ftraight lines 
are proportionals, the fimilar figures defcribed on them arc 
alfo proportionals e -, therefore, the triangle BCD is to the 
triangle KLM as the triangle FGH to the triangle NOPr 
but the triangles BDC, FGH are equal *, therefcfee, the tri- 
angle KLM is alfo equal to the triangle NOPf. Therefore, 
&c. Q^ E. D. 

Cqr. I. Becaufe it has been fliewn that the triangle KLM 
H fimilar to the bafe BCD, therefore, any fefKon of a tri- 
angular pyramid parallel to the bafe, is a triangle fimilar to 

the 
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i&bafe. And in the {ame manner it is, IhcwD, that the fee BMkVII,- 
tions parallel to the bafc of a poljrgonal pjraiuid are firailar '-"-''■ 
to the bale. 

Cor. a. Hence alfo, the feAioos parallel to the ba£cs o£ 
>two polygonalpynunids, and at equal dilUnces&om thebafesi 
■re equal to one imother. 

PROP. XXXIU. THE OR. 

A Series of {ft'ifms of the fame altitude :niay be 
circumfcribed about any pyramid, fuch tbat 
ihe fum of the prifms (hall exceed the pyramid by 
I folid lelB than any given fblid. 

Let ABCD be a pyramid, and Z -f a given foltd ; a lerica 
(f prifma having all the fame alti|iidc, may be circnmicribed 
Ijout the pyramid ABCD) -fo that their fum (hall exceed 
\BCD by a folid lefe than Z. 

Let Z be equal to a prifm (landing on the lame bafe with 
he pyramid, viz. the triangle 
ICD, and having for its alci- 
nde the perpendicular drawu 
Kom a certain point £ in the 
ine AC upon the plane BCD. 
,t is evident, tbat CE multipli- 
ed by a certain number m will 
K greater than AC i divide 
wA into as many equal parts 
M there are uniti in m, and let 
av&beCF.fG. GU, HA, 
hich a£ which will be leb 
^ CE. Through each of 

be pcunts F, G, H let planes 

(e made to pals parallel to the 

lane BCD making with the 

dcs of the pyramid the fec- 

» FPQ^ GRS, HTU, which 

ill be all fimilar to one ano- 

er, and to the bale BCD >. 

rem the p<nnt B draw- in the 
tkne oi th= triangle ABC the (iraight lime BK parallcl'to 
R 2 CF 

t The fuliil Z ij not rtprrkaui in (he figure of :Mj or lie following Pi<f 
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Book vn. cir nieetisg FP produced in K. in like manner, &o 
*■ ' drew DL pantUd to CF, meeting FQ^in L : Join EL 
bij.dcf.7.it is plain, that the folid KBCDLF ia a prifmb. Bjtiie 

cmiftruaioR, let the prifma 1^, RO, TV be de&nbed. 

fa, let die ftrugtit line IP, 

which is in the plane of the 

triangle ABC be produced till 

it meet BC in h ; and IetM(^ 

be produced till it meet DC 

ing:Joinhg} thenhCgQFP 

b a prifin, and is etpud to the 

di.cot.tS prilinntld. Inthefamcman- 

7- ner is defcribed the prilin mS 

equal to the prifin RO, and 
the prifm qU equal to the 
prifin TV. The fum, tfaere- 
farc) of all the infcribed 
prilins hQj mS, and qU is 
equal to the fiim of the prifins 
PM, RO and TV, that is, to 
, the fimi of all the circum- 
fcribed prilins except the 
prijin BL ; wherefore, BL 
IS the excels of the prilins 
circumfcribed about the py- ^ 

ramid ABCD above the 

piilins infcribed within it. But the pri&a BL b ]e£< 
the prifm which has the triangle BCD for its baie, and 
altitude the perpendicular from E upon the plane BCD 
the prifm which has BCD for its bale, and the perpent 
&om E for its altitude, ia by hypothefis equal to the give 
Z ; therefore, the excefs o£ the circumfcribed, abov^ tl 
fcribed prifnis is lefe than the given folid Z. But tiie 
of the circumfcribed prifms above the intcribedu greate 
their excefs above the pyramid ABCD, becaufe ABI 
greater than the fum of the' infcribed prilins. Mu<^ 
riierefore, b the excels of the circumfcribed prifina- abc 
pyramid, le£ than tlie folid Z. A feries of prifms of th> 
altitude has therefore been circumfcribed about the pj 
ABCD exceeding it by a folid le& than the given fo 
Q-E.D. 
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TRAMIDS that havt equal bafes aod altitudes 
2LTt ^qual to one another. 



Let ABCDy EFGH be tv^o pyramids that have eqaal 
bafes BCD, FGH, and alfo eqW altitades, viz, the perpen- 
diculars drawn from the verticest^ and £ upon the planes 
BCD, FGH : The pyramid ABCD is equal to the pyramid 
HFGH. 

If they are not equal, let the pyramid EFGH exceed the 





iyniiiud ABCD' hy the fdid Z. Then, a feries of pifms 
^ the fetoe altitude may be defcribcd about the pyramid 
'AtBCD tiifttihair exceed it, by a folid lefs than Z » ; let thefe be 1 33- 7* 
^fniiin^ that have for their bafes the triangles BCD, NQL, 
ORI, PSM . Divide EH into the fame number of equal parts 
tut© which AD is divided, viz. HT, TU, U V, VE, and through 
«ie points T, U and V, let the fedions TZW, UHX, V^Y be 
^nade parallel to the bafe FGH. The feftion NQL is equal to 
Shefeaion WZTb; as alfo ORI to XSU, andPSMto Y*V ; b 34.7; 
^d therefore, alfo the prilins that (land upon the equal fefiions 

R 3 are 
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Book VII are equal c, that b, the prifm which (lands on the baie BCD, 
Vi.cor.a8. ^^ which is between the planes BCD and NQL is equal to the 
7. 'prifm which ftands on thjbafejFGH, and whicbi? between the 
planes FGH and WZTs and fo of the reft, bcckufc Acj 
have the fame altitude ; wherefore, the fum of all the prifins 
defcribed about the pyramid ABGD Is equal to duL funvicf # I 
thofe defcribed about the pyramid EFGII, But the exc^|| 
of the prifms defcribed about the pyraniid ABCD above j 



- ? 



I- 




J * 




the pyramid ABCD is lefs than Z j a^d therefore, the ^xccfc 
of the. prifms defcribed about the pyramid EFGH abofp 
the pyramid ABCD is alfo lefe than Z. But the excels « 
the pyramid EFGH above the pyramid ABCD is ^ual tpi 
Z, by hypothefis; therefore, die pyramid EJFGH exceedi 
the pyramid ABCD, more than the prifms defcribed s^bont 
EFGH exceed the ian»e pyramid ABCD^ TTbe pjmo^ 
EFGH is therefore greater than the fum oif the priiins de- 
fcribed about it, which is impoffible. The pyramids ABCD, 
EFGH, therefore, are not unequal, that is, they are equal W 
pile another. Therefore, pyramids, &c. Q^E. D. 
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PROP. XXXV. THE OR. 

'^ERY prifm having a triangular bafe may be 
divided into three pyramids that havetriangu- 
;fesy and that are equal to on« another. 



there be a prifin of which the bafe is the triangle AEC, 
: DEF be the triangle oppofite to the bafe : The prifm 
)£F may be divided into three equal pyramids having 
liar bafes. 

A£, EC, CD ; and becaufe ABED is a parallelo- 
of which AE is the diameter, the triangle At)E is 

to the triangle ABE : therefore the pyramid of which * 34- »« 
tfe is the triangle ADE, and vertex the point C, is 
• to the pyramid, of which the ,^ b 34. 7. 

the triangle ABE, and vertex 
)int C But the pyramid of 
the bafe is the triangle ABE, 
Ttex the point C, that is, the 
id ABCE is equal to the py- 
DEFC ff for they have equal 
viz. the triangles ABC, DFE, 
e fame altitude, viz. the alti- 
f the prifm ABCDEF. There- 
the three pyramids ADEC, 
C, DFEC are equal to one a- 
. But the pyramids ADEC, 
ZI, DFEC make up the whole 

ABCDEF; therefore, the 

ABCDE.F is divided into three equal pyramids. 
efore, &.C. Q^E. D. 

u I. From this it is manifeft, that every pyramid is 
ird part of a priiin which has the fame bafe, and the 
altitude with it ; for if the bafe of the prifin be any 
figure than a triangle, it may be divided into priiins 
y triangular bafes. 

(.2. Pyramids of equal altitudes are to one another as 
:>aijes ; becaufe the prifms upon the lame bafes, and 

lame altitude, are c to one another as th^r bafes. 
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BOOK vm, 

DEFINITIONS, 

I, 
N arch of a circle is any. part of the circum&reace> Boole VOT. 

II. 



The perimeter of mj figure is the length of the liae or lines 
by which it is bounded. 



AXIOM. 



7he li^ line ^3t can be drawn between two points, is a 
iltaight line ; and if two figrores have the iame firaight liiie 
for dieir bafe, that which is contained within the other, if 
its bounding line or lines be not an/ where convex toward 
the bafe, has the leaft perimeter. 

CoR* I. Hence, the perimeter of any polygon inlbribed in 
a circle is leis than the circumference of die arcle. 

Cor. 2. If from a point two flraight lines be drawn 
touching a circle, thefe two lines are together greater than the 

arcl^ 
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Book Vlll.arch intercepted between them ; and hence, the perimeter rf 
any polygon defcribed about a circle is greater than the cir- 
cumfereacc 6^ the circle. 
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PROP. 1. • T H E O R. 

IF ^om tb^ greater of twQ.uneiaual .magiutudej 
thdre bef takeruaway jts half, im from the re- 
mainder its half; and fo on : There (hall at length 
remain a magnitude lefs than the lead of the pro- 
pofed magnitudes. 
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Let AB and C be two unequal magnitudes, of which AB 
is the greater. If froi^ AB there be taken ar 
way its half, and from the remainder its 
half, and fo on ; there fhall at length re- 
main a magnitude lefs than C. 

For C may be multiplied fo as at length 
to become greater than AB. Let it be fo 
multiplied, and let DE its multiple be 
greater than AB, and let DE be divided 
into DF, FG, GE, each equal to C. From 
AB take BH equal to its half, and from 
the remainder, AH take HK equal to its 
half, and fo on, until there be as many di-, 
viGdns in A B as there are in DE : And 
let the divifions in AB be AK, KH, HB ; 
and the divifions in ED be DF, FG, GE. 
And becaufe DE is greater than AB, and 
that EG taken from DE is not greater than its half, but BH 
taken from AB is equal to its half; therefore the remiainder 
GD is greater than the remainder HA. Again, becauie GD 
is greater than HA, and that GF is not greater than the half 
of GD, but HK is equal to the half of HA •, therefore, the 
remainder FD is greater than the remainder AK. And FD 
is equal to C, therefore C is greater than AK -, that is, AK is 
IcfethanC. Q^E.D. 
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PROP. 11. THUOR- 



thefamc number 



■p QUIL ATERAL polygons of tl 
•E^ of fides infcribed in circles, are fimilar, and 
ure to one another as the fquareiof tte diameters of 
the circles. 






L^ ABCDEF and ^HIKLM be two equ^teral polygons 
of tl^e ikme ntimber of fides iAfcribcd- in-^tbie circles ABD, 
and GHK ; ABCDEF and GHIKLM are fiinilar, and ^e to 
one another as the fquwes of the diameters of the circles 

ABD, GHK. ' . ' 

Find N and O the centres of the lurcles; join AN and 
BN, as aKo GO and HO, and produce AN and GO till they 
meet the circircumferences in D and K* 





Becaufe the ftraight lines AB, BC, CD, DE, EF, FA, are 
aJl equal, the arches AB, BC, CD, DE, EF, FA arc alfo 
equals. For the fame reafon, the arches GH, HI, IK, KL, ^ ^S* 3* 
LAf , MG are all equal, and they are equal in number to the 
others ; therefore, whatever part the arch AB is of tbe whole 
circumference ABD, the fame is the arch GH of the cir- 
cumference GHK. But the angle ANB is the lame part of 
four right angles, that the arch AB is of the circumference 
ABD b •, and the angle GOH is the lame part of fouf ^ ^7- 3- 
right angles that the arch GH is of the circumference GHK b, 
th^r^for^ the angles ANB, GOH are each of them the fame 

pa;t 
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jBooat TUT. part of four right angles, and therefore they are equal 

^' ^ to one aiiother.. The ifofceles triai]Lgles ANB> GOH are 

c 6,6, therefore equiangular c, and the angle ABN equal to the 

angle GHO ; in the Came manner, by joining NC, OE, 

it may be proved that the anglrs ^BC» DHl axe e^ 








I 



I 



to one another, and to the angle ABN • Tlierefore the 
nvhole angle ABC is equal to the wh<$)e J6i9£-^a^A the fidne 
maybe proved- o£' die angles BCI^^^K, and 6f-the reft. 
Therefrre, the polygtips ABCDEF./And GHIKXM i^^ cqui- 
anguUr to one another; and finc^-'they are e^uilatel^il, the 
fides/about the equal angles are proportionals ; the p^JrgoD 
a t. aef. 5. A^D is therefore fim^- to ^ pOlygoti GifIKlMT>;'Awl 
becaiife fimilar 'polygons are as t^i^ fquares of their humolo- 
e 2o. 6. gousfides«,thepolygohABCDEFi5,tothepolygonGH|iUJf 
as the fquare of A3 to the fquare ^.GH ; but bec^'fe die 
tiiangles ANB,-GQH are equiangiilaf,"Ae -£^efe<if AB is lo 
f 4. <?. ^c fquare of GH as the fquare of AN to the fquarcof GO ^ 
« i5« 5- ^^ ^^^^ times the fquare of AN to four times the fquare i of 
1,0. cor 8. CK),thatis, as the fquare of AD to the fquare of GKh. There- 
at fore feUb, the polygon ABCDEF is to the polygon GHIXLM 
as the fquare of AD to the fquare of GK ; and they haveat- 
jTo been ihewn to be iimilar. Thereforo, &c. Q^ £• D. 

CoK. Every equilateral polygon infcribed in a circle is alfe 
equiangular. For the ifofcieles triangles, which have their conv* 
pion vertex in the centre, are all equal and fimilar ; therefiotc, 
^he angles at their bafes are all equal, and the angles of the 
polygon are therefore alfo equal, 

2 . PRO^P. 
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PRO P- III. P R O B. 



THE fide of any equilateral polygon inscribed 
in a circle being given^ to find the fide of a 
polygon of the fame number of fides "^efcribed a- 
bout the circle. 



b i6 y 



Let ABCDEF be sm equilateral polygon infcribed in the 
circle ABD ^ it is required to find the ude of an equilateral 
polygOQ of the iame number of fides defcribed about the 
cirde. 

Find G the centre of the circle ; join GA, GB, bifefi the 
arch AB in H ; and through H draw. KHL touching the 
circle in H^ and meeting GA and GB produced in K and L ; 
KL is the fide of the polygcm required. 

Produce GF to N, £o that GN may be equal to GL ; join 
KN> and from C draw GM at right angles to KN, join alfo 
HG. 

Becaofe the circun^rencc AB is bife&ed in H, the angle 
AGfL u equal to the angle BGH & , and becaufe KL touches 
the circle in H,the angles 
LHG, KHG are right 
angles b ; therefore, there 
are two angles of the tri- 
angle HGK, equal to two 
angles of the triangle 
HGL,each to each. But 
the fide GH is common to 
thefe triangles ; therefore 
they are equal c, and GL 
is equal to GK. Again, in 
thetriangles KGL,KGN, 
becaufe GN is equal to 
GL, and GK common, 
and alfo the angle LGK 
equal to the angle KGN ; therefore the bafe KL is equal 
to the bafc KNd. But becaufe the triangle KGN is ifof- d 4. 
eeles, the ande GKN is equal to die angle GNK, and 
the angles GMK, GMN are both riglit angles by con- 
ftrviftion ;. wherefore, the triangles GMK, GMN have two 
an^es of the one equal to two amgles of tlic other, and they 

liavc 
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Book VHI. have alfo the fide GM common, therefore they are equ^ c, M 
^'^^p*' the fide KM is cjqual to thte fide MN/fo that fN is bileded 
in M • But KN is eqvial to KL, and therefore their halves 
KM and KH are alfo equal. Wherefore, in tiie trian(|Aif 
GKH, GKM, the two fides GK and KH are equal to Oe 
two GK and KM, each to each ; and the angles GKH, 6KM 
d 4 X. are alfo equal, therefore GM is equal to GHd ; wherefore, the 
point M is in the circumference of the circle ; and becuijib 
XMG is a right angle, KM touches the circle. And in die 
fame manner, by joining the centre arid the other angnhr 
points of the infcribed polygon, an eqtulateral polygon toaj 
be defcribed about the curcle, the fides of which will each 
be equal to KL, ^d will be equal in number to the fides of 
the infcribed polygon. Therefore, KL is the fide of an eqni^ 
lateral polygon defcribed about the circle of the fame nomber 
of fides with the infcribed polygon ABCDEF ; which iw» 
to be found. 

CoR. Becaufe GL, GK, GN, and the other fbraight Hoes 
drawn from the centre G to the angular points of the pdy- 
gon defcribed about the circle ABD are all equal ; if a citcfe 
be defcribed from the centre G, with the diftance GK, the 
polygon will be infcribed in that circle ; and therefore, it 
is fimilar to the polygon ABCDEF p. 



e 2. 8. 



PROP. IV. T H E O R. 

A Circle being given,, two fimilar polygons may 
be found, the one defcribed about the circle, 
and the other infcribed in it, which fhall differ from 
one another by a fpace lefs than any given fpace. 

Let ABC be the given circle, and the fquare of D any 
given fpace ; a polygon may be infcribed in the circle ABC, 
and a fimilar polygon defcribed about it, fo that the difference 
between them fhaU be lels than the fquare of D. 

In the circle ABC apply tlie ftraight line AE equal to D, 
and let AB be a fourtli part of the circumference of the 
circle. From the circumference AB take away its half, and 
from the remainder its half, and fo on till the circumference 
'• ^' AF is found lefs than the circumference AE a. Find^ the cen- 
tre G ; draw the diameter AC, a3 alfo the ftraight Imes AF 
and FG •, and having bifefted the circumference AF in K, 

join 
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join KG, and draw HL toaching the circle in K, and meeting 3^°^^ ^ 
GA and GF produced in H and L ; join CF. 

Becaofe the ifolceles triangles HGL and AGF have the com- 
mon angle AGF, they are equiangular b, and the angles GHK, ^^- ^ 
GAF ore therefore equal to one another. But the angles 
GKH, CFA are alfo equal, for they are right angles ; there- 
fore the triangles HGK, ACF are likewife equiangular c. 

And hecauie the arch AF was fouiid by taking from the 
arch AB its half, and from that remainder its half, and fo 
on, AF will be contained a certain number of times esa£ily 
in the arch AB, ahd therefore it will aUb be contain- 
ed a certain number of times exadly in the whole cir- 
cumference ABC ; and the fbraight line AF is therefore the 
fide of an equilateral polygon inicribed in the circle ABC. 
Wherefore sdfo, HL is the fide of an equilateral polygcm of 
tbe fame number 



d 3. s. 



c cor. 3. S. 



of fides defcribed &- 
bout ABC <i. Let 
the polygon de- 
feribed about the 
circle be called M, 
and the polygon 
infcribed be called 
N ; then, becaufe 
thefe polygons are 
fimilar^^they are as 
the fquares of the 
homologous fides 
HL and AFf, that 
is, becaufe the tri- 
angles HLG,AFG 
3Je fimilar, as the 
Iquare of HG to the 

fiquareof AG, that 19 o{ GK. But the triangles HGK, ACF 
liavc been proved to be fimilar, and therefore, the fquare of AC 
is to the fquare of C F as the polygon M to the polygon N ; and, 
V>y conve^on, the fquare of AC is to itsexceis above the fquare 
of CF, that i^, to the fquare of AFg, as the polygon M to its g 47. i, 
^xcefe above the polygon N. But the fquare of AC, that is, 
the fquare defcribed about the circle ABC is greater than the 
cquilatcr^ polygon of eight fides defcribed about thd circle, 
l>ecau£e it contains that polygon *, and^ for the fame reafon» 
the polygottof ei^t fides is greater than the polygon -of fiy- 
teen, andfd on ; therefore^ the iqi^arc of AC is greater than 




> \ 



any 



] 



%^ 
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Jkiok VIII any pci^zm deferibed about the circle liy die cootimial K- 
fedicm of the arch AB ; it ia therefoxe greater duui die 
polygon M. Novsr^ it has been demonftrated, diat the 
iqnare of AC is to the Square of AF asr the polygon M ta the 
difference of the polygons *, therefore, finoe the iquare of AG 
is greater than M, the £qnare of AE is greater than the di£- 
^ Z4« 5« ference of the polygcms ^. The difference of the polygons is 
therefore le& than thciqnare of AF -, bnt AF is leb tlwa D ; 
therefore, the difference of the pdygons is lels than the f<^iare 
of D, that is, than the gireafpsKe. Therefore, &c. Q^E. IX 
Cor. I. Becaufe the polygons M*and N differ &0111 one 
another more than either of them differs from the circle, die 
difference between each of them and the circle is lefi dian the 

gVen fpace, viz. the fqoare of D. And dierefore, howerer 
lali any given fpace may be, a polygon may be infcribed in 
the circle, and another defcribed about it, each of \^di2ch fltaU 
differ from the circle by a fpace le{s than the given fpace. 
^ Cor. 2. The fpace B which is greater than any polygon that 
can be infcribed in the circle A,and leis than any polygon tbat 
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can be defcribed about it, is equal to the circle A. If not, 
let them be unequal ; and firit, let B exceed A by the fpace 
C. Then, becaufe the polygons defcribed iabout the circle A 
are all greater than B, by hypothefia *, and becau£e B is great-' 
er than A by the fpace C, ihereforjb, no polygon can be de- 
fcribed about the circle A, Ami m^fi exceed it by a fpace 
greater than C, which is abfurd. In the fame manner, if B 
be leis than A by the fpace C, »it is ihewn that no pob^gon 
can be inicribed in the circle A, but is le& than A by a fpace 
greater than C, which. is alfor abfurd. Therefore, A and B 
are iiot imequal, that is« diey are equal to one another. 

PROP, 
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PROP. V. T n E O R. 

EVERY circle is equal to the redangle contain- 
ed by the feniidiameter, and a ftraight line 
^qual to half the circumference. 

Let ABC be a circle, of which the centre is D, and the 
iiameter AC ; if in AC prodaced there be taken. AH equal 
:o half the circumfererxe, the circle is equal to tUe redangle 
:ontaincd by D A and AH. 

Let AB be the fide of any equilateral polygon in- 
fcribed in the circle ABC ; bifed the circujiiference 
AB in G, and through G draw EGF touching the circle, 
and meetijig DA~ prodttGe4'4B -Kf and DB produced in 
F; EF will be the fide of an equilateral polygon dofcribed 
about the circle ABC a. 'In AG produced take AK equal to a 3. 8. 
half the perimeter of tlie polygon whofe fide is AB ; and AL 
equal to half the perimeter of the polygon whofe .l!de is EF. 
Then AK will be leli, and AL greater than tly? 'ftraight line 
AHb. Now, becaufe in the triifligU BDF, DG is drawn b Ax,8. 




)erpendicular to the bafe, die triangle EDF is equal to the refl:- . 
ngje contained by DG ax\d the half of EF c ; and as the fame c ^r. i. 
; true of all tlie other equal triangles haidng their vertices 
1 U, . w^hicli njake up the polygon defcribcd about tlie 
irclc.j therefore, tiie whole polygon is equal to the -redlangle , 

»S contained 
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Book VIII. contained by DG and AL, half the perimeter of the poljr- 
jj j^' ^^ gon d, or by DA and AL. But AL is greater than AH, there- 
fore the rei^angle DA, AL is greater than the reiSangle 
DA, AH ; the redangle DA, AH is therefore lefs than the 
reftangle DA, AL, that is, than any polygon deHcribed about 
the circle: ABC.. 

Again, the triangle ADB is equal to the reSangle contain^ 
ed by DM the perpendicular, and one half of the bafe AB, 
and it is therefore leis than the rectangle contained by DG, 




im 




or DA, and die half of AB. And as the iame is true of all 
the other triangles having their vertices in D, which- make 
up the infcribed polygon, therefore the whole of the infcribed 
polygon is leis than the reftangle contained by DA, and AK 
half the perimeter of the polygon Now, the re6langle DA, 
AK is leis than DA, AH j.much more, therefore, is the po- 
lygon whofe fide is AB lefs than DA, AH ; and the red- 
angle DA, AH is therefore greater than any polygon in- 
fcribed in the circle ABG. But the fame rectangle DA, 
AH has been proved to be lef» than any polygon defcribed 
about the circle ABC ; therefore, the re<£langle DA, AH is 

e 2. cor. 4. equal to the circle ABC e. Now, DA is the lemidianieter of 
»• the circle ABC, and AH the half of its circumference. There- 

fore, &c. Q^E. D. 

^ CoR. I. Hence, a polygon niay be defcribed' about a 

circle, the perimeter of which fliall exceed the circumference- 
of the circle by a line that is lefs tlian any given line. Let 
NO be the given line; Take in NO the part NP lefe than- 
its half, add leis alfo than AD, and let a polygon be defcribed' 

abottlr 
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out the circle ABC, fo that its excels above ABC may beB^ok vifl. 
!s than the fquare of NP ^. Let the fide of this polygon bef i. cor. 4* 
F. And fince, as has been proved, the circle is equal to 8. 
e reftangle DA, AH, and the polygon to tlie redtangle 
A, AL, the excels of the polygon above the circle is equal 

the redladgle DA, HL ; therefore the reftangle DA, HL 
lels than the fquate of NP j and therefore, nrice DA is 
eater than NP, HL is let than NP, and twice HL lels than 
dee NP, wherefore, much more is twice HL lels than NO. 
It HL is the difference between half the perimeter of the 
lygon whofe fide is EF, and half the circumference of the 
•cle ; therefore, twice HL is the difference between the 
lole perimeter of the polygon and the whole circum- 
•ence of the circle. The difference, therefore, between 
3 perimeter of the polygon and the circumference of the 
cle is lels than the given line NO. 

CoR. 2. Hence alfo, a polygon mSiyte Ihfcribed in a circle, 
:h that flie. excels of the circumfef ence above the perimeter 

the polygon may be lels thaa any given line.. vThis is 
Dve<i like the preceding. /' ^ 
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P R O P. VI. T H E O R. 

IRCLES are to one another in the duplicate 
ratio, or as the fquarcs of their diameters. 



Let ABD and GHL be two circles, of which the diame- 
ters are AD and GL ; the circle ABD is to the circle GHL 
as the fquare of AD to the fquarc of GLl 

Let ABCDEF and GHKLMN be two equilateral poly- 
gons of the ikme number of fides infcribed in the ciitki 
ABD, GHL ; and let Q^be fuch a fpace jhat the fquare of 
AD is to the fquare of GL as the circle ABD to the fpace Q^ 




a 2. S. 




Becaufc the polygons ABCDEF and GHKLMN' arc equila* 
teral and of the fame number of fides, they are fimilar », and 
arc as the fquares of the diameters of the circles in which they 
are infcribed. Therefore, as the fc[uare of AD to the fquarc 
of ei , fo is the polvgon ABCDEF to the polygon 

GHKLMN w 
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GHKLMN; but as the fquare of AD to the iquare of GL, Book VIIT. 

fo is the circle ABD to the fpac6 O; therefore, the polygon 

ABCDEF is to the polygon GHKLMN as the circle ABD 

to the fpace Q^ But the polygon ABCDEF Is lefe than the 

circle ABD, therefore GHKLMN is lefe than the fpace Q^b; b 14. 7- 

wherefore, the fpace Qjs greater than any polygon infcribed 

in the .circle GHL. 

In the fame manner it is demonftrated, that Q^is lels than 
any polygon defcribed about -the circle GHL ; wherefore, the 
fpace (^is equal to the circle GHL c. Now, by hypothefis,c a. cor. 4. 
Ac circle ABD is to the fpace Q as the fquare of AD to the 8. 
fquare of GL ; therefore, the circle ABD is to the circle 
GHL as the fquare of AD to the iquare of GL. Therefore, 
&c. Q^E. D. , 

CoR. I. Hence, the circumferences of circles are to one a- 
nother as their diameters. 

Let the fhtiight line X be equal to half the circumference 
of the circle ABD, and the flraight line Y to half the cir- 
cumference of the circle GHL : And becaufe the re£langles 
AG, X, and CP, Y are equal to the circles ABD and GHL d •, d 5. s. 
therefore the reflangle AO,X is to the redlangle GP,Y as the 
fquare erf AD to the fquare of GL, or as the fquare of AO 
Xo the fquare of ■ 

GP. Therefore, ^ " 1 ■ .i ■ 

alternately the 
xedangle AO, 
X is to the Y 
fquare of AO, 

as the re6tangle GP,Y to the fquare of GP •, but reftangles 
that have equal altitudes are as their bafes e, therefore X is to c i, 6, 
AO as Y to GP 5 and again, alternately, X is to Y as AO 
to GP, and taking the doubles of each, the circumference 
ABD is the circumference GHL as the diameter AD to the 
diameter GL. 



S Q Cor. ?• 
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Bogk VITT. Cor. 2. The circle that is dc£cribed upon the fide of a 
right angled triangle oppofite to tlie right angle, is equal to 
the two circles defcribed 

on the other two fides. g 

For the circle defcribed up- 
on SR is to the circle de- 
fcribed upon RT as the 
fquare of SR to the'fquare 
of RT; and the circle defcri- ^ 
bed upon TS is to the circle ■■^ 
defcribed upon RT as the fquare of ST to the fquare of RT. 
Wherefore, the circles defcribed on SR and ST are to the 
circle defcribed on RT as the fquares of SR and ST to the 
{ 25' 5. fquare of RT f . But the fquares of kS and ST are equal to 
S 47- I- the fquare of RTg ; therefore the circles defcribed on RS 
aiid ST are equal to the circle defcribed on RT. 




PROP. VII. THE OR. 

17 QUIANGULAR parallelograms are to one ano* 
tlier as the products of the numbers proportion- 
al to their fides. 

I-.ct AC and DF be two equiangular parallelograms, and 
let JNI, N, P and Q^be four numbers, fuch that AB : BC ; : 
M : N ; AB : DE : : M : P, and AB : EF : : M : Q^ and 
therefore ex arqua/i, BC : EF : : N : Q^ The parallelogram AC 
is to the parallelogram BF as MN to P(^ 

Let NP be the product of N into P, and the ratio 

of MN to PQ^ I — ,0 

will be com- 
pounded of the 
a 10. dcf. ratios a of MN to 

-'• NP, and of NP 

toPQ^ But the 

mtio of MN" to Al B C"" E 

I' f5- 5- MP is ihe fame with that of M to P b, beciiale MN and NP 
r.re equimultiples of M and P *, and, for the fame reafon, the 

ratio 
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ratio of NP to PQis the feme with that of N to Qj there- Book Vlir. 
fore, the ratio of MN to PQ^is compounded of the ratios of v -' 
M to P, and of N to Q, Now, the ratio of M to P is the 
feme with that of the Me AB to the fide DE c ; and the ratio ^ ^y ^XP- 
of N to Q^the fame with that of the fide BC to the fide EF. 
Therefore the r^o of MN to PQ^is compomided of the ra- 
tios of AB to DE, and of BC to EF. And the ratio of the 
parallelogram AC to the parallelogram DF is compounded 
of the fame ratios d ; therefore, the parallelogram AC is to d 23. 6, 
the parallelogram DF as MN, the produa of the num- 
bers M and N, to PQ the produft of the numbers P and Q. 
Therefore, &c. <^ E. D. 

CoR. I. Hence, if GH be to KL as the number M to the 
number N ; the fquare 

defcribed on GH will ^ ^ J^ 

be to the fquare de- *" 

fcribed on KL as MM the fquare of the number M to NN 

the fquare of the number N. 

CoR. 2. If the fquare on GH be to the fquare on KL as a 
number to a number, the line GH wiU be to the line KL as 
-the fquare root of the firft number to the fquare root of the 
fecond .number. For, if GH were to KL in any other ratio, 
the fquare defcribed on GH would not be to the fquare de- 
fcribed on KL m the ratio fuppof(pd. 



Nota'. In the foHowhig Prop, the cbaradter -f or — pWwe* after * num- 
ber fignifies fomething-is to be added to that number, or fomething fubtradett 
from it. Thus, 1731.05084- fignifies a number greater than 1732.0508, Sec. 
Alfo, it is to be obferved, that the figure for diftinanefs is feparated into 2, 
ihe fecond being a part of the firft magnified or drawn on a greater fcalc. 
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5ce n. nr*HE circumference of a circle exceeds three 
I. times the • diameter by a part lefs than one 
feventh of the diameter, but greater than ten of the 
parts whereof the diameter contains feventy-one. 

Let ABC be a circle, of which the centre is D, and the 
diameter AC ; the circumference is greater than tliree times 

the diameter AC by a line that is leis than — of AC and |; 

' lo ^ 7 

greater than — of AC. 

In the circle apply the fliaight line CB equal to CD. Bi- 
feft CB in E, CE in F, and fo on till there be five bife^ons, 




cd let CL, (rcprefented in the id figure') be the arch found 
by ^lie fitth bifeftion. Take the arch CM equal to CL j join 
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M, and through C draw OCP touching the circk in C, and Book V1IL 
leeting DL, D?.I prcduced in O and P. Join (fig. i.) AB, 
S.E, AF, and alfo DB, DE, DF ; draw BG, EH, FK perpen- 
icular to DC, and DQ^, DR, DS perpendicular to AB, AE, 
!lF. ** 

Becaufc the ftraight line CB is equal to CD, the fcmidia- 
aeter of the ciicle, the arch CB is the fixth part of the cir- 
umference ^ ; therefore, CE is the 12th part, CF the a 4th *. 4- • 
)art •, the hal' of CF the 48th ; the half of that half the 
^6th, and the half of the C)6th 13 that to which CL is equal, 
kt CM is equal to CL ; and therefore, the arch LM is alfo 
he 96th part of the circum*'ercriCe, fo that the ftraight line 
LM is the fide of an equilateral poly';'>n of 96 fides infcribed 
II tlie circle, and OP 'the fide of an equilateral polygon of the . ^^ 
Tame number of fides dcfcribed about'lhtj circle l\ Now, be- 
caufe BD is equal to BC, the angle BDC is equal to the 
angle BCD, aiultiie angles BGD, BGC are alfo equal, being 
right angles *, and the fide BG is common to both the triangles 
ADG, ACG; tlierefore the bafe DG is eqn:d to the bafe 
GC r, and DG is the half of DC or. ^D. Therefore, DG <^ *^- '• 
is to DA as I to a ; and, by ccmpofition, AG to AD as 
3 to 2 ; Nov/, AC is to AD alfo as 2 to 1 ; therefore, the 
reftangle CA^ AG is to the fquare of DA as 6 to 2, or as 
3 to 1 d. But, bscaufe the angle ARC is a. rij^ht angle, the ^ 7« ^•" 
reQanglc CA, AG is equal to the fquare of AB e ; tlwrcfore, c 8. 6. 
the fquare of AB is to the fqiiare of AD as ^ to i; or 
us 3C00COO to iccocoo •, and therefore, AB is to AD as 
173^.0508+ to J cocf, for the fquare of 1732.0508 is Icfs than ^ *g^°^* ^' 
3CC0CCO, and the fquare of locc is equal to icccoco. But 
AQ^is tlie half of Al), becriife DQ^ is drawn from the centre 
perpendicular to AB, therefore aKo, AQ^ is to AD as 
^66.0254+ to ICOC. 

And becaufe the arch CEisliie hair of the arch CB, the 
angle CDE ib naif of the angle CDB g -, and the rngle DAB S .^^- ^• 
is alfo the hall" of CDB 1^ theref le the angles CDE, DAB ^ -o- 3- 
^re equal. In the triangles DAQ^, EDH, therefore, the 
^gle D AQ^ is equal to the angle r DH, and the angle AQD 
^0 the angle DHE, becauie they are both right angles ; and 
4e fide AD is alfo equal to the fide DE; therefore the tri- 
^gle DAQ^is equal to the triangle EDH, 2nd the fide AQ^ 
to the fide DH c. And it has been fliewn, that AQ^is to AD 
ft$ IS66.0254+ to 1000, therq.ore alfo DH is to AD as 

866.02f4 
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Book Virr. 866.0254+ to 1000; and, by compofition, AH to AD as 
'^ 1866.0254+ to 1000. Therefore alfo, the redbmgle CA, 

AH 



-v— -J 



d 7. 8. 



e 8. 6. 



is to tlie fquare of ADd as 2000 x 1866.0254+ t» 

1000 X 1000, tliat is, as 3732050,8+ to loooooo. Where- 
fore alfo, the fquare of AE, 'which is equal to the re£bmgle 
CAl, AHe, is to the fquare of AD as 3732050.8+ to 
lOOoooo, and therefore, AE is to AD as 1931.85x6+10 
1000, for the fquare of 1931.8516 is lels than 3732050.8. 
Therefore, AR, which is die half of AE, or DK, which is 
fhewn to be equal to AR in the ikme manner that DH nm 
proved equal to AQ^, is to AD as 965.9258+ to ipoo. 



i 





Hence again, by compofition, AK is to AD as 1965.9258+ 
to 1000, and the redlangle CA, AK, or the fquare of AF, 
to the fquare of AD as 393 1 851.6+ to 1 000000 d, and AF 
to AD as 1981.8897 + to 1000, for the fquare of 1982.8897 
is lefs than 3931851.6. 

In the fame way it will be fhewn, that the ftraight line 
<arawn from A to the third point of blfeftion, is to AD as 
*995*7i78+ to 1000 ; and therefore, that the fquare of tbe 

line 
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ine drawn from A to the fourth point of bifeftion, is to the ^^^^: 
quare of AD as 399571 7'8+ to looocoo. But DN fiig 2.) 
s equal to half the line from A to the fourth point of bifcc- 
ion, for L is the fifth point of bife^on, and therefore the 
Square of DN is the fourth part of the fquare of that line; 
wherefore, the fquare of DN is to the fquare of AD, or of 
DC as 998929.4^4- to icooooo. Therefore, by divifion, the 
quare of LN, which is the excefe of the fquare of DC, or 
j£ DL, above the fquare of DN, is to the fquare of CD as 
ie excels of 1 000000 above 998929.4 5 -f is to looooco, that 
is, as 1070.55 — to loooooo. Therefore alfo, LN has to 
CD the ratio of 32.71927 — to loocj for the fquare of 
32.71927 is greater than 1070.55. 

Now, fince DN is to DC as 999.46455+ to 1000 ; and 
LN to DC as 32*71927 — to loco ; therefore, ex eqiio^ DN 
is to LN as 999.46455+ to 32.71927 — . But, as DNtoNL, 
fo DC. to CO; therefore, DC is to CO as 999.46455+ to 
32.71927 — . Now, the ratio of 999.46455+ to 32. 71927 — is 
greater than that of 999.46455 to 32.71927 1 ; wherefore ^ ^' 5* 
I)G has to CO a greater ratio than 999.46455 has to 
32.71927, and confequently, CO to DC a kfs ratio than 
32.71927 to 999.46455. But the ratio of 32.7367 to 1000 
^ greater than die ratio of 32.71927 to 999.46455; there- 
fore, the ratio of CO to DC is alfo le(s than that of 32.7367 
^o Tcoo m. And 96 times CO is half the perimeter of the cir- n» i3- S- 
cumfcribed polygon ; therefore, the ratio of half the perime- 
ter of that polygon to the femidiameter DC, or the ratio of 
the whole perimeter to tlie whole diameter AC, is lels than 

the ratio of 32.7367 x 96 to loco, or than the ratio of 
3142.7232 to 1000. i>ut the circumference of the circle 
ABC is ledj than the perimeter of the polygon of which the 
fide is CO ; therefore, the circumference of the circle has to 
the diameter a lefs ratio than 3142.7232 has to loco. Now, 
the ratio of 22 to 7 is greater than that of 3142.721^2 to 
1 000, therefore, the circumference of the circle ABC has to 
tjie diameter a lefe ratio than 22 has to 7 ; and therefore, the 
part by which the circumference exceeds three times the dia- 
meter is lefs than a feventh of the diameter. 

It remains to demondrate, that the part by which the cir- 
cumference exceeds three times the diameter is greater than 

— of the diameter. 

Becauf 
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BouhVIiI. Becaufe, as was already &ewQ, liic Iquaxc of AB is ta tk 
fijiiare of AD as 30:10000 ta loooooo, AE is toADv 
1732.050^-^ to looa ; for the Jjquare of 1732.0509 »^ 
er tliaii .^coooco. Therefore, the half of AB, rfiat is, A(]^ 
or XjH is to DA as 8l^6.o3j4{— to 1000, - stid, bj coo^Mfc 
tion, AH to AD as 186602545 — to 1000; andthtr^acq 
the rectangle CA, AH, that is, 1^ fquatv of A£ is to dii 
fquarc of AD as 3731050.9 — to jcooooo; and thecefocq 
alio, AE is to AD as 1931,8517 — to 1000 ; for the Iqain 
of 1931.851; is greater Uian 3733050.9.. Tberefbrcalfo,A^ 




urDK, which is equal to AR, is to AD as 965.92585 — to 
1000, and, by compolition, AK is to AD as 1965-92585— to 

1000. 

Hence, the reftangle CA, AK, that is, the fquare of AF is 
to the Iquare of AD as 39318? 1,7 — ■ to loooooo ; and there- 
fore, AF to AD as 1982,8898 — to 1000, for the fquare of 
1982.8898 is greater than 3931851.7. 

In like manner it is fliewn, that the ftr^ght line drawn &oa 
A to Uie third point of bifcdioa is to AD as t()gy'j 179— 
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to 3000; and that, tlierefore, the fquare of the Ilfle drawn ? - .' 

from A to tlie fourth point of bifechon, is to the fquare of 

AD as 3995717-9 — to lopcooc. But DN is the half of 

the ftndght line drawn from A to the fourth point of bifec- 

tion, becaufe.L is the fifth, point of bifedlion, and therefore 

the fquare of DN is the fourth part of the fquare of the line 

drawn to the point of the fourth bifcdl^ion ; therefore the 

fquare of DN is to the fquare of AD, or of DC, as 

998929.475 — to looooco. Wherefore alfo, the excels of 

the fquare of DC or of DL above the fquare of DN, that is, 

the fquare of LN is to the fquare of DjC as the excefs of 

loocooo above 098929.475 — , or as 1070.525+ to loooooc; 

and therefore, jJS! is to DC as 32.71887-I- to loco, for the 

fquare of 32.71887 is lels than 1^^70.525. Therefore, LN 

has to DC a greater ratio 1 than 32.71887 to 1000, and g.6 y g -^ 

times LN, or half the perimeter of the infcribed polygon of 

96 fides, has to the femidiameter DC a greater ratio iiian that 

of 32.71887x90 to 1000 ; tlierefore alfo, the whole perimeter 
of th e polygon has to the whole diameter AC a greater ratia 

than 32.71887x96, or than 3141.01252 has to 1000. Now, 
the circumference of the circle is greater "than the perimeter of 
the infcribed polygon, therefore the circunxference of the circle ^ 
has to the diameter a greater ratio than 3141. 01252 has to 
^cco. Biittheratioof 3141.01252 to 1000 is greater tlian that 

10 
ot j and — to I. Wherefore, the cixcelk of the circumfe- 

1} 
rence above three times the diameter is greater thsin 10 of 

thofe ^Mts whereof the diameter contains 7 1 ; and it has al- 
ready been fliewn to be lefe than one feventh of the dia- 
meter. Therefore, &c. Q^ E. D. 

CoR» T. Hence, the diameter of a circle being given, die 
circumference may be found nearly, by making as 7 to 22, 
fo the diameter to a fourth proportional, which will be greater 

than tlie circumference. And, if as i to and -*- fo the dia- 

meter toafourtli proportional, this will alio be nearly equal to 
the circumference, but will be lejGs th?n it. 
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Book VIII. ' I 10. I 

*■ V ' Cor. 2. Becaufe the difference *between -and — is — ^< 

7 7^ 497 
I 
therefore the lines found by thefe proportions differ by — of 

the diameter. Therefore, the difference of either of them 
from the circumference muft be lefs than the 497 th parr of 
the diameter. 

CoR, 3. The ratio of a circle to the fquare of its diame- 
ter is nearly that of 11 to 14. For the ratio of the cir- 
cumference to the diameter is that of 2Z to 7 nearly, and 
therefore, the ratio of half the circumference to the diame- 
ter, is nearly that of 1 1 to 7 ; and the ratio of half the dia- 
meter to the whole is that of i to 2 ; therefore, the ratio com- 
pounded of thefe, that is, of the retlangle imder half the 
circumference and half the diameter, to the fquare of the dia- 
meter is that of 1 1 to 14, nearly. But the redlangle under 
half the circumference and half the diameter is equal to die 
n $• S* circle » ; therefore, the circle is to the fquare of the diame- 
ter as n to 14 nearly. 

Cor. 4. It is evident, that the method ufed in this propo- 
fition for finding the limits of the ratio of the circumference 
to the diameter may be carried to a greater degree of exad- 
nefs, by finding the perimeter of an infcribed, and a circum- 
fcribed polygon of a greater number of fides than 96. Thus 
by infcribing in the circle a polygon of 40960 fides, and de- 
fcribing about h another of the fame number of fides, it may 
be demonftrated, that the ratio of the circumference to the 
diameter is greater than that of 314159265 to looccocoo, but 
lefs than that of 314159266 to loooooooo. 
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PROP. IX. T H E O R. 

JF from any point in the circumference of the 
bafe of a cylinder a ftraight line be drawn per- 
pendicular to the plane of the bafe, it will be 
wholly in the cylindric fuperficies. 



Let ABCD be a cylinder, of which the bafe is the circle 
AEB, DFC the circle oppofite to the bafe, and GH the axis 5 
from E, any point in the circumference AEB, let EF be 
drawn perpendicular to tlie plane of the circle AEB j the 
ftraight line EF is in 'die fuperficies of the cylinder. 

Let F be the point in which EF 
meets the plane DFC oppofite to 
the bafe ; join EG and FH ; and 

let AGHD be the reftangle a by the "^k « ^ i^ a i. dcf. 7, 

revolution of which the cyhnder 
ABCD is defcribed. 

Now, becaufe GH is at right 
angles to GA, the ftraight hne 
which by its revolution defcribes 
the circle AEB, it is at right 
angles to all the ftraight lines in the 
plane of that circle which meet it 
' in G, and it is therefore at right 
angles to the plane of the circle 
AEB. ^ But EF is at right angles 
to the fame plane ; therefore, EF 

and GH are parallel b, and in the fame plane. And fince the ^ ^' 7 
plane through GH and EF cuts the parallel planes AEB, 
DEC in the ftraight lines EG and FH, EG is parallel to FH^'. c 14. 7. 
The figure EGHF is therefore a parallelogram, and it has the 
angle EGH a right angle, tlierefore it is a reftangle, and is 
equal to the re^iangle AH, becaufe EG is equal to AG. 
Therefore, when in tlie revolution of the reftangle AH, the 
ftraight line AG coincides with "EG, the two redan gles AH 
and EH v»ull coirxide, rnd the ftrj^ight line AD will co- 
incide 




■v 
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f^'=^y^:incide with the ilraiglit line EF. But AD 1: always id tk 
fuperfici^s of the cylinder, for it defcribes that fuperficies ; 
therefore, EF is alfo in tie fuperlieics of the cylinder. 
Therefore, &c. Q^E. D. 



PROP. X. THEOR. 

A CYLINDER and a parallelepiped having 
equal bafes ami altitudes are equal to one ano- 
ther. 

I^t ABCD be a cylinder, and EF a parallelepiped ha^inj 
equal bales, viz. the circle AGB and the parallelogram EH 
and having alfo equal altitudes ; the cylinder ABCD is equa 
to the parallelepiped EF. 



JSS , 




A\ 



PR.N 

If not, let them be unequal ; und firft, let the cylindtr 'h 
Icfs tlian the parailcle[)iped EF ; and from the parallelepipc 
EF let tliere be cut off a part EQ^by a. pkne PQ_p3ra]lel t 
NF, equal to the cylinder AECD. in the circle AGS ir 
fcribe die polygon AGICBLM that ihall diilcr from the circJ 
by a friace lefe than the paraUelo^r,ram PH, and c.it off fror 
th?, parjllelogram EH, a part OR. equal to thi; polygo 
AGlCBLM. Uic point Ps..will fall between P and N. O 
the polygon AGKBLMlctan iiprigh': priiin AGPjCD be cor 
ftitujed of tiic fame altitiule witli the cylinder, v.hich wi 
I therefoi 
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therefore be lets than the cylinder becaufe it is within it b 5 Book vm, 

md if through the point R a plane RS parallel to NF be - " •^''*-^ 

Hade to pafe, it will cut off the parallelepiped ES equal to ^ ^' ** 

he prifm AGBC, becaufe its bafe is equal to that of the 

mim, and its altitude is the lame. But the prifm AGBC 13 *"*■ 

S& than the cylinder AB(.D, and the cylinder ABCD is e* 

[ual to the parallelepiped EQ^ by hypothefis ; therefore, ES 

I lefs than EQj and it is alib grei^ter, which is impoffible. 

Phe cylinder ABCD, therefore, is not lefs than the paral- 

slepiped EF ; and in the fame manner it may be fliewn 

ot to be greater than EF. Therefore they are cquaL 
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P R O P. XI. T H E O R. 

IF a cone and a cylinder have the fame bafe snd I 
the fame altitude, the cone is the third part of * 
the cylinder. ■ 

Let the cone ABCD, and the cylinder BFKG have ^ 
&me bde, viz. the circle BCD, and the feme altitude, viz. die . 
perpendicular from the point A upon the plane BCD, da . 
cone ABlD is the third part of the cylinder BFKG. 

If not, let the cone ABCD be the third part of anoflw 
cylinder LMNO, having the fame altitude with the cylinda 
BFKG, but let the bafes BCD and LIM be iineqnal-, mi 
firft, let BCD be greater than LIM. 




Then becaufe the circle BCD is greater than the drdi 
LIM, a polygon may be infcribed in BCD, that (hall diffis 
from it lefs than LIM does,* and whith, therefore, will 
greater than i,lM. Let ihis be the polygon BECFD 
and upon BEt:FD let there be confUtuted the pyrama 
ABECFD, and the prifm BCFKHG. 

Becaufe the polygon BECFD is greater than the circlf 

LIM, the prifai BCFKHG, is greater than the cylindtf 

3 IMHO, 
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I4MNO, for they havie the fame altitude, but the prifm has^o^^ '^^^; 
he greater bafe. But the pyramid ABECFD is the third ^' ^ 
►art of the prifm b BCFKHG, therefore, it is greater than !? 35' 7* 
lie third part of the cylinder LMNO. Now, the cone - 
iJBECFD is, by hypothefis, the third part of the cylinder 
■MNO, therefore, the pyramid ABECFD is greater than 
:ie cone ABCD, and it is alfo Icls, becaufe it is infcribed in 
^e cone, which is impoi&ble. Therefore, the cone ABCD 
I not lefe than the third part of the cylinder BFKG : And, 
l-^the fame manner, by circumfcribing a polygon about the 
ircle BC D, it may be fhewn,' that the cone ABCD is not 
greater than the diird part of- the cylinder BFKG -, there- 
jre, it is equal to the third part of that cylinder, Q^ E. D. 



PROP. XII. T H E O R. 

fF a hemifphere and a cone have equal bafes and 
I altitudes, a feries of cylinders may be infcribed 
n the hemifphere, and another feries may be de- 
cribed about the cone, having all the fame alti- 
:udes with„one another, and fuch that their fum 
[hall differ from the fum of the hemifphere, and 
:he cone by a folid lefs than any given folid. 



Let ADB be a femicircle, of which the centre is C, and 
et CD be at right angles to AB ; let DB and DA be 
[quares defcribed on DC, draw DE and let the figure 
thus conftrufted revolve about DC : then, the fe6lor BCD, 
which is the half of the femicircle ADB, will defcribe a he- 
mifphere having C for its centre », and the triangle CD£ will a 14. dcf. 
iefcribe a cone, having its vertex at C, and having for its 7- 
kafe the circle b defcribed by DE, equal to that defcribed by b 18. deil 
BC, which is the bafe of the hemifphere. Let W be any gi- 7* 
ircn folid. A feries of cylinders may be infcribed in the 
bemifphere ADB, and another defcribed about the cone ECL, 
lb that the.r fpm Ihall differ from the fum of the hemifphere 
ind the cone, by a folid lels than the folid V/. 

Upon the bafe of the hemifphere let a cylinder be confti- 
:uted equal to W, and let its altitude be CX. Divide CD 

into 
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i 



is 
as 



l^ook VIII. into fuch a number of equal parts, that each of tbem fliall U 
•"!— V — lefe than CX -, let thefc be CH, HG, GF and FD. Throa^ 
the points F, G, H, draw FN, GO, HP parallel to CB, meet 
ing the circk m the points K, L and M ; and the (trai^: line 
CE in the points O , R and S. From the poioxs K, L, M-dmr 
Kf, Lg, Mh perpendicular co GO, HP a^d CB ; s^id firomO^ 
R and S, draw Q^, Rr, Ss perpendicular to the fame lines. H 
is evident, that the figure being thus conitrufted, if the whole 
revolve about CD, the redangles Ff, Gg, Hh will deibjbl 
C20. dcf. 7.eyHnder8^ that will be circumfcribed by the henoiifolu 
BDA ; and that the redan^les DN, Fq, Gr, Hs will alfiide* 
{cribe cylinders that will circumfcribe the cone IC£. Nmii; 
it may be demonflxated, as was done of the prifioas infcribediji (q 
^ 33 7- a pyiamid d, th t .he fum oiF ail the cylinders defcribed withm 
the hemifphere, is exceeded by the hemlfphere by a foUd \A 
than the cylinder generated by the reftangle HB, that is, by 




a folid lefs than W, for the cylinder generated by HB is It 
than W. In the fame manner, it may be demonftrated, tha, 
the film of the cylinders circumfcribing the cone ICE is grcat^ 
er than the cone by a folid lefe than the cylinder generated ' 
the rcftangle DN, that is, by a folid lefs than W. The..- 
fore, fmce the fum cf the cylinders infcribed in the hen^ U 
phcre, together with a folid leis than W, is equal to the he iir 
niifphere ; and, fmce the fum of the cylinders dcfcribc Jr 
about the cone is equal to the cone together with a foU G- 
lefe than W ; adding equals to equals, the fum of all theli lo 
cylinders, together with a folid lefe than W, Li equal to the fufl ir 
of the hcmilphcre and the cone together with a folid ]tt i 

than W. Therefore, the diifercnce between the whole of the 

t. . ■ . . , ^1 

cyJindc 
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:ylinders and the fum of the hemifphere and the cone, is e- BookVUI. • 
|ual to the difference of. two folids, which are each of them * ^ . -- 
eis than W ; but this* difierence muft alfo be lefs than W, 
lierefore the difference between the two feries of cylinders 
md th« fom pf the henufphese and cone is leli than thifi- 
given folid W. Q^ E. D. 

PROP. XIIL 

THE fame things being fuppofed as in the lafk 
propoBtion, the fum of all the cylmders in- 
fcribed in the bemifiphere^ and defcribed about the 
cone, is equal <to a cylinder, baying the fame bafe 
and altitude with the hemifphere. 

Let!tl^e figmeJDCB h&rnr\nriAfi§A:m^^tg9K,'f^ fm^fed 
to revojvc about CJ>; the cylindere'Tlifcribed in^A^ he- 
mifphtt-c, feat is^'^the cylinders- defcribed by the revolu- 
tion of the «x)Bi9:angles *Hh, Gg, Ff, together with thofc de- 
fcribed ibout the ^cone, that is, the cylinders detcribed btr the 
revolutiitfi if£ the riSta»gl&d H^, -Gr, Fq, and DN, are^equal to 
the cyiimdfcr defdribed i^ the reyolution off the redanglei DB. 

Let il be the FK>init in which GO n^rets the circle f\DBf 
then, becKufe CGL is a right angle if CL be joined^ the 
circles deiicribed with the diftanc€s CG and GL are equal 
to the . circle defcribed' with the diftance CL* or GO ; 12. cor. 6. 
now CG is equal to GR, becaufe CD is equa^ to DE, *• 
and therefore aLo, the circles defcribed with the diftances 
GR .and GL are together equal tp the circle defcribed 
with the diftance GO, that is, the circles defcribed by 
the revolution of GR and GL about the point G, are to- 
gether equal to the circle defcribed by the revolution of GO . 
about the fame point G*, therefore alfo, the cylinders that 
(land upon the two firft of thefe circles having the common 
altitude GH, are equal to the cylinder which Hands o.i the re- 
maining circle, andwhich has the fame altitude GH. The cy- 
linders defcribed by the revolution of the rectangles Gg and Gr 
are therefore equal to the cylinder defcribed by the reftangle 
GP. And as die fame may be fhe^vn of all the reft, there- 
fore the cylinders defcribed by the re£langles Hh, Gg, Ff, 
and by the redbngles Hs, Gr, Fq, DN, are together equal to 
the cylinder defcribed by DB, that is, to the cylinder having 
the fame bafe and altitude with the hemifphere. Q^£. D. 

PROP. 
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PROP. XIV, 



E 



9 

VERY fphere is twa thirds of the circum- 
fcribing cylinder. 



Let the figure be conftru^d as in the two laft propofitions, 
and if tbe hexpifphere defcribed by BDC be not equal to two 
thirds of the cylinder defcribed by BD, let it be greater by 
the folid W. Then, as the cone defcribed by CDE is one 
» 10. 8. third of the cylinder a defcribed by BD, the cone and the 
benu^here together will exceed the cylinder by W* But 




b 13. 8» 



that cylinder is equal to the fum of a]! the cylinders de- 
fcribed by the* reaangles Hh, Gg, Ff, Hs, Gr, Fq, DNb; 
therefore the hemifphere and the cone added together ex- 
ceed the fum of all thefe cylinders by the given folid" W ; 
* '*• • which is abfuird, for it has been fliewn c, that the hemifphere 
and the cone together differ from the fum of the cylinders by 
a folid lels than W. The hemifphere is therefore equal to two 
thirds of the cylinder defcribed by the reftangle BD \ and 
therefore the whole fphere is equal to two thirds of the cy- 
linder defcribed by twice the reftangle BD, that is, to twq 
thirds of the circumfcribing cylinder. (^E. D. 
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PLANE TRIGONOMETRY. 



LEMMA L 

« 

AN angle at the centre of a circle is to four 
right angles as the arch on which it (lands is 
to.the whole circumference. 



Let ABC be an angle at the centre of the circle ACF, 

fiaading on the circumference AC : the angle ABC is to 

foiir right angles as the arch AC to the whole circumference 

ACF. 
Produce AB till it meet the eyrcle in E, and draw DBF 

perpendicular to A£. 
Theh, becaufe ABC, 
" ABD are two angles at 

the centre of the circle 

ACF, the angle ABC 

is to the angle ABD 

as the arch AC to the 
arch AD, (36. 6.) ; and 
therefore aKo, the aijgle 
ABC is to four times die 
angle ABD as the arch 
AC to four times the arch 

AD (4. 50- . 

But ABD is a right angle, . and therefore, four times the 
arch AD is equal to the whole cii:cuoifereiice ACF ; there- 

U fore, 




aS^ 



PLANE TRIGONOMETRY. 



fore, the an^le. ABC is to four right angles as the arch Al 

the whole circumference ACF* 

« 

Cor. Equal angles at the centre of different circles ftai 
arches which have the fame 
ratio to their circumferences. 
For, if the angle ABC, at 
the centre of^ the ciroies 
ACE, GHK, ftand on the 
arches AC, GH, AC is to 
the whole circumference of 
the circle ACE, as the angle 
ABC to four right angles ; 
and the arch HG is to the 
whole circumference of the 
circle GHK in the fame ra- 
tio. Therefore^ &c. 
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h 

IF two ftraight lines interfe£i one another in the centre 
circle, the arch of the circumference intercepted bet 
them is called the meafure of the angle which they 
tain. Thus, the arch AC is^ the meafure of the j 
ABC. 

IL 

If the circumference of a circle be divided into 360 < 

. parts, each of thefe parts is called a degree ; and, if s 

gree be divided into 60 equal parts, each of thefe is caJ 

" • niinute ; and, if a minute $e divided into 60 equal parts, 
of them is called a fecond, and fo on. And as manj 
jprees, minutes, feconds, &c. as are in any arch, fo r 
degrees, minutes, feconds, &c. is faid to be in the angle 
fured by that arch. 

Cor. I. Any arch is tathe whole circumference of "w 
it is a part, as the number of degrees, and parts of a d( 
contained in ic, is to the 'number 36b. And any angle 
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four right angles as the number of .degrees and parts of a de- 
gree in the arch, which is themeafure of that angle, is to 360. 

Cor. 2. Hence alfo, the arches which meafure the fame 
angle, whatever be the radii with which thej are defcribed, 
contain the fame number of degrees, and psuts of a deme* 
For the number of degrees and parts of a degree contamed 
in each of thefe arches has the fame ratio to the number 360^ 
that the angle which thej meafure has to four right angles 
(Cor. Lem. i.). 

The degrees, minutes, feconds, &c. contained in any arch 
or angle, are ufually written as in this example, 49^. 36'* 
i^'\ 42^''', that is, 49 degrees, 36 minutes, 24 feconds, and 
42 thirds. 
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III. 

Two angles which are together equal to two right angles, or 
two arches which are together equal to a femicircle, are 
called the fupplements of one another. 

IV. 

A ftraight line CD drawn through C, one of the extremities 
of the arch AC perpen- 
dicular to the dianle* 
ter paffing through the 
other extremity A, is 
called the Sine of the 
arch AC, or of the angle 
ABC, of which AC is 
the meafure. 

GoR. The fine of a qua- 
drant, or of a right angle, 
is equal to the radius. 




V 



V. 

The fegmcnt DA of the diameter paffing through A,, orici 
extremity of the arch AC, between the fine CD, and that 
extremity is called the Verfedfine of the arch AC, or of the 

angle ABC. 

U a VI. 
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VI. 

A ftraight line AE touching the circle it A, one extremity 
of the Atdx AG, and meeting the diameter BC pa^g 
through the olJiei extreautj C in £, is c4)ed the Taagait 
of the arch AC, oc (^ the angle ABC. 

Cor. The tangent of half a tight angle a e^oal to the ta- 
djus. 



The ftrai^t line BE between the centre and the eztren^ 
of the tangent AK, is called the Secant of the arch AC, 
or of the angle ABC. 

GoR. to Def. 4- 6. 7. the line, tangent, and fecant of any 
angle ABC, are likewife the fine, tangent, and fecant of io 
fupplement CBF. 

It is manifeft from Def. 4. that CD is the fine of the angle 
CBF. Let CB be produced till it meet the circle again io 
I -, and it is manifeft, that A£ is the tangent, and BE the 
fecant, of the angle ABI or CBF, from def. 8. 7. 

GoR. to Def. 4. J. 6. 7. The fine, verfcd fine, tangent, and 
fecant of an ardi, which is 
the meafure of any glveq 
angle ABC is to the fine,- 
verfed fine, tangent and 
iecant, of anj <uher arch 
which is the neafure of 
the fame angle, as the 

radius of the firft arch is ^ 

to the radius of the fecond. O M D 

Let AC, MN he meafures of the angle ABC, according ta 
Def. r. CD the fme, DA the verfed fine, AE the tangent 

and BE the fecant of the arch AC, according to def. 4. 5. 
6. 7. and NO tlie fine, OM the verfed line, MP the tan- 
gent, and BP the fecam of the arch MN, accoring to die 

lame 
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fame definitions. Since CD, NO, AE, MP are parallel, 
CD is to KO as the radius CB to the radius NB, and AE 
to MP as AB to BM. and BC or BA to BD as KN or BM 
to BO ; and, by converfion, DA to MO as AB to MB. 
Hence the corollary is manifefl. And therefore, if tables 
^be conftrufted, exhibiting in numbers the fines, tangents, 
fecants, and verfed fines of certain angles to a given radius, 
they will exhibit the ratios of the fines, tangents, &c. of 
the fame angles to any radius whatfoever. 

Infuch tables, which are called trigonometrical tables, the 
radius is either fuppofed i, or fome number in the feries 

- 10, 100, 1000, &c. The ufe and conltruftion of thefe 
tables will appear from what follows. 



vm. 

The difference between any angle and a right angle, or be- 
tween any arch and a 
quadrant, is called the 
complement of that 
angle, or of that arch. 
Thus, if BH be perpen- 
dicular to AB, the angle 
CBH is the complement F 
of the angle ABC, and 
the arch HC the com- 
plement of AC i alfo the 
complement of the ob- 
tufe angle FBC is the 
angle HBC, its txceb a- 

bove a right angle ; and the complement of the arch FC is 
HC. 




IX. 

The fine, tangent, or fecant of the complement of any angle 
is called the cofirie, cotangent, or cofecant of that angle. 
Thus, let CL or DB which is equal to CL, be the fine of 
the angle CBH ; HK the tangent, and BK the fecant of the 
fame angle *, CL or BD is the cofine, HK the cotangent, 
and BK the cofecant of the angle ABC. 

U 3 CqR, 
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Cor. I . The radius is a meanpropordonal betwe^ the tan? 
gent and co-tangent of any. angle ABC. ' 

For, fince HK, BA are mrall^l, the angles HKB, ABC ate 
equal, and KHB^ BAJE are right . angles ; therefore the 
triangles BAE, KHB are fimilar, and therefore AE k 
to AB, as BH or BA to HK. 

CoR. 2. The radius is a mean proportional betweei^ the co- 
fine and fecant of any angle ABC. 

Since CD. AE are parallel, BD is to BC or BA, as BA to 
BE. 

P R O P. I. 

IN a right angled plain triangle, as the hypote- 
nufe to either of the fides, fo the radius to the 
. fine of the angle oppofite to that fide j and as ei- 
ther of the fides is tp the other fide, fo is the radius 
to the tangent pf the ^ngle ppppfite to that fide. 

Let ABC be a right angled plane triangle, of which BC is 
the hypotenufe. From the centre C, wiUi any radius CD, 
defcribe the arch DE ; draw DF at right angles to CE, and 
fronii E draw EG touching, the circle in E, and meeting CB 
in G : DF is the fine, and EG the tangent of the arch DE, 
or of the angle C. 

The two ttianeles DFC, BAC are equiangular, becaufe the 
angles DFC, BAC are 
right angles, and the angle 
at C is common. There- 
fore, CB : BA :: CD : DF ; 
but CD is the radius, and 
DF the fine of the angle 
C ( def. 4. ), therefore 
CB :BA ::'R:fin. C. 

Alfo, becaufe EG touch- 
es the circle in E, CEG is 
a right angle, and there- 
fore equal to the angle 
BAC 'y and fince the angle at C is common to the triangles 

CBA, 
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CBA, CGE, thefe triangles are equiangular, wherefore 
CE : EG : : CA : AB ; but CE is the radius, and EG the 
tangent of the angle C ; therefore, CA : AB : : R : tan. C. 

Cor. I. As the radius to the iiec&nt of the angle C, ib the 
fide adjacent . to that angle^ to the hypotenufe. For CG is 
the fecant of the angle G (de£ 7.), and the triangles CGE, 
CBA being equiangular, CA : CB : : CE : CG, that is, 
CA : CB : : R : fee. C. 

CoR. 2. In every triangle, if a perpendicular be drawn 
from any of the angles on the op- 
pofite fide, the fegments of that 
iide are to one another, as the tan- 
gents of the parts into which the 
oppofite angle is divided by the 
perpendicular. For, if in thcf 
triangle ABC, AD be drawn 
perpendicular to the bafe BC, - 
each of the triangles CAD, ABD being right angled, 
AD :DC : : R : tan. CAD, and AD : DB: R : tan. DAB j 
therefore, ex aquoj DC : DB : : tan. CAD : tan. BAD. 




T 



T R O P. II. 

HE fides of a plain triangle are to one anothe-r 
as the fines of the oppofite ang les. 



From A any angle in thetrpngle j^BC, let AD be drawn 
perpendicular to BC. And be- A. 

caufe the triangle ABD is right 
angled at D, AB : AD : : R : 
fin. B ; and, for the fame reafon, 
AC : AD : : R : fin. C, and in- 
verfely, AD : AC : : fin. C : R ; 
therefore, ex aquo perturhate^ 

AB : AC : : fin. C : fm. B. In the 

fame manner, it may be demon- B D C 

fixated, that AB: BC : : fin.C : fin. A.* Xh^efore, §cc. Q^E.D, 




U 



P^OP 
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PROP. m. 

•T^HE film of the fines of any two arcbes of« 
X circle, is to tlie difference of thtir fittes, as 
the tangent of half the fum of the arches to the tan- 
gent of half their difference. 

Let AB, AC be two arches of a circle ABCD ; let E be 
the cent^, and AEG the diameter which paHes through A. 
DrawBT^arallelto AG, meeting the circle again inF. Braw 
BH and CI. perpendicular to AE, aud they will be the find 
of the arches AB and AC ; produce CL till it meet the circlf 
again in D ; join DF, FC, DE, EB, EC. 

Kow, fince EL frbm the centre is perpendicular to CD, it 
bil^^as GB >R L, -and alfo 
dife arch CD in A ; DL is 
therefore equal to the ^ine 
of the arch A<!:, tmd BH 
or LK being the fineof AB, 
DK is the fui|i of the fines 
of the arches AC and AB, 
and CK the difference o£ 
their fines : DB alfo is the 
fum of the arches AC and 
AB,becaufe AD is ^qiial to 
AC, and BC is theirdiffer- 
ence. Now, in the triangle 
DFC.becaufe FK isperpen- 
dicnlar to DC, (cor, prop. 
I.) DK : KC : : tan. DFK ; tan. CFK ; but tan.DFK=tan. -J BD," 

becanfe the apgle DFK (lo. 3.) is the half of DEB, and 
is therefore meafured by hif the arch DB. For ths 

fame reafbn, tan. CFK= tan. "^ BC l and coofequently, 

PK:KC:; tail. ^ BD : tan. -i BC. But DK is the fum of 

the fines of AB and A.Cf ; KC the difference of their fines ; 
BD is the fum of AB and AC, and BC their difference. 
Therefore, &c. <^E.D. 
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Cor. I. Becaufe EL is the coiine of AC, and EH of AB, 
FK is the fum of thefe cofines, and KB their difference. Now, 
FK : KB : : tan. FDK : tan. BDK ; and tan. FDKz: co-tan. 
DFK, becanfe DFK is the complement of FDK 5 therefore, 
FK : KB :: co-tan. DFK : tan. BDK ; 

that is, FK ; KB : : co-tan. -j DB : tan. y BC. The torn of 

the cofines of two arches is therefore to the difference of the 
&me cofines, as the co-tangent of half the fum of the arches 
to the tangent of half their difference. 

CoR. 2. If the two arches AB and AC be together equal 
to 90*^, the tangent of half their fum, that is, of 43^, is equsd 
to the radius. And the arch BC being the excels of DG 
above DB, or'above 90^*, the half of thne arch BC will be 
equal to the excels of the half of DC above the half of DB, 
that is, to the excels of AC above 45^ » therefore, when the 
fum of two arches is 90*^, the fum of the fines of thofe- arches 
is to their difference as the radius to the tangent of the di& 
ference between either of them and 45^. 



PROP. 
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PROP. IV. 

'T^HE fum of the fides of any plane triangle is to 
A their difference, as the tangent of half Tie 
fum of the angles at the bafe of the triangle, to the 
tangent of half their difference. 

Let ABC be any plain triangle ; 
C A+AB : C A— AB : : tan. ^^ :'tan. ^^^ 

2 2 

For (Prop. 2.) CA : AB : : fin. B : fin. C ; 
•and ^therefore, by compofition and divifion, 
CIA+AB : CA— AB :: fin. B + fm. C : fin. B— fin. C. 
But, bydielaft, fin. B + fin. C : fin. B — fin. C: : 

B+C B--C 

tan. : tan. j therefore alfo. 



CA+AB : C A— AB : : tan. 5±2 : tan. ?!?. (^ E. D. 




PROP. V. 

IN a plane triangle, if the perpendicular drawn to 
the bale from the oppofite angle fall within the 
triangle, the bafe is to the fum of the fides as the 
difference of the fides to the difference of the feg- 
ments of the bafe; but, if the perpendicular, fall 
I without the triangle, the bafe is to the fum of the 
fides as the difference of the fides to the fum of the 
fegments of the bafe. 

Let 
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Let ABC be a plane triangle, and AD the perpendicular 

to the bafe from the oppofite angle A. 

I. Let AD be within the triangle. From A as a centre, 

with the diftance AC, the greater of the two fides, let a 

circle be defcribed meeting 

AB produced in E and F, 

and CB in G. It is mani- 

feft, that FB is the fum, and 

BE the difference of the 

fides; and, fince AD is 

drawn from the centre per- 
pendicular to CG, CD is 

equal to DG, and therefore, 

BG is the difference of DC 

and DB, that is, of the feg- 

ments of the bafe. Now, the 

re£langle CBG is equal to 

the re6langle FBE (35. 3.) ; and therefore, 

CB : BF : : BE : BG ( 16. 6.), that is, the bale is to the fum 

of the fides, as the difference of the fides to the difference of 

the fegments of the bafe. 

2. Let AD be without the 
triangle. It will be demon- 
ftrated as in the laft cafe, 
thatCB :BF: :BE :BG; 
now, BG is equal to GD 
and DB, that is, to CD and 
DB, or to the fum of the feg- 
ments of the bafe ; there- 
fore, when the perpendicu- 
lar faUs without the triangle, 
the bafe is to the fum of the 
fides, as the difference of the 
fides to the fum of the fegments of the bafe. Q^E. D, 

Cor. The perpendicular AD falls within the triangk, 
when the fquare of the greater fide AC^ is leis than the fiixn 
of the fquares on the other fide, and on the bafe (13. 2.); 
and, when the contrary happens, the perpendicular faUs with- 
out the triangle. Therefore, according as* the fquare on AC 
is lefs or greater than the Squares on AB and BC, the triangle 
falls under the firil or fecond cafe of this propofitien. 

^ SCHO- 
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SCHOLIUM. 



TI^ foj:'egoLsig^p£opoiitions contain all that is necefiary to |s3: 
the fcitution of the diSbrent qiieftions in plane trigonomeny. 
It i', h^ever, ufefiil in ibme of the cafes cf oblique angled tti- 
zfLgleSf to be provided with other methods of calculation; OQ 
"^hich accot&nt the following proportions ^re added. 



' P.R 0, P. VI. 

IF, a» 4:hc greaJtet^of any two fides of a triangle to 
the lefs, To the radius to the tangent of a cer- 
tain angle ; then will the radins be to the ta^igent 
of the difference between, that angle and hidf a 
^ right angle, as the tangent of half the fum of the 
angles at the bafe of the triangle to the tangent of 
half their difference. 

tet ABC be atriangle,the fides of which are BC and CA, 

nd the bafe AB, and let 

\C be greater ^han C A. Let 

►C be dv2Lvru at right anglqs 
BtC,' and equal to AG ; 
^jpiftBDy aflad becaufe (Prop. 
1. 3"^ in the right angled tri- 
angle BCD, BC:CD::R: 
tan. CBD, GSD is" the angle, 
of which the tangent is to 
the radius as CD to BC, that 
is, as C A to BC, or as the 
Jcaft of the two fides of the triangle to the greateft. 

But BC-f CD : BC— CD : : tan. -^ (CDB+CBD) ; 

tan. t (CDB— CBD), (Prop. 5.) J 

and 
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and alfo, BC+CA : BC— C A : : un. f (CAB+CBA) : 

tan. i (C AB— CBA>. Therefore, fiace CD=CA, 

tan. -^ (CDB+CBD) : tan ; ^(CDB~CBD) : : 

tan. 1. (CAB+CBA) : tan. 2. (CAB— CBA). But, becaufe 

the angles CDB-M^BDz: 90^', tan. ± (CDB+CBD) r 

tan. 1. (CDB— CBD) : : R : tan. (45°— CBD), (2. cor. 

Prop. 3.) ; therefore, R : tan. (45^rr--CBD) : : 

tan. i (CAB+CBA) : tan. j. (CAB— CBA) ; and CBD 

was already fliewn to-be fuch an angle that 

BC : CA : : R : tan. CBD. Therefore, &c. Q^ E. D. 

* 

PROP. VII. 

FOUR times the reftangle ccmtained by any two 
fides of a triangle, is to the re6langle contained 
by two ftraight lines, of which one is the bafe or 
third fide of the triangle inereafed by the difference 
of the two fides,, and the other the bafe diminilhed 
by the difference of the fame fides, as the fquare of 
the radius to the fquare of the fine of half the angle 
included between the two fides of the triangle. 

Let ABC be a triangle, of which AB Is the bafe, tad CB 
the greater of the two lides. From B draw BD at n^Ot 
angles to AC. 

Cafe I. When ACB is an acute angle, fo that BD falls 
within the triangle. From the centre C, with the diflance 
CB, defcribe the circle EBF, meeting AC produced in E and 
F. Join BE, BF ; and it is evident, that EBF is a r^ght 
angle, and alfo, that the angle . EFB is half the angle ECB. 
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Then, (13. a.) AC^^CB^, that u, 
AC»+CEa=AB«+ aAC.CD. But, (7, a.) 
ACa+CEa= aAC.CE+AE», therefore, 
aAC.CE+AEa= AB»+ aAC.CD ; and if the lediarie 
aAC.CD be take« from both, aACCE—sACCD+AE* 
=AB*, and theicfore, becaule 

3AC.CE— aAC.CD= aAC.ED, 3AC.ED+ AE'»=AB*. 
or aAC.ED=AB'— AE'. But (5. a.) 
AB*— AE»=(AB+AE)(AB— AE), therefore, 
3AC.ED=(AB+AE)(AB— AE). 




Agan, AC :CE : : aAC.DE : aCE.DE,becaufe reftangles 
that have equal altitudes are as their bafes ; and, for the ume ' 
reafon, 4AC.CE : 4CE* : : aAC.DE : aCE.DE, or alter- 
nately, 4 AC.CE : a AC.DE : : 4CE» : aCE.DE. Now, 
4CE«=EF% and aCE.DE=FE.DE=:EB* (cor. 8. 6.), 
therefore, 4AC.CE : aACDE : : EF* : EB». But 

EF:EB::R:fin. EFB::R:fin.J-C, whence, 

EF' : EB* : : R* : (fin. L C)\ and therefore, 

4AC.CE : ^AC.DE : : R^ (fin. 7 C).* And it was prtvcd^f 

that aACED- (AB+AE)(AB— AE), therefore 

4 AC.CE : (AB+AE)(AB~AE) : : R* : (fin. 7 C)*. 

Cafe a; 
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Cafe 2. Let C be an obtufe angle, fo that the perpendicu- 
lar DB falls without the triangle. Then, becaufe 
AC^-f CB"+ iAC.CDnAB" (12. 2.), or AC*+CEV 
4AC.CD=AB^ and becaufe AC^+CE^z: 2AC.CE+AEV 
2AC.CE+ 2AC.CD+ AE*= AB\ Now, 
aAC.CE-f 2AC.CD= 2 AC.ED, therefore 2AC.ED+AE* 
=:AB\ Therefore, it will be demonflrated as before, that 

4AC.CE : CAB+AE)(ABr-AE) : : R' : (fin-.i. C)\ 




Now, 4AC.CE, or 4AC.CB is four times the reftan^c 
under the fides, and AE being the difference of ^e fides, 
(AB+AE)(AB— AE) is" the redangle which has for onet 
of its fides the bafe incrcafed by the difference of the twa 
fides of the triangle, and for its other fide, the bafe diminiflicd 
by the fame difference. Therefore, in any triangle, &c. 

Cor. Becaufe BDC is a right anglfe, BC : CD : : R : fin.CBD ; 
now, fin. CBDii cof. C, therefore, BC : CD : : R : cof. C,and 
2AC.CB : 2AC.CD : :R : coL C, But, (13-2.) 
2AC.CDzzAC"+CB'— AB% therefore, 
2AC.CB : AC VCB^— AB* : : R : cof. C ; that is, twice the 
redlangle AC.CB, is to the excels of the fquares of AC and 
CB above the fquare of AB, as radius to the co-fine of the 
included angle ACB. 

PROP. 



> 
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PROP. vni. 

FOUR times the redangle contained by aay two 
fides of a triangle, is to the reftangle contained 
by two ftraight lines, of which one is the fum of 
thofe fides increafed by the bafe of the triangle, and 
the other the fum of the fame fides diminifhed by I 
the bafe, as the fquare of the radius to the fquare I 
of the co-fine of half the angle included between 
the two fides of the triangle. 

The fame conflrudion being made as in the laft propofi- 
tion, it is plain, that AF is the fmn, anfl A£ the difference 
of the fides AC and CB, and alfo, that the angle FEB is half 
of the angle FCB. Now, if ACB be an acute angle 
AC*+CB% or ACVCF*z:AB^+ 2AC.CD; add 
2AC.CF to both, and AC*+CF*+ 2AC.CF, that is, 
AF'=:AB*+ 2AC.CD-1- 2AC.CF ; But 
2AC.CD-I- 2AC.CF= 2AC.DF, becaufe CD+CF=DF, 
and therefore, AF*=:AB*+ 2AG.DF-, and 
2AC.DF= AF'— AB^n (AF+AB)(AF— AB), (2. 5.). 

Again, AC : CF : : 2AC.DF : 2CF.DF, and 
4AC.CF : 4CF* : : 2AC.DF : 2CF.DF ; and alternately, 
4AC.CF : 2AC.DF : : 4CF' : 2CF.DF ; now, 
4CF'=:EF% and 2CF.DF=:EF.DF=FB% therefore, 
4 AC.CF : 2AC.DF : : EF* : FB\ Bnt 
EF : FB : : R : fin. FEB, and fin. FEBz: cot EFB, becaufe 
EFB is the complement of FEB, fo that 

fin. FEBn cof. 7 ECB ; therefore*, EF : FB : : R : cot 4ECB, 

and EF' : FB' : : R' : (cof. 1. ECB.)* Therefore, 



2 
% 



4AC.CF : 2AC.DF : : R' : (coi.^ ECB/, or 

4 AC.CB : (AF-h AB)(AF— AB) : : R' : (cof. ^ ECB).* 

In the fame way, when the angle C is obtufe, it wijl be 
demonitrated, that 4AC.CB : (AF+AB)(AF— AB) : : R': 

(cof. "t ECB)*. Now, 4AC.CB is four times the reftaagk 

under the fides, and AF being the fum of the fides, 
(AF+AB)(AF — AB) is the reftangle which has one of its 

fid«ff 



'S equal to the fum of the fides of the triangle incieaikd b j 
bafey and its other fidet!iqu&rto.*tfie lumbf the fides of the 
ngle diminiftied hj the bafe. Q^ £. D. 
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:k>ii. Becaufe 4AC.CB : (AF+AB) (AF— AB) : : R« : 

>L ~ ECB)% and alfo (prop. 7.) 4AC.CB : 
B+AE)(AB— AE) : : R» i (fii. |. ECB)*', therefore, 

equo, (AF+AB) (AF— AB) :(AB+AE)(AB— AE) : : 

.f. T ECB)' : (fin. ^ ECB)*. '■■■'i 

.cof-i. ECB: fin. i ECB : : R : tan. i ECB -, 

jreforc,(AF+ABXAF— AB) : (AB+AEXAB— AE;|: : 

: (kan. i EGB)' ; that is, the tefiafigle cont^ed by two 

ight lines, of which one is the fum of the three £des of a 
agle, and the other the fum of two of ^ fide$ of the tri- 
le diminifhed by the third, is to the re^ngle contained by 
> ftraight lines, of which one is the third fide of the tn- 
le increafed by the diSerence of the other two^ and the 
sr the third fide diminiflied by the difference of the other 
S as the fquare of the radius to the iquare of the tangent 
tialf the angle included between the two fides of the triA^ 
le. 

X 'LEM. 



ajj t I/AN E ^T& I G O N © M E T^'Y. 



L E MM A; II. 



t , ■••" 



1 



IF there be two unequal magnitudes, half their 
difference added to half their' fum is equal to .^ 
the greater ; and half tl^eif difference taken from |p 
half their fum is equa^to the lef^ 

f Let AB and BG be two uneqilal ma|tiitudes, of which AB 
is the greater ; fuppofeAC bife^edin Djand A£ equal to BC, 
It is manifeft, that AG is the / , \ 

fum, and EB the di^renc^' & ^ II 5 S 'C 

of the magnitudes. Afid be- ' j 

caufe AC is bifefted vi/p<A'D is cqu^ to DC ; but AE is 
alfo equal to BC, thei3|f^^©E Tsequal.'to DB, and DE or 
DB is half the differeiice c^f-^tt^e magnitudes. But AB is 
equal to BD and DA, that ^ io Jialf^ tfie difference added to 
half the fum ; and BC is equaktp^the^exceis of DC, half the 
fimi, above DB, half the difference.' Therefore, &c. Q. E. D. 
Cor. Hence, if the fum and the diftrence of two magni* 
tudes be given^ the magnitudes them£^lves mat/ be found. 



SOLUTION of the Cafes of Jlight Angled 

Trilogies. , . 

PROBLEM. 

IN a right angled triangle of the three fides and 
three angles, any two being given, befides the 
right angle, and one of thofe two being a fide, it 
is required to find the other three. 

The reafon of the limitation in this Prop, to thofc cafcs in 
which at leaft one fide is given, is manifeft ; for, if the angles 
only be given, the fides cannot be found, |but only their ra 
tios, which are the fame with the ratios of the fines of the op* 
pgfite angles, 

' It 
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It is evident, that when one of the acute angles of a right 
Tangled triangle is given, the other is giren, being the com- 
plement of ^e former to a right angle ; and alfo Uiat the fine 
of sinj of the aci;te angles is the co-fine of the other. 

As this general problem admits of feveral c^es, the folu* 
tions or rules for calculation, which all depend on the firft 
Prop, may be conveniently exhibited in the fc^m of a table. 

When two fides of a right ^gled triangle are given in num- 
bersy the third may be found, either trigonometrically, as in 
the table,' or by the 47th of the ift of the Elem. Thus, be- 
CKife BC^r: AB^+AC% if ABand AC are nyen, BC is 
fioundy for it is the fimare root of AB*+AC*. In the £ime 
manner, if AB and JBC are given« AC is found, heiag the 
£ju9re root of EC— AB\ 



Givsy. I Sought 



CB and B, the 
hypotenuiie luad 
an angle. 



AC and C ; a 

fide, and one of 
die acute angles. 



CBandBA,the 
hypotenufe and a 
fide. 

AC and AB -, 

the two fides. 



AC. 
AB. 



BC. 
AB. 



AC. 



C. 

CB. 



Solution. 



R:fin. B::CB:AC. 
R:cof.B:: CB:AB. 



I 

I 



Sin.B:R::AC^BC. 
It:taji.C::AC:AB. 3 



CB:yBA::R:fin. C. 
RrcaCC::CB:AC. 



AC:AB::R:tan.C. 
Pof. C : R : : AC : CB. 






4 
1 ff 

5 

4 



/ 



/ 




S O LU- 



^ ftki^t tteitsbl/oMl'tiit; 



I^OLUtlPK Qf tl»e, Cafes of Oblique Angled 
Triaagles, 

IN Un^ triangle 6f the tbrte fide$ ttiid thi'ee angles 
any thrte being givei>, and onie of the three be^ 
irig a fldfc; it is reqiiired to find thje (itheir three. 



* y ' . »• 



The reafon of the reftriftion, that one of the things given 
piuft be a fide, is evideiiit ; becaufe, if the angles onl^ are gi-'^ 
l^n, the fi4es of th^ mangle oi^ot be found, Ina: oiily (h^ 
iratio^, which are ibe finxe wxtli ihe ratios*t>f the fines ef tfajs 
^pqfite imgles. 

Ifi Uii^ problem there ^e . four ca{es, iin tisxAi oE wfaicb ^ 
fdlutloQ depends on JTome of the foregoing propofitio&ft,. ^ 



C A S E I. 

Two angles A and B>tod one fide AB> pif A triangle AB(j^ 
being giten^ to find thcothier. fides. 

soLUTipisr. 

Becaufejfee anglgs A and B are given, C is alfq^ given, b«- 
ilig the fupplement of A+B ; and, (Prop. 2.) 
Sin. C : fin. A : : AB : BC, alfo a" 

Sia. C : fin. B : : AB : AC. 
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C ABE 11. 

Twofi^es AB a|34 AC» aiid (h« angl^ fi pp(>oQte to 6fie oE 
them being given, to fiiid thd other angles A aii4 C^ adift^alfq 
the other ude BC. 

SOLtJtlON. 

AC : AB : : fm. B: fin. C: Alfo, At: tSd^^'ft— id • and 
fiiK B : fin. A : ;.AC : CB, bj cafe i. 

In this cafe, the angle C may have two values ; for its fine 
1)eing found by the propbrtion fibov^, the angle belonging to 
that fine, may either be that which is found in the tables, or ^ 
it ijupf. bC; th^: j%)pl?Wf t of it, {Cog. def, 4,). But this 
ambiguity is removed when AC is greater thad AB, for the 
angle ACB cannot in that cafe be obtuie, (other^^e A^ 
wrald be greater than i^Q, .ja]x4. (h^refore the greateft of the 
two values of C is st^i^QirSly exbnked. When AC is 
lefs thaOt A3) C J^eni^ins ain)>iOTOUS9 and there are two tri- 
a|i^li^ that haite ^ Qdes^^AS, AG, and t&e itfi^ie B the 
&me in botfi, but die atrgle ' oppofite te^ AB ift A^oiie^ is>tbe 
ft^jikiil^to^ dre a^gle c^ 



*t 



C A^ E m^ 



» » » 



Two fides AB and AG, and tfa<^ angte A Vjcf^^eii fb^ 
being given, to find the other imgles B and C^and alK> tke fidi 
BC. 

S O L U 1 1 6 ITi 

AB+AG : AB-*.AC : : tan. ^-CB+C) t tan. | (B— C.) 
Hehcei by the 2d t^^nuna, B aod C ^refouttd^ 



' \ 



2b % OtherwijG^, 
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^Othcrwilc, - 

Find an angle .£, fuch thatrAB ; BCL: : R: tan^ E ;^ then 
R : tan. (45®— E> : : tan. (B+C) : tan. (B— ^C). Whence, 
BandC are founds as before* 

To find fiC. 

. - ^ . •. . 

Having found B, fin. B : fin. A : : AC : BC. 



C A S E IV. 



■.» 



The three fides AB, BC,: AC, being ^vcn,^ to 
angles A, B,C. 



SOLUTION 



'■: • 



• li: ■•t. 



tlie' 






Take E fuch that BC : .fiA+AC : B A--AC : F, t6aa F & 
either th«i. fum or the difference of BD, DC, the Segments of 
the bafe, (Prop. 5.) If F be greater than BC, F lis jhe fum,' 
and BC the difference of BD, DC -, but, if F be lefi than BG, 
BC is the fum, and F the difference of BD and DC. In either 
cafe, the fum of BD and DC, and their difference being gh 
▼en, BD and DC are fon|id. ; • \ 

Then, (prop, i.) CA : CD : : R : cof. C ; 
and BA : BD :. : R : cof. B ^ wherefoi'e C an4 B are given, 
and coniequentlj A» '"" ' :'.' 





Othcrwifc 
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t 

Otherwiicy 

Let D be the difference of the fides AB, AC, then, (prop. 7.) 
4ABAG : CBC+DXBC-OD) : : R» : (fin. a BAC^. or 
a /ABAC : s/ (BG+D)(BG— D) :: R : fin. A RAC; 



It, > 



OtherwUle, ■ 

l.et S be the fum of the fide* B A and AC. Then, Cpr^p* &•) 
4AB.AC: (S+BCXS— BC) : : R'A (fii», \ BAC)' pr 

»• ABAC" : ^(a+B<2)CS— Mj' .: x R. cot \ B AC.. . , 



- \ ' < • » .« ' 



Other folutions of this caiis might alfo be given £rom the 
corollaries to the 7th smd JBth propofitions, but the above are 
jQafficient* r ^ ' * *^--v^ 

When this •cafe^is refolved b j either of the two laft rulcS) 
or withoijr'Iettfilg fid]^ perpendicular, the firll pf the two is 
to be uied whcpi the anfel^ fought is acute; the '(econd when 
jl is dbtv^e; ^^ \ ^^ ^Bways be known whether it is 

by t^e fquare m'w^ fide oppofite t^ it being 
fijuares oT/w^^'el^er two fides';^ 







• « 

i. - 



* < * 



>^ » \i 




T • 



; ■ 



X 4 r S C HO- 



:;;>.1[: .•:'-. ^ ■ •' ' - ?...];-• *; 



^ : lit > . , ' _' « 



. •, «■ 
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^of iPXAHE^TjX)I£.OJfOUEa*X.3r. 



, SCHQI^IUIVI. 

laaU Aej^lcnlHtioiitperftitiiMd b;; ktbK'''^]$ccdSli^ tAf, 

tables of fines and taageats.ue neccfiaril^ employedi ^ con- 
t!ru£ti»A-'''tf whiett it ib thbtcfore pr^>er «» ^plaia. Thefe 
tables ufuatly contain the ilnes, &c. to evei/ minute ef the 
quadrant &om i' to ^oSandtbe fiift ttuugrequiredtobedcoe 
is'to compute the fine of I'l - 

< ?l.q5a;^cu>cIeAB<G''(lie*aSmAB1*tfeg»mi^,letMbe 
an; ^xhtsnd C£ its half i then, if DC^e co-fine of BCbe 
knoVn, the Co-fine of C£i*ihAy'lK;lb^d."¥Vbili:£draw£l[ 
perpendicular, to DG,-ip }htt £H mftj-be the jm^ «i)d ^E 
the co-ffde "Af "tb^ suxiW C£.' Jem AB aiui'BC, and let iH^te 
perpendicular to AB, then AB is bilefted in Q^ New,dic 




pfipagjes DHE, AQD are .equal, the angle BAQ, being 
ttttWts the angle EDH, fbecaufe each o£ them is the half 
of the angle CDB), and the angles DHE, AQD being right 
angles, and alTo the fide AD equal to the fide DE ; therefore 



) equal t( 
DH is equal to AQ. And becaufc ABC 
the reiftangle C A, AG is equal to the fquare of jCb, (8.°6.) 



I a right angl 
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that; id, to four times the'iquare of' ^Q^or of DH ; end there* 
£ore> h3^ t^. reda&gle DA, AH k. ^qnal to the fquoFe of 
DH, that is, half the re6bngle contained bj the radiu3» mi 
the fum of the radius and the co-fine of an arch, is equal to 
the fquare of the confine of half that arch. And hence, this 
arithmetical rule, to the co-fine of any arch add the radius or i, 
thb £]itoe root of half the&m is the cb^iif^ of half Iho arch. 
%^ If therefoit< thfl.fthdgbt line- CS ht' equal to the radius, 
the arch CB will be 60^, andDG vallhc ecpial tohaUdte raditi^ 
«f winfonittdjr fhiSiwu(4/&)^andtbe]?efo&DHibecD^fiiie;iyf 
.C£.oc (d- jst^f mll^be &>\md bythici propofidbn* • And if (IE 
bK> bbfeaed'ia F^if .tdDQ i be a(hfed,'aadthe fum dMded 
¥y]2yjt$ &i^axe.T/Hit^ will'be sqnalvto SK, the co^e of x^^. 
.Itftbe.£u]diemaBner i&fttn&d the bo&kbf j^ 30% o£3.?^'4j;f, 
.«bd (b. on £t^ after tviohie infefiicnfi^thc cp-fine oi ^i^i ^L 
^df"\ ^S*"' ^s found. Now, fronijbs to^fine^ ifae iUi& bfthe 
&me ai;ch is found ; for, from the rlgjildre of the raAixis^ . th«t 
is;rfc» q ) k 4f> ^^^ zwzy the fqnane of tticfcUine^ tbe'tcm^BAk 
h the iquare of the fine, and thesefore its fquaxie root is iht 
fine jtfclf. 1>U<the fine of 52^^ 4*4^^, 03'r^'. 45^'"' is fomwJ. 
3* But it is manifeft, that the fines of very; £mall' teaches 
are ta one another kecKrlj as the jfrdu^ tiiemftlves. . _ Fox* it 
hastf^n Itewp, that.tlie numbt^r.of the fides of an equila- 
teral pj>ljgon tibfcribed in a cbcie msaj be fo goeat^ thsttkr 

•« peruMter of .the polygon and the circumference if the tiitfe 
lE^ li£Ger bjjl a line lefs^ than any ^ven liiBe,jof larhiiah 
i^: th^ '.iame^i&j be neaxij to* one another' in. tb&isada 
of equality. Therefore their lijc& parts will sdib fejneac- 
Icf r tfl dbe * ratib: idE equality, ib tlac.the*' fiiAi af.idM pa- 
dLjBgpi^ will bbTti^ dk^ ^ch "Pt^ichnit fubtends nea£jf in the 
ra&.idf ^ualil^|\aadltlk<rdb]^jb;|^ the .fide of OH polygon 
t6 half the arch fubtended by it, that is to fay, the fine of any 
very fmaU arch will be to the arch itfelf, nearly in the ratia 
of equality. Therefore, if two arches are both very fmall^ 
the firft will be to the fecond as the fine of the firft to the 
fine of the fecond. Hence, £rom the fine of 5 2''. 44'''. 03"". 
4^il'- being found, the fine of i' becomes known; for, as 

52''. 44'^'^ ^2!'"* ^S'"" ^° ^'> ^^ ^^ ^^^ o^ ^^^ former arch 
to the fine of the latter. Thus, the fine of 1' is found 
=10.0002908882* 
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4. The fine o£ i' being thus found, the fines of 2% of 3' or 
of an^ number of minutes are found bj the following propo- 
fitibn. , * 

T H £ O R £ M. 

I 

' : : ' i. '. 

Let AB, AC, AD be three fuch arfches, that BC Ac' dif- 
ference of the firfland fecond is equal to CD the difference of 
the fecond and third ; the radius is to the confine of the com- 
mon di&rence BC as the fine of AC the middle afch, to 
half thefum of the fines, of AB and ADl the extreme arched. 

Draw C£ to the centre ; let BF, CO, and OH pet^endi- 
cvdftr to AE, be thefiiles of the arches AB^ AC, ADi. J«n 
BX>, 4nd let it m^et C£ in I ; draw IK perpendicular 'to ^g, 
alio BUahd IM perpcfndicular to J>[H. Then, becaiife-dife 
arch BDisbi£eded'ini^£C will 
be at right angles to BD^ and will 
foifed it in Ij and BI will be the 
£ne, and £1 the cci-fine of BC 
or CD. And, fince BD is bi- 
bEbsd in I and IM is parallel to 
BL, (2. 6.) LD is alfo bifeded 
in M. Now BF is equal to HL, 
therefore, BF+DHziDH+HLz: 
DL+tiLH=:2LM+3LHzz 2MH, 
or 2KI f and therefore, * IK is 
-half the fum of BF and DIL But 
becaufe the triangles CGE, IKE 

are e^angular, GE : EI : : CG : IK, and it has been ibewi, 
that £1 = cof. BC, and IK = x (BF+DH) ; therefore 
R : cof. £C : : fin. AC : i Cfin, AB^ fia. AD)i Q^ E. D: 




.: .^ f! . ■ 



Coi. 
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Ctin. Hence, if the point B coincides frith Ar ' 

■ ■ . .1 

R : €6CBCj:fiii.3C: i* fin. $D» or the radius is to the co-fine, 



of the half of any arch, as the fine of half the arch 19 to half 
die fine of the whole arch. 

Therefore, the fine of i^ being given, and alfo its co^fihe^' 

becaple by this Cor. R:cof. 1': :fiQ.i^:7fin.2^9 and'Io the 

fine oCflLf. is given. To Siod die fine ot jf ;; by the.pseeeding 

Xlabri R : co£ 1' : t fin. V : V (fitt- 1 ' +fin. 3'> \ fherefere,- 



b V4t fin. 3' is given; rand fin. i^ being already kilown, 
61' 5' IS found* 
' )hld^e manner, fear the fine of 4% . 

R : ctf.' 1' : : fin. 3' : -. \:Xin. i'+fin. 4') ; «id fo on for any 

nnmber of minutes ; and as the ratio of R to the eo-fineof z^ 
remains always the fiune, the calcuktion l>y meaas^ of this? 
Theorem is very eafy. 

It ttikj be convenient to have the fame rule o(herw]fe.<cz^ 
prefled, let a, b, of be three arches that differ by x^ then, 

R : co£ 1' ; : fin. b : \ (fin. a-hfin. c), and if R =: z, 

"7 (£n.'a + fin. c) r: coL i' x fin. b, and confequently, . 

fin;..e.=:ico£i'x fin. b — fin.a. • .:. :^. 

. In. this manner, the table of fines is computed. Hen, be«.^ 
canfe tibe. co-fine of any aiich is to the fine as thie radius to the 
tfmgent <xf the arch, the table of tangehtt may be^calculated boat 
this p^portion. But it m^ be obferv^r that when the tan-^ 
gentaof the arches utoder 45^ are, known, the tangents of 
thofe above 45? .may be more .eiJUy fiound ,by another - ruk. 

For the tangents of the arches a,bove .45^ bein^ Ibe cortaij^ 
gents of the arches under 45^, and the radius bemg a mean 
proportional l>etween the^he tangent^ and co-tangent of any 
arch, (i. Cor.def. 9.) if the difference between any arch and 
45^ h» called d, tan. (4j<>.-:<I) : 1 : : i : tan. C45®+tf)- ^ 

Laftly, The fecants are calculated by help of Cor. 2. Def. 9* 
where it is ihewn, that the Vadius is a mean proportional be- 
ween the co^fimb and the jGscant of any arch. . If ther^re, a 
be any arch, cof. a : i : : i : fee. a. 

Tbt 
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5. The prccdCng Thtatem is one of, fbur» whkh, wJbca 
arithmedcsdlj expreffed, are frequently ufed in the ap^catxn j 
cf trigonometry to the Mndoh rf the more difficult Imfifauu^' 

ifTfOj If in the laft Theorem? the syrch AC— A| BCcB, 
anii EC±i, then ADiiA+B, and AB±AV-B ; a^cf l>y what 
has juft heen demonflrated, '! t ' . 

1, : rof. R : : fw. A, : ^ fini (A+B),:f- i fin. (A—B). 

and therefore, 
feL A X erf/ BL=? f te. ( A-|4() 4^1 f* ( A— BJ/ 

id9, Beeatife BF IK, DH^e ;pir^efti>the ftrai^ lines BIX 
and^EH are»^cut proportioaallyp a^d therefore FH, fhp dif^. 
fefehce^of the f^ght' lines FE and'Hfii is bifeAedi^Cy 
and therefore, as was (hewn in the,]lafl. Theorem, 'K.E b 
half the fum of FE and IIE, that m, o^the co-JSnes of* the 
arc^.AB aadi^yp* Bt^ beoaujC^ of the. fimilar txiM^A^' 
EGG, EJKI, EC : EI : : GE : E*K ; now, GE is the co-fine 
of AC, thetefoH; ' r*' ' • ' ;' ** ' 

- 'R:c6r.Bd::cbf.Ae:±cof.AD + i-cof.AB, 

t)Tilittot;B: : cot A : 1. cof-CA-fB) -f- |^coC(A--JD> 

-■..•*. • .,0 ••• #. . '. ,' 
and therefore, \ 

cof. Ax cof.B=ri.cof.(A+B)4'i-cof.(A— B): 

3//0, Again, the triangles IDM, CEG are eqifiangiflar, for 1 
the angles KIM, EID are equal, being each of tfaemri^ltt I 
angles, and therefore, taking away ^le angie £IM, the angle 
BIM is equal to the angle ElK, that isy to che angle £CG *, 
and the angles DM I, CGE are alio equals bemg bdth ri|fac 
angles, and dierefore, the triangles IDM, CGE have Uie £del 
about their equal angks proportkmaig, aad condfequently, 
EC : CG : : DI : IM ; now, IM is hdf the difference of ^ 
co-fines FE and £H, t^refore 

R : fin. AC : fin. BC : J^ cof* AB~4 cof, AD, 
or I : fin. A : fin. B : : - cof. (A-^)— i- cof. ( A+8)' 5 

and alfo^ 
fin. Ax fin. B -r I cof. (A— B>— L <»£ ( A-hB). 
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4tOy Laftljy In the fame triangles !^CG, DIM , 
EC : EG : : ID : DM ; now, DM is half Ihe di£ference of the 
^es DH and BF, therefore, 

R : cof. AC : : fin. BC : JL fin. AD— i. fin. AB. 

or I : cof. A : : fin. B : i fin. ( A-f-B)— 1. fin. (A— B) ; 

and therefore, 
cof. AX &1,'927 1: ^, ( A+B)— i-'fiiii ( A---iDt 

^ 6. If therefore A and B be any two arches whatfoever, 
the radius b^ing fuppofed i ; 

I. fin. A)< cbT. BEXSa: {AVB} ^-'rm.tA— B). 

n. coC AX cof. B=: t cof. ( A— B) + f co£ (A+B). 
IH. fin. Ax fin.Bz=J ;i. fco£ (A^B)-*- JL cof. (A+B). 

JV. cof. Ax fin. B= i fin. (A+Bj— ^ fin. ( A— B). 



¥x0m tbefe four Hieorems are aUb deduced other four< 

I . * • ^ 

For, by adding the firft stiid foordi together, ; 

,11. !/•.., 

fin. Ax oof. B + coC Ax fin. B = fin. (A+B). 

Alfo, by taking the &urth from the firft, 
fin. Ax cof. B -- x:o£ AX fin. B - fin. (A— B). 

' A(pl&» tdlding the iiccdnd .and tfaiod, . 

cot Ax fcoft B -F fin. AX fin. B ± cof. (A— B) ;' 

^ And, lafiljt fubtrading the third from the fecond, 

: coC AK'<;(|CB --fip. AX fin. B = cof. (A+B)>. 
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. DE-FIN I T I ON S.- 

/ 

A Great circle pf the fphere is an j .circle on. the fupei^cus 
of the fphere of iivhich the plane ''pafies' throng 4c 
centre of the fpherfe, and of which the ^cenQ-e therefore is 
the fame with the centre of the inhere. 

II. 

The pole of a great circle of the fphere is a point in the fe ., 
periicies of the fphere, from whichall ftnik;}it- lines dra^ \l 
to the circumference of the circle are e(jiia![. 



• *^ 



■ •■ III. " •■•- ■■■ '• 

A fpherical angle is that which on the fuperficies of a fphere 

is contained by two arches of great circles, and Is the £sane 

, with the inclination of the planes of thefe great circles. ' 

IV. 

A fpherical triangle is a figure upon the fuperficies of a fphere 
comprehended by three arches of three great circles, each 
of which is leis than a femicircle. 

PROP. 
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Sit 



A 



PROP. L 

NY two great circles of a.fphere biled one- 
another. . • 



For> as thej have the iame ceatre^ their coiamoa CeAion is 
a diameter of! bo^h, aad therefore biCsds both. 



PROP. II. 



THE arch of a great circle t)et ween the pole and 
the circumference of another great circle is a 
quadrant. . , 

Let ABC be a nreat circle, and D iti pole; if a great circle 
CD pafs through D, and meet ABC in C» the arch DC is 
a quadrant. 

jLet the peat cixiple CD nieet 
ABC agam in Ay^ and let AC 
1>e the common fecHon of the 
great circles^ which will pais 
tiiroag^ E the centre of the 
jTphere : J^ DE, DA» DC ; 
By def. a. DA, DC ^e equal, 
and AE, EC are alfo equal, 
and DE is common ; therefore 
(8. 1.) the angles DEA, DEC 
fit equal; wherefisrc the arches 

• DA,DC vixt equal,, and confequendj each of them is a qua- 
drant. :<^.D. 

CoR. ^The circle ABC has two poles, one on each fide of 
its plane, which are the extremiries of a diameter of the^ 
fphere perpendicular to the plane ABC ; and no other 
point but theie two can be a pole of the circle ABC. 




PROP. 
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P- R O P.' III. 

IF thepbledfa'giieat ciirclebe the fame wit^j^ 
ioterfeftion %f other two great circles ; the ttdt 
of the firft mentioned circle intercepted between 
the other two, is the mea&re of the fpherical angle 
which the fame t^b circles make with one 
ther. 

Let the great circles^A, CAonthe liiperficiea of a fphnc^ 
«f . which the centre is D, istecfeft one snother in A, . and Jet 
Be bi an arch of another great circt^ of which die 'p5e~ 
A V BC is the moafure of the fpherical angle BAG. 

Join AD, DB, DC ; fince A is 
the pole of BC, AB, AC sire 
' qD34»ats, and the aii^es ADB, 
AD€ are right angles-, therefore 
(4. def. 7.) the angle CDB is 
the inclination of the planes of the 
circles. AB, AC, and is (def. 3. 
Sp. T.) eqOal to the fpherical 
angle BAp. Q^E-D. 

Cor. i'. If l^u'aUgh the point A, 
twA <]i^r3nts AB, AC, be drawn, 
die £Dint A will be the pole of 
the great circle BC,paf£ng through 
their extremities B, C. 

Join AC, and draw AE, a.ftr&ight ]mf to any other poJM 
E in BC ; join DE : Since AC, AB are quadrants, the anjb 
ADB, ADC are right angles, and AD will be perpendlW' 
lar to the plane of BC : Therefore the angle ADE is.i 
right angle, and AD, DC are equal to AD, l!>£.each to eidl'l 
therefore AE, AC are equal, and A is the pole of ECj ij 
def. 3. 
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IF there be two great circles of a fphere, df whiclx 
the firft pafles through the poles of the fectjad; 
the fecond alfo pafles through the poles of the iirll. 

: Let AGBD and AEBF be twa circles^ the one of which 
ACBD pafles through C and D, the pole^ of the other 
AiEBF; the circle AEBF paiTes through the poles of the 
BJixdeACfiD. 

t I-et 6 be the centre of tlie fjphere j join GG, GD, which 
trill be in the fame ftraight line : Draw AGB the di^tneter 
vbich is the commoii fee- 
tion of the circles ACBD, 
A.£BF; and in the plane 
of the circle AEBF draw 
from the point Gth^-flfaight 
line EGF perpendicular to 

Theti-jbecailfe C^ndD are 
thepcJcgof the circle AEBF, 
tlie asch intercepted be- 
tween either of them and 
my point in the circumfis- 
fence AEBF, is a quadrant 
(Prop. 3.}; and ^erefore 
die ftnu^t line CD is perpendicular to the plane of the circle 
AEBF ; ¥^refore.alfo the plane of the circle ACBD, which 
piffts through CD, is perpendicular (^ij. 7.) to the plane 
J^XBP. And fince GE in the plane AEBF, is perpendicu- 
lajTto AB, the conimon fedion of the two planes, it is per- 
Hcarficnlaf to the plane (2. def. 7O AGBD. The arch of a 
great cixcle, thererare, intercepted between the point E asd 
taj point of the citcumference AGBD b a quadrant, and 
tlier^are, (Prop. 3.) the point E is the pole of die circle 
ACBD. For the &me rea£bn, F is the other pole of the 
eircle AGBD ; and £ and F are in the circumference of th« 
rirdeAEBF. Q^£. D. 




PROP 
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P'R O P. v. 

IN* ifofceles fpherical triangles the angles at the 
bafe are equal. 

Let ABC be a fpherical triangle, having the fide AB eqorf 
to the fide AC ; the fpherical angles ABC and ACB are MpnL 

Let D be die centre of the ^bere; jwn DB, DC, DA^ 
and from A pntheftraight lines DB, DC, draw the pcrp«». 
diculars AE, AF ; and from the points E and F draw io'dfe' 
plane DBC the ftraight lines EG, FG perpendicular' to DB 
and DC, meeting one anotherin G : Join 4,G. 

Becaufe DE is at right angles to. each of the flrsight line 
AE, EG, it is at I'ght angles^ 
to the ^ane AEt?,-..which ■ «-? 
pafics. through AE, EGv, (4- 
7, "] •.* and' therefore^ every 
plane that pafies thnnigt) Df 
is at right angles to the .plane 
AEGC17.7O i whereforcj the 
platip DBQ is at rightlnglea to 
the p^ne AEG. j or the fwie 
feafon,'the plane DBC.iis at 
right angles to the plane AFG, 
and therefore AG, the com- 
mon feflion of the planes 
AFG, AEG is at rirfit angles (18. 7.) to the pfene DBC, an* 
the angles AGE, AGF are confequentljr right angles. 

But, fmce the arch AB is equal to the arch' AC, the anA 
ADB is e^nal to the angle ADC, Thereffere the trianns 
AD£, ADF, have the angles EDA, FDA equal? as affotbC 
angles AED, AFD, which are right angles; anJ they have, 
ths fide AD common, therefore die other fides are equal, vii. 
AE to AF, (26. I.) and DE to DF. Agiln, becaufb the 
angles AGE, AGF are rifght angles, the fquares on AG and 
GE are equal to the fquare of AE ; and the fquares of AG 
and GF to the fquare of AF. But the fquares of AE Muf 
AF are equal, therefore the fauares of AG and GE arc eqaat 
to the fquares of AG and GF, and taking away the common 

l^uarc 
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K of AG.tberemaiuingfiuarcs of GC and GF are equal, 
jE is thcrefbre eq'j:il to GF, Wherefbrc, in the triangle* 
5, AEG, the Sis GF is equJ to the fide GE, and AF 
»een proved to be cquil to AE.and the bafe AG is cotn- 
, therefore tht angle AFG is equal to the angle AEG 
.'), Biit the angle AFG u the angle n'hich the plane 
C makes with the plane DBC (4. d.;C 7.), becaafe FA 
vG, which are drawn in thi^a planca, are at right anzlcj 
F| the common fectioi of the planes. Ilie angle AFG 
a. Sp. . T.) is therefore equal to the fpherical angle ACB ; 
■at the'laioe real'on, the angle AEG is equal to the fpbe- 
angle ABC. But the angles AFG, A.EG are eqoaL 
efbrclbe fpherical angles ACB, ABC are alfo equal. 

:. D. 



PROP. VI. 

the angles at the bafe of a fpherical triangle be 
qual, the triangle is ifofceles. 

t ABC be a fpherical triangle having the angled ABC, 
t equal to one aaother ; the fides A.C and AB are alfe 

t D be the centre of the fpherc; job DB, DC, DA, 
irom A 00 the Ilraight lines DBi DC, drsvr the perpen- 
m AE, AF ; and from the points E anil F, draw iit ' 
plane DAC the Orai^t lines. EG, FG. {lerpendicalu- 
B and 0C,''ineeting me another. is G; JMn AG. 
lea, it may fifc-groved as vfaa d^ m the hit Ftpp tbat 
is at ri^t endei^ die plane VGD, and tlpt ^icccfate the 

■ AGF,A(^areq^and|n»indal& that the angles 
rj A£iGat« equal to Om^^ whidt die planes DAC, 
I ipake with the plane DBC. Bat becanle ^hc fpherical 

■ ACB, ABC are equal,, th es which the pLm» 
;, DAB' make with the p^ - are egnal, (3- of/* 
Tr.) and therflfcre il.e "J, AEG are idfo 

^^^-" iiereforetwoangUa 




^, and tfwy have 
r ate equal, and the 
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Again* becsufe the txiaagles ADF, AI>£ ate right an, 
at F Bad £, the fquares of OF and FA are equal to 
fqture of DA, that is, to the 
fquares of D£and£A-, now, ^ 

the fquarc of AF is sqvtal to 
the Jquarc of A£„ therefore 
tbe&]iwie-of DF is equal to 
the fquare of D£, and the 
fide DF to the fide, D£. 
Therefore in the ciangles 
DAF. DAE, becanle OF is 
e^ual to DE, and CA coih- 
moni and alfo AF equal to 
AE, the angle ADF is equal 
to the angle AD£ -, therefore alfo, the arches AC and . 
which are the meaiiircs of tie angles ADF and AD£ 
equal t& one another i- and the triaaKle ABC is ifofc 
Qi E. D, ^ 




PROP. VII. 

LNY two fides of a fpherical triangle are gp 
er than the third. 



Let ABC be a fpherical triangle, any two fides AB, 
axe greater than the third fide AC, 

Let D be the centre of the 
fphere ; join DA, DB, DC. 

The folid aiigle at D is 
contained bj three plane 
imgles ADB, ADC, BDC ; 
(19. 7.) any two of which 
ADB, BDC are greater 
than the third ADC, that 
is, any v.v<f fides AB, BC of __ 

the fpherical triangle ABC, are sreater than thrthird 
(i.E.D. 
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PROP. VIIL 

HE three fides of a fpberical triangle an le(« 
thiin a circle. 



Let ABC be^ fpherical triangle as before, the thite fides 
AB« BG, AC are ]e& than a circle.l 

Let D be the centra of the fphere : The folid angle at D 
is contained by three plain angles BDA, B1>C, ADC, 
which together are ler«? than four right angles, (ao. 7.) 
therefore the fides AB, BC, AC together, will be leis t}>aa 
four quadrants, that is lefs than a circle. Q^E. O. 



PROP. IX- 



I 



N a fpherica) triangle the greater angle is oppo- 
fite to the greater fide ; and converfely. 



Let ABC be a fpherical triangle, the greater angle A is op- 
poftd to the greater fide BC. 

Let the angle BAD be ^ 

made etpalTfd "the angle B, 
s^dien BD, DA \vill be 
equal, (Prop. 6.) . and there; 

rfore AD, DC,-^e equal to. 

' ftCi but AD> be are great- 
er than. . AC, (Prop. 7.), _ 
therefore^BC is greater than t^^ "^^C 
AC, that is, the greater angle • 1 . .. . 
A is oppofitc to the greater fide BC. The ccHlTerie is de- 
numftra&f as Prop.19. i. Elem. . Q* £. D; > . 

• • ■ «■»■!. 

■ '%»-• • J 
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PROP. X. 

ITsT a Tpherical triangle, according as the fum of 
two of the fides is greater than a femicircle, 
equal to it, or leis, the interior angle at the 
bafe is greater than the. exterior and oppofite 
angle at the bafe, equal' to it, or lefs ; and the fum 
of the two interior angles at the bafe greater than 
two right angles, equal to two right angles, or Icfi 
than two right angles; 

Let ABC be a fpherical triangle, of which the fides an 
AB and BC ; produce the fide AB and the bafe AG till thej 
meet again in D ; then, the arch ABD is a femicircle, and 
the fpherical angles at A and D : are equal, becaufe each i 
them is th6' inclination of the circle ABD to the axA 
ACD. 

1. If AB, BC be equal to a femicircle^ that is, to AD, 
BC will be equal to BD, and- . - 

therefore (Prop. 5.) the angle .»? 

D, or the angle A will be e^ 
qual to the^.9pgle BCD. 

2. If AB, BC together 
be greater t}ian a feipicircle, 
that is, grea^r than ^ABD, A.' 

' UC will be greater thanljD; 

ind thertfolfe- ' t*apj0, 
. the angle D,' that is,*t^^ 

angle A, is greater than' (he 

angle BCD. . 

3. In the fame toander it fc fbewn, if AB, BG together 
be lefs than a femicircle, that the angle A is lefe than the 
angle BCD. And fince the angles BCD, BCA are equal to 
two right angles, if the angle A be greater than BCD, A and 
ACB together will be greater than two right angles. If A 
be equal to BCD, A and ACB together will be equal to two 

right 



3, 

c 
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^glit angles ; and if A be leis than BCD, A and ACB will 
4te lefi than two right angles. Q^ £. D. 



'3*9 
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F the angular points of a fpl^etical triangle ht 

raade the poles of three great circles, thefe thre^ 

circles by their interfeftions will form a triangle 

^"which is faid to be fupplemehtal to the former; and 

gihe two triangles are fuch, that the (ides of the one 

We the fupplemeots of the arches which meafurethe 

angles of the other. 

^* l«t ABC be a fpherical triangle ; and from the points A^ 
UB, fiid C as poles, let the great circles FE, ED, DF be de- 
Nbribed, inteifeding one another in F, D and E; the fides df 
'Jdit triangle FED are the fupplements of the meafures of the 
' Juries A, B, C, viz. F£ of the angle BAG, D£ of the '^gle 
]ASC« and DF of the angle ACB : And again, AC is . the- 
tkpiplement of the anjle DFE, A£ of the an^ FED, and 
BC of the an^e EDF. ^ 

Let AB jyfodi^ed meet DE, £F in G, M^ let AC meet 
FD, ir£ i^K>X ; aik| kt BC meet 
FI>, I>£ in iMf. 

Si^ce .Ais^the^le of FE, and 
the <^xlej^C:pati^ thfpugh A, 
EF .Will'^als tltfough th© pole of 
A.QC^dp. 4.), and finoe AC 
x wrfT cs Jhrough C,' die pole of 
FD^ ^ will pais thf&iigh the 
pole of :A€rt-therefore'the pole 
*t>f AC is in the point F, in which 
the aidies DF, £F interled each 
odier. In the fame manner, D 
is the pole of BC, and £ the pole 
cf AB. 

. And fince F, £ are the poles of AL, AM, the arches FL 
and £M are quadrant!s, and FL, EM together, that is, F£ and 
•ML together are equal to a £emicircle. But fince A is the 

y 4 pole 
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pole of ML, ML is the mealute of the angl^e BAG, (Prop. 3.) 
confequently F£ is the fuppleineat of the ipeafiire of the 
angle BAG. In the fame 'manner, ED, DF are the fnp^ 
mentsof the meafures of the angles ABG, BGA. 

Since likewife CN, BH are quadrants, CN, BH togetho^ 
that is, NH, BC together, ar« equal to a femicirde ; andfioa 
D b the pole of NH, NH is the meafure of the an^ FDE, 
therefore the meafure of the angle FDE is the fupplemrnl f( 
the fide BG. In the lame manner, it is Ihewn that the si4- 
fiires of the angles D£F, £FD are the fup];7lements of d* 
Odes AB, AG, in the triangle ABG. Q^E.D. 



PROP. XII. 

THE three angles of a fpherical triangle are 
greater than two right angles, and lets tbw 
fix right angles. 

The meafuves of the angles A, B, C, in the triapele ABC» 
together with the three fides of the fuppleipentu ttian^ 
DEF, are (Prop ii.) equal 
to three femicircles ; but the 
three fides of the triangle 
FDE, are (Prop. 8.) lefe 
than two feiyicircles ; there- 
fore the . m«;^ures of the 
nn^ AV B, C <{ti^- greater 
ihah a {cmi$|pel'e ; "^a^id hence 
die angles A; 5, C ai^ great- 
er than y^o right.angldb. 

And bec'iufe aUthe ^sxter- 
nal and- rnterii'alangU^s qf any 
triithgle are equal to fiXj right 
^gl^ ; therefore, all. the internal sngles are leis than Gx right 
aVigi^?* -.. .'"'-.■ 
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PROP. XIII. 

IT to the circumference of a great circle, from a 
point which is not the pole of it, arches of great 
circles he drawn ; the greateft of thefe arches its 
that which palTes through the pole of the 6rll men- 
tioned circle, and the fupplemeot of it is the leaft ; 
and of the others, that which is nearer to the great- 
eft is greater than thai which is more remote. 

Let ADB be the circumference of a groat circle, of which 
the pok is H, aitd let C be anj other point ; through G and 
H let the femicircle ACB be dravn meeting the circle ADB 
in A and B-, and 1^ the arches CD, CE, CF alfo be defcri- 
bed. Froi»-e diraw CG perpendicular to AB, sod then, be- 
caufe the circle AHCB whlok paETes tfaiougb H, the pole of 
the circle ADB, ia at right ^ngl«? to ADB, CG is perpen- 
^^ukrtothe plane ADB., Join GD, GE, GF, CD, CE, 
CF,.CA, CB. 

Of ^ the flraight lir.e^ d^wn from. G to the circnmference 
ADB.'GA is M' 
greateft, and GB- t^e ' 
fedl C7.3.)i«idGD 
which is nearer to GiA 
is greater ^laa- GE,- 
which i^ more remote. 
Bnt t>e triangles CGA 
CODare right angled 
^X G, and they ha^ve 
the cmnmon fi,(le CGi - 
thercforp. the fguares.. 
of CG,<5A together, A^t is, the fquare of CA. is greater 
than the iquares of CG, GD together, that is, than the ^uare 
(tf CD ; therefore CA b greater tlian CD, and the arch C A 
than the arch CD. In the feme manner, fince GD w greater 
than GE, and GE than GF. it is ihewn that CD is great- 
er than CE, and CE than CF, and confequently, the arch 
CD greater than the arch CE, and the arch CE greater than 
the arch CF. Alfo, becaufe -\G is the gre«teft, and G."- the 
ksft of allthr lines drawn from G, CA is the gicatefl, and 
CB tlie leaft of aU the lines drawn from C, and therefore the 
arch CA is the gre.iteft. antl CB, its fi'pplement, the leaft of 
. all the arches drawn through C. Q^E. D. 

PROP. 
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PROP. XIV. 



IN a right angled fpherical triangle the fides att 
of the fame afie<%ion with the oppofite angleSf 
that is,if the fides be greater or lefs than quadraiit$| 
the oppofite angles will be greater or lefs than right 
angles. 




Let ABC be a fpherical triangle right angled at A, any 
£de ABy will be of the lame a£F(^on widi the oppc^te 9Siffc 
AGB. 

Caie X. Let AB be 
lels than a quadrant. Let 
A£ be a quadrant^ and 
£C an arch of a great 
^circle paffing through £, 
C Since A is a rightAS 
ande^and A£ a quadrant, 
£ IS the pole of the great 
circle AC, and ECA,a 
right angle ; but EC A 
is greater than BCA, 
therefore BCA is lefs 
than a right aiigle. 

Cafe 2. Let AB be 
greater than a quadrant, ^ 
make AE equal to a^ 
quadrant, and let a great 
circle pals through C,E. 
EC A is a right angle as 
before, and BCA is great- 
er than EC A, that is, greater than a ri^ht angle. Q^ E. D. 



; 
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PROP. XV, 



IF the two fides of a right angled fpherical tri- 
angle be of the^fame-gfFe<91on,''the hypotehvfe 
will beliefs than a quadrant ;• arid if they be <o{ 
diSerdnt affedion, thehypotenafe^ill be greater 
than a quadrant. ' .'t ; 



t >.- 



^1 -i ri 



Let ABC be a right angled fpherical triangle, if the two 
fides AB, AC be of the fame or of different afie6tion, the 
hjpotexmfe BG will be le& or greater than ^ qaadrant. 

Cafe I. Let AB,. AC be each lefs th^ a quadrant. Let 
AEy AG be quadrants ; G i^ill be the pole of ABbl and £ 
the pole of AC, and £C a quadrant; but, (Prop. 13.) C£ 
is greater than CQ^ fince CB b farther off from CGD than 
C£. In the fame manner, it is fhewn that CB, in the tri- 
angle CBD, where the two fides CD, BD are each greater 
than a quadrant, is lefs than C£, that is, leis ; than a quadrant. 

Cafe 2c Let AC be lef^, and AB gpeater than a quadrant ; 
ti&fccn the hjpptenufe BC will be grejiter than i quadrant ; for, 
let A£ be a quadrant, ^then £ is the pole oi AC, and £C 
will iih^jL quadrant. But CB is greater .than CE (Prop. 13.), 
fince Ad paffes Jhf6ugh>he pole.rf ABD. ^(^ E. D. 

Cor. I. HencOj, conve|fely, if the hypotenufe of a right 
angled triangle be greater or leis than a quadrant, the fides will 
be of different or the fanaeafiedion. 

. Goal 2*:Since (Prop. 14.) the angles of, a right angled 
jbherSpal triangle have the fape afie^on with the oppofite 
iides, ^eirefore, ^cording as the hjpotenufe is greater or 
leis thad a quadrant, the angles will be.of different or of the 
feuae affe&oix. 
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PROP. XVI. 

IN. any fpherical triangle, if the perpendicular up* 
on the bafeirom the x>ppofite an^ fall within 
the triangle^ the. angles at the bafe are of the fame 
affedion ; and if the perpendicular fall without the 
triangle, the angles at the bafe are of different af- 
fedion. 

Let ABC be a fpherical triangle^ and let the arch CD k 
drawn from C perpendicular to tile bafe AB. 

x^ Let CI> ftll within the triangle ; then fince Ai>C, BDC. 
are right angled fpherical triangles, the angles A, B muft eacb 
be of the fame afifeAion with CD (Prop. 14.). 




; 



5 




, 2. Let CD fall without the triangle; then (Pit)p. 14.) 
the angle B is of the fanie dffedion with CD ; and' the 
angle CAD Is of the fame affedioh with CD ; dietiefore the 
angles CAD and B are of the lame affeftion, and the angles 
CAB and B of different affeftiofts. 

CoR. Hence, ii the angles A and B be of the &me afie£Hon, 
the perpendicular will fall within the bafe ; for, if it did not, 
A and B would be of different affe&ion. And, if the angles 
A and B be of oppofite affection, the perpendicular will fell 
without the triangle ; for, if it did not, the angles A and B 
would he ©f the fame affeftion, contrary to the mppofition. 

* PROP. 
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PROP, XVII. 

IF to the bafe of a fpherical triangle a perpendi^ 
cular be drawn from the oppofite angle, which 
cither falls within the triangle, or is the neareft of 
the two that fall without ; the lead of the fegraents 
of the bafe is adjacent to the lead of the fides of 
of the triangle, or to the greateft, according as the 
fum of the fides is lefs or greater than a femicircfe. 

Let ABEF be a great circle of a fphere, H its pole, and 
GHD any circle pafling through H, which therefore is per- 
pendicular: to the circle ABEF. Let A and B be two points 
in the circle ABEF on oppofite ^des of the point D, and let 
D be nearer to A than to B, and let G be any point in the 
circle GND, between H and D. Through the points A and 
C, B and G, let the arches AC and BC be drawn, and let«- 
th»m be produced till they meet the circle ABEF in the 
X>ouits £ and F, then the arches ^^.GE, BCF are femicircles. 
Alfo ACB, ACF, CFE, ECB arc four fpherical trian^es 
contained by arches of the fame circles, and having the lame 
perpendiculars GD and CG. 

I. Now, b^caufe C£ is near- 
er to the arch CHG than CB is, 
C£ ia greater than CB, and 
therefiure CE and CA are 
greii^r than CB and CA, 
wh^fcMie CB and CA are lefs 
lhan[ flKfemicircle ; but becaufe 
AD(is'by fuppofition lefs than 
DB^ AC^is alfo kfe than CB, 
(Pr^p.i3,), and therefore in 
this/ cafe, viz. when the perpen- 
dicular &Ils widxin the triangle, and when . the fum of the 
a^e^ris k&than a feiBietrcle, the leaft fegment is adjacent to 
the le^ £d^. 

a. Again, in the triangle FC A the two fides FC and GA 
arc leis tl^n a femicircle ; for, fmce AC is ids tlian CB, AG 
and CF are lels than BC and CE. Alfo, AC is lefe than CF, 
becaufe it is more remote from CHG - than tlF is j there&r^ 
the leaft fegment of ths bafe AD is in this cafe alfo adjacent 
to the leaft fide. 

I 3. But 
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3. But in the triangle FCE the two fides FC and CE are 
greater than a femicircle; fior, fince FC is greater than CA, 
FC and CE are greater than AC and CE. And becauie 
AC is leis than CB, EC is greater than CF, and EC is there- 
fore nearer to the perpendicular CHG than CF is, wherefore 
EG is the lead fegment of the bafe, and is adjacent to tlie 
greater fide. 

' 4. In die triangle ECB the two fides £C^ CB arei'gfeater 
than a femicircle ; for, fince bj fuppofitioa CB is. greater than 
C A, EC and CB are greater than EC and C A. Alfb, EC 
is greater than CB, wherefore in this cafe, aho, the leaft feg^ 
ment of the bafe EG is adjacent to the greatefl fide of tJK 
triangle. Therefore, Stc, Q^E. D. 

P R O P. XVIII. 

IN right angled fpherical triangles, the fine of 
either of the fides about the right angle, is to 
the radius of the fphere, as the tangent of the re- 
maining fide is to the tangent of the angle oppofite 
to that fide. 

Let ABO' be a triangle, having the right angle at A ; and 
let AB be either of -tlie fides, the fine of the fide AB will be 
to the radius, as the tangent of the other fide AC to the tan- 
gent of the angle ABC, oppofite to AC. Let D be the cen« 
tre of the fphere ; join AD, BD, CD, and let AF be drawn 
perpendicular to BD, which 
therefore will be the fine of 
the arch AB, and from the 
point F, let there be drawn 
in the plane BDC the 
llraight line FE at right 
angles to BD, meeting DC 
in E, and let AE be join- 
ed. Since therefore the 
ftraight line DF is at right 
angles to both FA and FE, 
it will alfo be at right angles 
to the plane AEF (4. 7.), 
wherefore the plane ABD, which pafits through DF 
is perpendicular to the plane AEF (17. 7.), and the plane 
AEF perpendicular to ABD : But the plane ACD or A ED 
is alfo .perpendicular to the fame ABD : Therefore the com- 
mon 
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Biba fectioQ, viz. the flraight line AE, is at right angles to 
the plane ABD. (18.7.). anJ EAF, EAO are righe 
angles. Therefore AE is the tangenc of the arch AC v 
and in the reAilineal triangle AEF, having a right angle at 
A, AF is to the radius as AE to the tangent of the angle 
AFE, f I. PL Tr.) ; but AF is the fine of the arch AB, 
and AE the tuieent of the arch AC, and the angle AFE is 
the inclination of the planes COD, ABD, (4. def. 7.) or the 
^etical angle ABC : Therefone the line of the arch AB is 
to the radius as the tangent of the arch AC to the tangent o£ 
the oppofite angle ABC. Q^ E. D. 

CoR. And fince by this propofition the fine of the fidic 
AB is to the radius, as the tangent of the other fide AC to* 
tbe tangent of the angle ABC oppofite to thai fide ; and as 
tfae radius is to the co-tangevt of the angle ABC, fo is the- 
tangent of the lame angle ABC to the radius, (1. Cor. def. 9. 
PI. Tr.) hj equality, the fine of the fide AB is to the co-tan. 
geitt.of the angle ABC adjacent to- it, as the tlitngent sf the 
sdier fide AC bo-the radius. 

PROP. XIX. 

IN right angled fpherical triangles the fine of the- 
bypoteniile is to the radius, as the fiiie' of either 
fide is tathe fine of the angle oppofite to that fide. 

Let the triangle ABC be right angled' at A, and let AC be 
cither of the fides; the fine of ttw hypotenufe BC will 
be to the radius as the fine of the aicb AC is to the fine of 
the ande ABC. . - 

Let 1) be the' centre of the fphere, and let CE be drawn 
perpcndiculaT to DB, which will therefore be the fijio of th& 
hypotenufe BC ; and from 
the point £ let. there be drawn 
in the plane ABD the flraight 
line EJ" pei-pendicular to. DB 
and let CF be jomcd: CF 
will be at right angles to the 
plane ABD, as was {hown in 
the preceding propolition of 
' the ftraight line E A t Where- 
fore CliD, CFE are right 
angles, and CF is the fine a{ . 
the. arch AC 1 and in die triangle CFE, having the right 

angle 
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angle CFE, G£ is to the radius, as CF to the fine of the angk 
CEF, (I. PL Tr.). Bin, fince CE, FE are at right angles to 
DEB, which is the common fe£Hon of the planes CBD, 
ABD, the angle CEF is equal to the inclination of thcfe 
planes, (4. def. 7.), that is, to the fpherical angle A^C. The 
fine, therefore, of the hjpotenufe CB is to the radios as the 
fine of the fide AC is to the fine of the oppofite angle ABC. 
<^E. D. 

CoR. Of thefe three, vii. the hypotenufef a fide, and the 
angle oppofite to that fide, any two being given,' the itiid 
may be found. 




PROP. XX. 

IN right angled fpherical triangles, the co-fine of 
the hypotenufe is to the radius as the co-tangent 
of either of the angles is to jhe tangent of the re- 
maining angle. 

Let ABC be a fpherical triangle, having a right angle at 
A, the co-fine of the hypotenufe BC will be to the radius as 
the co-tangent of the angle ABC to the tangent of the angle 
ACB. 

Defcribe the circle DE, . 
of which B is the pole, and 
let it meet AC in F, and 
the circle BC in E ; and 
fince the circle BD paffes 
through the pole B ot the . 
circle DF, DF will pafs 
through the pole of BD, 
(Prop. 4 .) . And fince AC is 
perpendicular to BD, AC 
will alfo pafs through the 
pole of BD \ wherefore, 
the pole of the circle BD "p 
is in the point where 
the circles' AC, .DE inter- 
fed, that is, in the point F : The arches FAj FD are thcwfi. 

fore 



SPHERICAL TltrG^0N6MtftAi#.- 

Pore quadrants, and likewife the arches BD, BE : In the ^- 
«uigle CEF, right angled ^X th^- pcint E, CE is the comple- 
ment of BC the hjpotenofe of the triangle ABC, EF is the 
complement of the iirch ED, which is the m^ure of the 
angle A.BC, and FC the hjpotenufe of the triangle CEF» is 
the complement of AC, and the arch AD, which is the mea- 
fm-e of die aivgle CFE, is the c^ftiplement of AB. 

But (Prop. 1 8.) in the triangle CEF, the fine of the fide i 
GE is to tJt^ radius, as the tangent of the other fide EF is to 
the tangent of the angk E^Cr eppofite to it ; that is» in the tri- 
angle ABC, the co-fine o( the hjpotenufe BC is to the la^ 
dius as the co-tangent of the angle ABC is to the tangent . 
•f th^ angle ACfi. Q. E. D, 

CoR. I. Of thefe three, viz* the hjpotLenufe and the two . 
angles, any two being given, 4iie third will alio be givea. 

• CoR; 2i And fince by this propofition the co-fine of the 
hypotenufe BC is to the radius as the co-tangent of the 
angle ABC to the tangent of the angle ACB, and fince the 
rA^tis is to the co-tangent of ACB, as the tangent of ACB 
to the radius, (Cor. 2. def. 9. PL Tr.) ; therefore ex aquo^ the 
c&jBab of the hypotenufe BC is to the co-tangent of the angle 
ACB, as the co-tangent of the angle ABC to the radms« 



3*^' 



PROP. 
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PROP. XXT. 

{N right. angled fphejical tmngles, the cb-fineof 
' aa'aogle is to the radiu3r ^^ the tangent of the 
le adjacent to that angle is to the tangent of tht 
hj^potenufe. 

The lame cooftra£tion reinaining: In the triangle C£F, 
(Trxjip. i8.) the foe of the fide EF is to the radius, as the 
tangent of th^ other fide C£ is to thf^ tai^gent of the aogk 
*CFE oppofite to it, that is, in the triangle ABC, the co-me 
of the angle ABC is to the radius as (the co-tanj^nt of the 
hypoteimfe BC to the co-tangent of the fide Ab, adjacent 
to ABC, or aa) the tangent of the fide AB to tha tango^ 
of the hjpotenufe, foce the tangents of two arches are reci- 
procaUj proportional to their co>«mgcnts, (Cor* %• dci 9« 

* . ■ ■• 

CpR. And fince hy this propofition the po-fine of ibt.9ioAr^ 
ABC is to the radius, as the tangent of tbe fide AB is tojd^Qt 
tangent of the hjpotenuie BC; and as the r«dius is to the cop- 
tangent of BC, lb is the tangent of BC to the ladiHS.^ §f 
aquof the co-fine of the angle ABC will be to the co-tan- 
gent of the hjpotenufe BC, as the tangent of the fide AB, 
adjaceuLt to the angle ABC to the radius. 
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T K O P. XXH. 

IN right angled fpherical triangles, the cc^finp 
of either of the fides is (o theradius, as the co- 
fine of the hypotenufe is to the r;o-fine of the other 
fide. ' 

_ . • ■ » . 

The fame ceaiftru£iiQn remaining : In the triangle . C£F» 
the fine ef the hypotenufe CF is to the radius, as the fine of 
the fide C£ to the fine of the oppofite anzle CFJ^, (Fropi# 
KgS) \ that is in the tnangle ABC, the co-fiftfe of the fide CA 
Ls tx> the cadins as the co-fine of the hypotenufe BC to the co- 
Sne of the other fide BA- (^ E. D. 



P U O P. XXIIL 

IN tight angkd fpherical triangles, the co-fine of 
either of the fides is to the radius, as the co-fine 
of the angle oppofite to that fide is to the &tit of 
the ofhtt angle. 

The £une cnnftniftion remaining : In the ttiaa^ C£E| 
Ibe fine of the hypotenufe CF is to 0ie radius a? Se fine t£ 
Ihe fide £pF is to the fine of the angle ECF oppofite to itp 
that is, in the triangle ABC» the co-fine of the fide C A is to 
the radius, as the confine of die angle ABC omrafite to it, is 
to the fiois of the otl^r angle ACS. Q^£. I). 
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sphjERigal trigonometry, 
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SOLUTION of 'the' Cases of Righ Angl 

SPHEKICAL TkIANO|.ES. 
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f R 6 B L E M. 



IN^ a right angled fpherical triangle, of the t 
fides and three angles, any two being givep 
fides tW right angle, to find the other three. 

This problem ha^'fixteen cafes, the fblutions of whic 
contained \a iiit following table, wh^re ABC is anj fph 
triangle right angled at A» 



GiVEW. 



BC and B. 



Sought. 



AC and C. 



AC and B. 



AC and BC. 



AC 

AB 

C. 



AB. 

BC. 
B, 



AB. 



SOLUTIQK. 



R:fin.BC::fin.B:fin.AC, (19). 
R:cof.B ::tan.BC : tan.AB, (21). 
R : cof. BC : : tan. B : co-t. C, (ao). 



I t 



R : fin.AC :: tan. C: tan.AB, (18). 
cof. C : R :': tan. AC : tan. BC, Qi i). 
R : cof. AC : : fin. C : cof. B, (23). 



tan.B : tan. AC : : R : fin. AB, (18). 



BC. |fin.B:fin.AC::R:fin.BC, (19). 
cof. AC : cof. B : : R : fin. C, (23). 

cof. AC : cof. BC : : R : cof.AB, (22). 
fin. BC : fin. AC : : R : fin. B, (19). 
tan.BC : tan. AC : : R : cof, C. (21). 




AB and AC. 


BC. 

B. 

C. 

* 


B and C. 


AB. 
AC. 
BC. 



R : cof. AB : : cof. AC : cof. BC,(23). 



fin. AB : R : : tan. AC : tan.B, (18). 
fin.AC:R:: tan.AB: tan. C, (18). 

■ ■ »■ ^ ■ ■ ' 

fin. B : cof C : : R : cof. AB, (23). 
fin. C : cof. B : : R : cof. AC, (23). 
tan.B : co-t.C : : R : cof. BC, (20). 
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TABLE for detcnnining . wbe^, the things Bound, in the^ 
.; -preceding are leis than a Quadrant. 



r 



The angle or arch found is leis than 90^: 



• «i> t • 



When B ia lefi than ^o^. 

When BC ^d "B are of the fame afiedion. 

When BG and'B are -of the fame affeffion. 



itWI 



i«»*ribMak 



When C is lefe than 90^ 

When AC atldlC are of the faihe atfefHoo. 

When AG is left Aan 90**. 



■hMi 



Ambiguous 
Ambiguous. 
Ambiguous. 



When AG and BC are of the £iime affeftion. 

When AG islefe than 90®. 

When AG and BC are of the iame aSedlion. 



When C is le& than 90^. 

When B 13 lefe than 90^. 

When B aiid C are of the fame aBeflion. 



MkxWMBi 



r t 

r 

z 
3 



•41 

"S 
6 



7 
8 



10 
II 
12 



When AB and AG are of the fanie affeftion. 13 
When AC is lefi than 90®. 14 

When AB fa kfs:than go^. ■ U4 



IS 

IS 
16 



T 



.'1 



, ^ 



Zj 



Tic 



SS4 



S.PHERICAL TRIGaNOMBTRT. 

The cafes marked ambiguous are thofe in which the 
fought has two values, and may either be equal to a c< 
an^e, or to the fu|^e^ent of that angle. Of thefe there 
three, in all of whic\i the things given are a fide, and 
angle oppoiite to it ) and accordmely , it is eafj to fhew, 
two right angled fphericaV triangles maj always be 
that have a fide and the. angld^ oppofite to it the jEune in 
but of which the remaining fide^ and the remaining angle 
the one, are the fupplements of the remaxmng fides and tibei 
maining angle of the other, each of et6h. 

Though die afie£)ion of the arch or angle found may in 
the other cafes be determined by the rules in the fecond of tbej 
precedixig tables, it may,l>6 ufefiil to remark, that sdl diefej 
rules, except two, may be. xe&xed to one^^viz^ that loim 
thing found by tie ru/es in the firjl table is either a tangent 
a cO'J^e i apdjwhen^^ of the tangents or dhjims employed «f . 
computation ofity one only belongs io /m xAtufi angte^ the 
required^ is alfp obtuji. 

, Thus, in ihit 15th cafe, when coC AB is found, if C be 
obtufe aof le, becaufe of cof. C, AB mv&. be obtvfe \ and k^ 
cafe 16. 'u either fi or C b«, obtufe^ BC is ^mter tbaa 90^ 
but if B and C are either both acute# or both obtule^ BC b] 
lels than 90^. 

It is ^vident, that this ndedoes not apply when that winch 
is found ii$ the fine of an arch ; and this, befides the three aai- 
biguous cafes,, happops al£6 i& other -iwo^ viz* the zft axii| 
lith. 



PRO P. XXIV. 

IN fpherical triangles, wheiher right angled or ol 
lique angled, the lines of the fides are propof* 
tional to the fines of the angles oppofite to theok 

Firft, Let ABC be a right an^ed triangle, having a rigkt 
ttngleat A; therefore, (Prop. 19.) thejlme of the hypote- 
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o£e BC is to the radius (or the Cnft of tii6 'Tight angle at A) 
m the fine of the fide AX3 r* 

» Ithe fine of the ^uglt IL 
Ib4ifi^ in like; mannerv ibe 
^i^e of BC is t9 tbe fine of 
bie angle Af as ^e fine of 
IkjS to the fine of the angle 
2 ; wherefore ( 1 1 . 5 .) the fine 
rf the fide AC.a& to the. j. ^ 
!&■ of th/fe'lijjfe'.B,' as the -'*- 
cS tne.'fine of 




|teof AB 



tile ax\gle C 



-jfSccmdlyf L^t'ABC be an oblique angled tiianifle, tihe fine 
jjj^ j9ii/,of the^ $de» BC,; will be to the £ne of onj of the. 
90^ twoJ^jC, 2B the fine of the an^ A oppoSSte to BC» is 
{|(-t^e fine |jf, the, «ig B oppofice to AC. ThpoHgh ^e 
BpiBt Cy let there be diuwn an aish of agfeat circle CD per- 
Mdicaka: iipqpv AB ; and lA the rlgiit angM triangle BCIX. 
P?rop. 19.) the fine of BG is to the radius, aS the fine ot 




2D to the fine of thi -angle B-, arid itt tte trtaiigfc ADC, 
tv. iaverfionc the radius is to the fine of AC 23 J^ too 
W&i^ angle A fo^^e line rfl)€: l^Mtrt^c, ii<^#^*^^ 
^^,tlie4iet)f BG iste tlife'fiiiexif AC, as tke fl* of #16 
«ijleAtothefin^of'dl**igkS* tJiJ^vP, r^: 






1 '«, : . 



<J . 



. f -I 



■^ 



J'Udfk 



• A A 
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PROP. XXV. 

N oblique angled fpherical triangles, a perpends 
__ ciilar arch being/'dtewn from any of the angk^ 
upon the oppofijp-^ide, the co-fines of the angles at 
thc^afe are "proportional to the fines of the fegraents" 
of th^^iQertical angle. \ 



I 



Let ABC be a triang^;'ii/S[ the arch CD^p^cpendicuIar ta 
the bafe BA ; the co-fine of the angle B willT^i tQ die co-fine' 
of the angle A, as the fine of the angle BCD to the 'fine of 
the angle ACD. 

For (Propi 23.) the co-fine of the«igle B is to the finecf 
die anele BC^ as the co-fine of the fide CD is to the radns;' 
and alto the co-fine of the angle D to the fine of the ah^ 
ACD in the fame taAo ; therefore^ by permutation, the co^' 
fine of the angle B is to* the co-fine rf the ah^le A, as fliei 
finfc of thes angle BCD to the fine of the angle AGD». Q/E. R. 



P 




^ .,: ;: PR o.p. XXVI. 

THE fiame things remaining, the co'-fines of tW 
fides. fiG,CA; are proportional to the co-fines 
of BD, DA, the fegments of the bafe. . . ^ ! 

For (Prop. 22.) the co-fine of BC is to the co-fine of 
BD, as the co-fine of DC to the radius, and the co-fine of 
^Q^toft^e co-fine of AD in the fime ratio : Wherefore, by 
permutation, tlie co-fines of thd fides BC, CA are proportional 
to the co-fiaes of the fegments of tie bafe BD, DA. Q^E.B 

P R P.l 
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PRO P. XXVII; 

1r*HE fam^conftrudlion remaining;^ the fines of 
. . BD, DA, the fegments of the bafe are reci* 
procally proportional to the tangeiots ' of B and A, 

the angles at the bafe. J : i. ".) 

• > ■ « . ', - t f .»,.*•'».♦• ■ • 

For (Prof). i8:> the "fine of BD k'to^tke l^aai^sv as the^ 
tangent of I>C to the taalgent gf the anrg^e B:*, and alfo, the 
radius to the fine of AD, as the tangent of A to the tangent 
of -DC 5 Therefore,. #a? ^rj^tfp j^r/t^rW^, the fine of BD is to 
the line of DA, as tl^Vts^Pg^ht of A ^^ ^^ tangent of B. 






• • t 



PR 6* P. -XXVIII.: • 






THE fame conftrnSion rei\iainingi thee confines 
of the feginenta ,of the vertical angle are reci-, 
pfoprocally propbrtidnial to the* taiigents of tfie 
fides. . .. i . : " .i ■ .. . . ^. :■ . .:. 

•For (Prop^ 20.) the co-fliiie ot the^ a&gle bCD, is to the 
radius* .as th^,tangent..Q^ CD is^ to the taiu^t of BC ; ax^d 
alio/ (Prop. 2 1 . by iitverfion), the ralJius is to the co-fine of 
the ao|fe ACD; «ij thfct^g^tcoC ACLfi^ tlfc.tjmgent of C D: 
Therefore, ex aquo periurhatcy die co-fine of the ang^le BCD 
ia^ tO^M co-fin^ bf Idle, caii^e ACD,: ai'^the^ Nugent of AC 
is to the tangent of BC, Q. E.J), 
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P It O P.. XXIX. 

IF fmiti an acrgie of a fpherical triangle thetd 'Ife 
r drawn a perpendicular, to the oppofite^ fide, it 
l)afe^ the reiftaiigk contained hy .the :tangeiits of; 
half the fum, and of half the difierence of^ the£^t 
ments of the bafe is equal to the redangle contain^ 
ed by the tangents of half theiusr, and of faElCtfae 
dxffereticd of tbe two fides* of the triasfgle. 

' Let ABC be a fpLertcal ttiati^e, Xi'dlef th6 aux:h CD be ' 
drawil from the angle C ar ri^ht aiigl^ t6 tfie bafe'AB. * 

Becaufe (Prop. 26.), coC EC : cot AC : : cof. BD : cof. AD, 
by compofition and divifion, 

cof. BC + cof. AC : cof. 3C — cqf; AC :. : erf. BD + cof. AD : 
cof. BD — cof. AD. But, (1. Cor. 3. PI. Trig.), 

erf. BC + coC AG : coC BG ^ erf. AG : : cot. i (BC + AC) : 

tan4. (BC— AC) ; and alfo, cof. BD + cof. AD : cof. JSD — 

. • . ■ . .1 

cof. AD : : cot.i. (BD+AD) : tan. i. (BD— AD), th^^fiatt 
cot. \ (BC+AC) : tap. i (BC— AC) : : cot. 4. (BD+AD) : 
t«ax. i (BD — ^AD). And bccarfe reftan^es' tjf the fame aW- 
tqde are as their brfb, thetefi}r«, tan. i.(BC^AG) x 
cpt.^(BG+AC); tan.!. (BC+AC) x 1^4(BC— AC):: 
tan.i.(BD+AD) x cot. i (BD+AP) : tan.4.(BD+AI)5'x 
tan. I. (BD— AD). But tan. I. (BC+AC) Xcot.1. (BC+AC) 
= R*, (2. Cor. def. 9. PI. Tr.) and alfo, tan. -i (BD+AD) x 
cot. 1. (BD+AD) = R% therefore (9. 5.) tan. I. (BD+AD) x 
tan. i- (BD— AD) =: tao. i (BC+AC) x tan. i (BC— AC). 
Q^^E. D. 

C0B» 
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Cor. I. BecauTe the fides of equal refhmgles are reciprocally 
proportional, tan. j. (BD+AD) : tan. ^ (BCHrAC> i i 

an. ±. (BC-AC) : tan, 2. (BD— AD).; 



S3» 



Cor. 2. Since, when the per{>eAdiciilac CD falls withiiitbe 
triangle, BD+AD=AB, the bafe ; and when CD falls with- 
out the trian^ BD-^AQ::AB, tiuereforB in the firft o^, 

tbo prt>portion in ^the laft corolkrjr l>eeotitie3, taA.i.(AB>.;^ 

tan.4.(BC+AC) : : tan. i. (BC— AC) : tan.2.(BD— AD) p 

md in the fecond cafe, it becomes fay inverfion and alterna- 
tion, tan. I. (AB) :tan.i.(BC+AC) : : tan.i.CBC— AC) = 

tan.i(BD+AD. 
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SOLUTION of the Cas£S of Oblique Angled 
Spherical Trianglts. 



r . PROBLEM. 

.. ' ...... , • ■ ■ 

IN any oblique togled ifpherlcal triangle, of the 
three ^des and tji4:ee angles^ any thr^p being gi* 
vcn, the other three may be found. 






. Xo'this table, the references (c. 4.)^ (c. 5.), &c., are to the 
cafes, in the preceding tables.. 



Given. 



Sought. I 



Solution. 



Onejof^the 

> « 
othei; angles, 

B. 

. 1lV90 fides / .,- 



^ 



AB, AC, 

and the in- 
cluded angle 
A. 



Let fall the perpendicular CD from 
the unknown angle not required, 
on AB. 

R : cof. A : : tan^C :• tan. AD, 

(c. a .)•, therefttfeBD is known,and 

fin.BD :,^. AD : : tan. A : tan. B, 

(27.) i'lB and A are of the i^e 

. or dlfierent affection, according 

- as Afi4^g>^^^^^^^^ 1^^ than Ap, 
(16.) ^-.._ . ' 



The third 
fide 
BC. 



Let fall the perpendicular CD from 
one of the unknown angles on 
the fide AB. 

R : cof. A : : tan. AC : tan. AD, 
(c. 2.); therefore AD i$ known, 
and cof. AD : cof. BD : : cof. AC : 
cof. BC, (26.) ; according as the 
fegments AD and DB are of the 
fame or different affeftion, AC 
and CB will be of the fame or 
different affedion. 



Two 
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ylVEN. 



Sought. 



'o angles, 
jidACB, 

and 

AC, 

: fide be- 
en them. 



*JW 



The fide 
BC« 



SOLUTIOK. 



From C the extremity of AC next 
the fide fought, let fall the per- 
pendicdlar CD on AB. 

R : cof . AC : : tan. A : cot. ACD, 
(c. 3.) *, therefore BCD is known, 
and cof. BCD : cof. ACD : : 
tan. AC : tan. BC, (28). BG is \ 
lets or greater than 90^, accord- [ 
ing as the angles A and BCD. 
are of the fame or different a£-. 
fedion. ! 



The third 

angle 

B. 



wHm 



Let fall the perpendicular CD from , 
one of the given angles on the 
oppofite fide AB. 

R : cof. AC : : tan. A : cot. ACD, 
(c. 3.) ; therefore the angle BCD 
is given, and fin. ACD : 
fin. BCD : : cof. A : cof. B, (25.) ; 
B and A are of the fame or dif- 
ferent afieSion, according as CD 
falls within or without the tri- 
suigle, that is, according a^ ACB 
18 greater or lels than ACD, 

(16.) 
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1 



GrvEK. 



SOVGJIT. 



= SoLUflOK. 



MMMMMHi 



•«» 



s\ 



., >=■ 



Two fides 
ACandBC, 



aod an angle 



1 

V 



,G-- 



IJ 



■ B • .. 

Oppofitrta 

tbe odier/gii 

veafide 

AG. 



Sin.BC: fin. AC:: fin. A: fin.B, 
(04.) The a£fefiion of B is am- 
bigaousy unlefa it can be deter- 
mined by this ruky that accord- 
ing as AC-f-BC is greater or leis 
dian 180^, A-f-B is grtat;er or kfi 
than zio^y (10.). 



oppofite to 

3ne of them, 

BC. 



The angle 

JU^B 

contained hj 

the given 

fides 

lACandBCJ 



From AGB die angk fou^t-draw 
CD peipendicular to AB ; then 

R : cof. AG : : tan. A : co-t. ACD, 
(c. 3.); and tan. BG : tan. AG : : 
cof. AGD : coC BCD, (aa.). 
ACD+BGD=ACB, and AGB 
is ambiguous^ becaufeof ibe am- 
bigaous fign 4* <^ — • 



\ 



The third 
fide 
AB. 



Let fail the perpendicular CD from 
the angle C coutained by the gi- 
ven fides npon the fide AB. 

R : cod A : : tan. AC : tan. AD, 
(c. 3.); cof. AC : cof. BC : : 
cof. AD : cof. BD, (26.) 
ABz:AD±BD, wherefore AB 
is ambiguous. 
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tIVEN. 



Sought. 



'_ ^^ 



The -Tide" 

oppofite ,t6 

the other ri' 

vcn angle 

A.- 



ra angles 
A,B, 
id a fide 

AC 

pofite to 
: of them^ 

B. 



he three 

fides, 
lB, AC, 
and 

BC. 



The -fide 

AB 

adjacent to 

the given 

angles 

A, B. 



SoLUTJOlf. 



1 



m 



Sin. B : fin. A : : fin. AC : 1in.BG, 
(14.)^ the aSeftioa of BC is uq- 
certaiii, except when it cau .be 
dctenxliricd hy t^is role, that ^o 
epr^in^ as A-f B is ^rreat^r or le^ 
^an iBo^i AC+BU is a£ED great- 
er br left than J 80^, (10.). 



From thi unknown aingle C draw 
CD perpendicular to AB ; thea 

R : coL A : : tan. AC : tan. AD, 
(d.'3*:) -jTaii:* rtan. A i: fin. AD : 
fin. BD. BD is ambiguous, and 
therefore AB = AD ± BD may 
have Sour i«iHtea, £ame of which 
will be eKcloded hy this condi- 
tionv that AB muft be lefr than 



The third 
angle 
ACB. 



One of the 

f 

angles 
A. 



iSo*. 



mmif^^immrm 



*^»" 



From the angle required, C, draw 
CD perpendici^ar to AB. 

R.:.coLA ::tan. A : co«t*ACD, 
(c. 3.), co£ A : co££ : c fin. ACD : 
fin. BCD, (25.). The sffeSion 
of BCD is nnceitain, and there- 
fore ACBcr ACD±BCD has 
four values, feme of which mLay 
be excluded by die condition, 
that ACB is le& than i8o^. 



From C one of the angles not re- 
quired, draw CD perpendicular 
to AB, Find an arch E fuch that 
tan. i AB : tan. |-(AC+BC) : : 

tan.|(AC— BC) : tan. I E; 
then, if AB be greater than E, 
AB is the fum, and E the diffe- 
rence of AD and DB; but if 
AB be leis than E, E is the fum, 
and AB the difference of AD, 
DB, (29.). In either cafe, AD 
and DB are known, and 
tan. AC : tan. AD : : R : cof. A. 

r 

Given. 
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Sought. ^ 



Spxu.tiok. 



. w > ■ ■ 



za 



The three, 
angles 

A,f By G« 



One of the 
£des 
BC. 



4 



Suppofe the fupplements of the 
three given -angles, A, B, C, to 
be a, b, c, and to be the fides of 
a fphefical triangle. Find, by the 
,laft cafei the angle of this trian^ 
oppofite to the fide a, and it 
wul be the jTiipplement of the 
fide of the given tritog^e ojmofite 
to the angle A, that is, ot BC, 
(lo.) ; and therefore BC is found. 



I ' 



In the foregoing table the rules are given for aibertaining 
the ^SkSion of the arch or angle found, whenever it can be 
done : Moft of thefe rules are contained in this one rule, which 
is of general application, viz. that when the thing Jound it ei' 
4her a tangent or a CB-Jtme^ and of the tatigents or co-Jines em- 
'.ployed in the computation of it^ either one or thrjte belong to olh 
tufe angles y the angle found is alfo obtufe. This' rule is parti- 
cularly to be attended to in cafes 5. and 7. \0iere it removes 
part of the ambiguity. 

It may be neceffary to remark with refpeft to the nth 
cafe, that the fegments of the bafe computed there are thoie 
cut off by the neareft perpendicular; and alfo, that when 
the fum of the fides is le& than 180^, the leaft fegment is ad- 
jacent to the leaft fide of the triangle \ otherwife to the great- 
eft (Prop. 17.). 
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FIRST BOOK OF THE ELEMENTS. 



DEFINITIONS. 



I. 



IN the definitions a few changes have been made, of which J^Q^ ^- 
it is necefiarj that an account Qiould be given. One of 
fcliefe changes refpe£b the firil definition, ^at of a point, 
\irhich Euclid has iaid to be, * That which has no parts, or 
' which has no magnitude.' Now, it has been objeded to 
tlds definition, that it contains only a negative, and that it is 
Slot convertible, as every good definition ought certainly to be. 
"That it is not convertible is evident, for though every point 
i^ tmextended, or without magnitude, yet every thing unex- 
"(ended, or without magnitude, is not a point. To this it is im- 
jioffible to reply, and therefore it becomes necefiary to change 
^e definition sdtogether, which is accordingly done here, a 
point being defined to be, that which has pofition hut not mag* 
nitude. Here the affirmative part includes all that is eflential 
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*°°!L^ to a point, and the negative part excludes every thing that 
is not effential to it. I am indebted for this definition to a 
friend, by whofe judicious and learned remarks I have often 
profited. 1 

II. 

After the fecond definition Euclid has introduced the fol- 
lowing, * the extremities of a line are points.' 

Now this is certainly not a definition, but an inference 
from the definitions of a point and of a line. For that which 
terminates a line can have no breadth, as the line in which it is 
has none, and it can have no length, as it would not then be 
a termination, but a part of that which it is fuppofed to tcr- 
minate. The termination of a line can therefore have no 
magnitude, and having necefiarily pofition, it is a point. But 
as it is plain, that in all this we are drawing a confequence 
from two definitions already laid down, and not giving a new 
deimitibn, I have taken the liberty of putting it down as a cor- 
roUary to the fecond definition, and have added, that the inter' 
feBions of one line with another are points^ as this affords a good 
illuftration of the nature of a point, and is an inference exa£Hy 
of the fame kind with the preceding. The fame thing near- 
ly has been done with the fourth definition, where that which 
Euclid gave as a feparate definition, is made a corollary to the 
fourth, becaufe it is in fad an inference deduced from compa- 
ring the definitions of a fuperficies and a line. 

As it is impoflible to explain the relation of a fiiperficieS, t 
Jine and a point to one another, and to the folid in which 
they all originate, better than Dr Simfon ha& done, I &aD ^ 
here add, with very little change, the illuftration giVen by that 
excellent Geometer. . ^ 

** It is neceffary to cohfider a fblid, that is, a inagiiitude whitA 
has length, breadth and thicknefs, in ordet to itnderftafii 
aright the definitions of a point, line and fuperficies j for theft 
all arife from a folid, and exift in it : The boundary, or bonn- 
daries which contain a folid are called fuperfides, tx the boun- 
dary which is coinmcn to two folids which are contiguous, or 
which divides one folid into two contiguous parts, is called a 
fuperficies ; Thiis, if BCGF hie one of the boundaries which 

contain 
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tain the folid ABCDEFGH, or^wluch is the common ^°^^ '• 
indarj of this folid, and the folid BKLCFNMG, and is 
refore in the one as well as the other folid, it is called a fii- 
ficies, and has no thicknefs : For if it have any, this thick- 
5 mud either be a part of the thicknefe of the folid A.G, 
he folid BM, or a part of the thicknefs of each of them, 
annot be a part of the thicknefe of the folid BM ; becaufe, 
his folid be removed from the folid AG, the fuperiicies 
GF, the bomidary of the folid AG, remains Hill the fame 
t was. Nor can it be a part of the thicknefs of the folid 
T ; becaufe, if this be removed from the fojid BlM, the fu- 
ficies BCGF, the bomidary of the folid BM, does never- 
leG remain ; therefore the fuperficies BCGF hs^ np thick- 
J, but only leijgth and breadth. 

' The boundaf y of ^ fuperficies is called » lin^ ; or a line is 
common boundary of two fuperficies that axe contiguous, or 
i tl^at which divides one fuper^ies into two contiguous 
ts ; Thus, if pC be one of the boimdaries which contain the 
srficies. ABCD, or which is the common boundary of this 
^rficies, and of the fuperficies KBCL which is contiguous 
t, this boundary BC is called a line, and has no brpadth : 
, if it have any, this 

1 be part either of the H_ €r '^ 

idth of the fuperficies 
CD, or of the fuper- 
s KBCL, or part of each 
hem. It is not part of 
breadth of the fuper- 
s KBCL; for, if thjs 
irficies be removed from 
fuperficies A BCD, the 
BC which is the bpun- 
r of the fuperficies 
CI) remains the fame 
it was. Nor can fhp 

idth that BC is fupp.Qfe4 to have, b,e ^ par^ of the br^th 
he fuperficies ABCD ; becaufp, if tjiis be reipoved from 
fuperficies KBCL, tjie lini^ BC, which is the liK?uf>42iry o( 
fuperficies KBCL, dpps neyerjjie}ef3 fen^ain : Therefore 
line 35C has no bread):h. And becaufe tlie line BC is in 
perfici^, an4 that a fupeffipiie^ h^ np tJiickne|s, a? was 
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(Book I. fliewn ; therefore a line has neither breadth nor thickndir 
but only length. 

" The boundary of a line is called a point, or a point is the 
eommop boundary or extremity of two Hires that arc cond- 
guous : Thus, if B be the extremity of the line A.B, or the 
common extremity o£ the two lines AB^ KB, this extzemitr 
is called a point, and has no length : For, if k have any, dus 
length muft either be part 
of the length of the line 
AB, or of the line KB. It 
is not part of the length of 
KB i for, if the line KB be 
removed from AB, the point 
B which is the extremity 
of the line AB remains the 
fkme as it was: Nor is it 
part of the length of the 
line AB ; for, if AB be re- 
moved from the line KB,^ 
the point B, which is the 
extremity of the line KB, 

does neverthelefs remain : Therefore the. point B has so 
length : And becaufe a point is in a line, and a line btf 
neither breadth nor thicknefs, therefore a point has no leng^ 
breadth,, nor thicknefs. And in this manner the definitiois 
of a point, line,, and fuperficies ase to be underftood 



IJI. 



Euclid has defined- a ftraight line to be a line which (as wr 
tranflate it), " lies evenly between its extreme points." Thi 
definition is obvioufly faulty, the word evenly Handing as mndt 
in need of an explanation as the word ftraight, which it is in- 
tended to define. In the original, however, it muft be coa- 
fefled, that this inaccuracy is at leaft lels ftriking than in oof! 
tranflation.; for the word which we render evenly is ikaU 
equally^ and is accordingly tranflated ex aquoy and" equditer 
by Gregory and Commandine. The definition, therefore, is> 
that a ftraight line is one which lies equally between its ex- 
Ireme points j a|)id if by this we un:lerftand a line that fo 
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between its extreme jpoints fo as to be related exaflly alike ^^.°V?V, 
po the fpace on the one fide of it, and to the fpace on '" ' ' 
|£he other, wt have a definition that is perhaps a little 
^teo metaphyfical, but which certainly contains in it the 
^sflential chara&er of a ftraight line. That Euclid took the 
jAefinition in this fenfe, however, is not certain, becaufe he 
lias not attempted to deduce from it any property whatfoever 
r0f a ftraight line, and indeed, it (hould feem not eafy to do fo, 
nnthout employing fome reafonings of a more metaphyfical 
Jpoid than he has any where admitted into his elements. To 
Jkjipply the defedb of his definition, he has therefore introdu- 
e:0e<i the Axiciii, that twojlraight lines cannot inclofe a/pace^ 
Mto which Axiom it is, and not on his definition of a fhraight 
€, that his demonftrations are founded. As this manner of 
oceeding is certainly not fo regular and fcientific as that of 
lying down a definition, from which the properties of the 
^ttimg defined may be logically deduced, I have fubftituted an- 
^othe^ definition of a ftraight line in the room of Euclid's. 
-The definition of a ftraight line given here is taken from 
\Bofcovich, in his Notes on the Philofophical Poem of Pro- 
;.£e0br Stay. In one of thefe he lays, * Redam lineam 
^ redae congruere totam toti in infinitum produdam fi bin a 
^ piun&a umus binis alterius congruant, patet ex ipfa admo* 
'dum clara re£litudinis idea quam habemus.' (Supple- 
Hientum* in lib, 3. J 550.) Now, that which Mr Bofcovich 
Vrould confider as an inference from our i(ka of ftraightnefs, 
Ceems itfelf to be the eftence of that idea^ and to afford 
^he beil criterion for judging whether any given line be 
Qraight or not. From this definition the Axiom above 
snenti(»ied, viz. That two ftraight lines catmot inclofe a 
^pace, follows as a neceftary confequence. For, if two lines 
inclofe a fpace, they niuft interfed one another in two points^ 
«nd yet in the intermediate part muft not coincide, and there- 
fore by the definition they are not ftraight lines. It follows 
in the iame way, that two ftraight lines cannot have a com- 
mon fegment, or cannot coincide in part» without coinciding 
altogether. 

Smce la3ring down the definition of a ftraight line, as in 
the text, I have been favoured by Dr Reid of Glafgow with 
the peruial of a MS. containing many excellent obfervatiohs 
im the fixft Book of Euclid; fuch as might be expend from 
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Book 1 a philbfopher diftinguiffied for the accuracy as "well as ^ I i< 
extent of his knowledge. He there defines a ftraight line nearly | 1: 
as has been done here, viz. " A ftraight fine is that which can- 
not meet another ftraight line in more points than one, 
otherwife they perfe&y coincide, and are one and the 
^ fame." Dr Reid alfo contends, that this zmift have bcc» i 
Euclid's own definition ; becaufe in the firft propofition of llie 
eleventh Book, that author argues, '' that two ftraight liod^ 
cannot have a common fegnient, for this, reafon, that k 
.ftraight line does not meet a ftraight line in more points. 
•* than one, otherwife they coincide." Whether thb » 
mounts to a proof of the definition having been actually Eu- 
clid's, I win not take upon me to decide ; but it certaiolj 
proves that it is a definition which the writings of that ge<v 
m^ter ought long fince to have fuggefted to his commentatois; 
and it reminds me, that I might have learnt €rom ttiefe 
writings what I have acknowledged above as derived from a. 
remoter fource. 

There is another cliarafleriftic, and obvious property of 
ftraight lines, by which I havfe often thought that they mig^ 
be very conveniently defined, viz that the pofition of the 
whole of a ftraight line is determined by th6 pofitibn of twt> 
of its points, in fo much that, when two points of a ftraight I 
line continue fixed, the line itfelf cannot change its pc^tioiL 
It might therefore be faid, that ajiraight line is one in whtci, 
if the pojition df two points^ be determined^ the pqfitien of 
the whole line is determined. But this definition, though it 
amounts in faft juft to the fame thing with the foMner, >is ra- 
ther more abftraft ihauit, and is not fo eafily made the finin- 
dation of reafoning •, fo that, after endeavouring as mudh as 
poflible to accommodate it to the underftanding of l>eginBeiv 
I have found it bett to lay it afide, and to adopt the defiaitkfr 
given in the text. 






V. 



The definition of a plane is given from Dr Simfon, Euclid's 
being liable to the fame objedions with his definition of a. 
ftraight line, for he fays, that " a plane fuperficies is one which 
** lies evenly between its extreme lines.*' The defe£ls of this 
definiiion are j completely removed in that which Dr Sim- 
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fon has given. Another definitix^n different from both might ^ookJ^J 
have been adopted, viz. That thofe fuperficies are called plane, ~ 
which are fuch, that if three points of the one coincide 
with three points of the other, the whole of the one muft 
coincide with the whole of the other. This definition, as it 
refembles that of a ftraight line, already given, migh, per- 
haps have been introduced with fome advantage ; but as the 
purpofes of demonflration cannot be better anfiyered than by 
that in the text, it has been thought beft to make no farther 
alteration. 



VI. 

In Enclid, the gfsnt^si ^e&nitioa of 9 pIsuiQ angjle is pl^eiji 
before that of a redtilineal angle, and is meant to cpnipreheAcl 
^ipfe angles which a,fe ibrn^efi by the tnjeeting of other lines 
than ftraight lines. A pl^i^ angle is faid to be * the inclina- 
tion of two lines to ope smother which mpejt tpgether, but are 
not in the ijame dire^ofi.' This definition 13 omii^ed here, be* 
eaufe that the angles iorn^^ed by the ffieetiag of purve lines^ 
though they njay beconie the fubjefl: of geometrical iavefti- 
gation, certainly do not belong to the Elements.; for the 
an^es that mn^ firfl be cpafidered are thole made by the in* 
terfeftion of ikaight ]i^s widi o&e another. Tl:^ anglps 
formed by the cqntafl or :iQteriis£lioa of a firaight line ana a 
circle^ or of two circle?, or two curves of «any kind with one 
anodier, could produce i^othing but perplexity to beginness> 
and cannot poffibly be underftood till the properties of refti* 
lineal angles have been fully explained. On this ground^ 
without coutefting the arguments which Proclus ufes in de- 
fence of this definition, I have omitted it. Whatever is not 
ufefid, fhould, in explaining tlie elements of a fcience, be kept 
out Ol fight altogether ; for, if it does not aflMl the progrefe 
of the underifendingj it will certainly retard it. 
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AXIOMS. 

Among the Axioms there have been made only two alter- 
ations. The loth Axioih in Euclid is, that ' two ftrstight lines 

* cannot inclofe a fpace ;' which having become a corollarjr 
to our definition of a ftraight line, cea£es of courfe to be raaked 
with felf-evident propofitions. It is therefore removed from 
among the Axioms, and that which was before the x ith is ac- 
count^ the loth. 

The I2th Axiom of Euclid is, that * If a ftraight line 

* meets two ftraight lines, fo as to make the two interior 

* angles on the fame fide of it taken together leis than two 
^ right angles, thefe ftraight lines being continually produced, 

* fliall at length meet upon that fide on which are tiie angles 

* which are lels than two right angles.' Inftead of this propofi- 
tion, which, though true, is by no means felf-evident ; another I 
that appeared more obvious, and better entitled to be account- | 
ed an Aidom, has been introduced, viz. * that two ftraight lines 

* cannot be drawn through the fame point parallel to the fame 

* ftraight line, without coinciding widi one another.* On this 
fubje&j however, a fuller explanation is neceffary, for which 
fee the note on the 29th Prop. 






PROP. IV. and VIII. B. I. 



The fourtli and eighth propofitions of the firft book arc the 
foundation of all that follows with refped to the ccmpari.bn 

af 
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of triangles. They are demonftrated by what is called the me- . ^**^ ^'^ 
thod of fuprapofition, that is, by laying the one triangle upon 
the other, and proving that they muft coincide. To this fome 
objeftions have been made, as if it were ungcometrical to fup- 
pofe one figure to be removed from its place and applied to 
another figure. * The laying,* fays Mr Thomas Simpfon in 
his Elements, * of one figure upon another, whatever evi- 
* dence it may afford, is a mecbanical confideration, and de- 
' pends on no pofhilate/ It is not clear what Mr Simpfon 
meant here by the word mecbanical; but he probably intended 
only to fay, that the method of fuprapofition involves the idea 
of motion, which belongs rather to mechanics than geometry ; 
for, I think it is impofBble that fuch a Geometer as he was 
could mean to alTert, that the evidence derived from this me- 
thod is like that which arifes ixonxi the ufe of infbimients, 
and of the fame kind with what is fiimifhed by experience 
and obfervation. The demonlbations of the fourth and eighth, 
as they are given by Euclid, are as certainly a procefs pf pure 
reafoning, depending fblely on the idea of equality, as efta- 
blifhed in the 8th Axiom, as any thing in geometry. But, 
if ftill the removal of the triangle from its place be confider- 
ed as creating a difficulty, and as inelegant, becaufe it involves 
ah idea, that of motion, not effential to geometry, this defeft 
may be entirely remedied, provided that, to Euclid^s three 
pofhdates, we be allowed to add the following, viz. That if 
there be two equal Jiraigbt lines ^ and if any figure whatfoever 
he conflituted on the one, a figure every way equal to it may 
he conftituted on the other. Thus, if AB and DE be two 
equal fbaight lines, and ABC a triangle on the bafe AB, a 
triangle DEF every way equal to ABC may be fuppofed to 
be conflimted on DE as a bafe. By this it is not meant to 
aflert that the method of defcribing the triangle DEF is adual- 
ly known, but merely that the triangle DEF may be conceived 
to exifl in all refpefts equal to the triangle ABC. Now, there 
is no truth whatfoever that is better entitled than this to be 
Tanked among the Populates or Axioms of geometry ; for the 
llraight lines AB and DE being every way equal, there can 
be nothing belonging to the one that may not alfo belong to 
the other. 

On the flrength of this pofhilatethe fourth Prop, is thus de- 
Kionllratcd, 
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Book I. jf ABC, DEF be two triangles, fuch that the two fid^ 
AB and AC of the one are equal to the two ED, DF of tbc 





other, and the an^Ie BAC, contained ^y the fides AB, AC 
of the one, equal to the angle EDF, contained by the fides 
ED, DF of the other j the, triangles AJBC and EDr are every 
way equal. 

On AB let a triangle be conftituted every way equal to 
the triangle DEF *, then, if this triangle coincide with ti]ic 
triangle ABC, it is evident that the propofition is true, for it 
is equal to DEF by hypothefis, and to ABC, becaufe it co- 
incides with it ; wheriefore ABC, DEF are equal to one ano- 
ther. But if it does not coincide with ABC, let it have the 
pofition ABG ; and firft, let G not fall on AC ; then the 
angle BAG is not equal to the angle BAC. But the an^e 
BAG is equal to the angle EDF, 3ierefore EDF and ABC 
are not equal, and they are alfo equal by hypothefis, which is 
impofTible. Therefore the point G muft fall upon AC ; now, if 
it fall upon AC but not at C, then AG is not equal to AC ; 
but AG is equal to DF, therefore DF and AC are not equal, 
and they are alfo equal by fuppofition, which is impoffible. 
Therefore G muft coincide with C, and the triangle AGB 
with the triangle ACB. But AGB is every way equal to 
pEF, therefore ACB and DEF are alfo every way equal 
Q^E.D. 

In the fam^ manner may the 8th be demonftrated, and even 
with more facility, fo that thefe two fundamental Theorems 
may be proved without having recourfe to the method of 
fuprapofition. Such demonftrations, it muft, however, be ac- 
knowledged, trefpafs ^gainft a rule which Euclid has uni- 
fornjly adhered to throughout the Elements, except where 

he 
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lie was forced by neceffity to depart from it. This rule is, ^^^^ ^- 
that nothing is ever fuppofed to be done, the tfianner of doing 
which has not been already taught, and the conftnidion de- 
rived either 4ire6Uy from the three poftulates laid down in 
the beginning, or fronii fome problems already reduced to 
thofe poftulates. Now, this rule is not.effential to geometri- 
cal demonftration, where, for the purpofc of difcoVering the 
properties of figures^ we arc certainly ^ at liberty to fuppofe 
any figure to be confttufted, or any fine to be drawn, the ex- 
iftence of which does hot involve all impoffibility. The on- 
ly ufe, therefore, of Euclid's rule is to guard agaiftft the intro- 
duftion of impoffible hypothefes, or the taking for granted 
that a thing may esift which in fa6l implies a contradic- 
tion •, from fuch fuppofitions, falfe coucluiions might, no 
doubt, be deduced, and this rule is therefore ufeful as far 
as it anfwers the purpdfe of excluding them. But the 
foregoing poftulatuin could never lead to fuppofe the ac- 
tual exiftence of any thing that is impofllble ; for it only 
fuppofes the exiftence of a figure equal and fimilar to one al- 
ready eicifting, but in a different part of fpace from it, or, to 
fpeak more precifely, having one of its fides in an affigned 
poiition. Unlefs therefore there be an impoffibility in the 
exiftence of the one of thefe figures, there can be none in 
that of the other. This new poftulate might* therefore, it 
fhould feem, be introduced with good eflfedt into the Elements 
of Geometry ; but t© have adopted it here would have* led 
lis too far from the text of Euchd, and it is fufficient for the 
prefent purpofe to have pointed it out. 



PRO P. VIL 

Dr Simfon has very properly changed the enunciation of 
this propofition, which, as it ftands in the original, is confider- 
ably embarraffed and obfcure. His enunciation, with very 
little variation, is retained here. 



PROP. XXI. 

It is elTetitial to the truth of this propofition, that the 
ftraight lines drawn to the point within the triangle be drawn 
from the two extremities of the bafe ^ for, if they be drawn 

from 
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Bo<*^. from Other points of the bafe, their fum may exceed the fum 
^ of the fides of the triangle in any ratio that is lefs than that 
of two to one. This is demonftrated by Pappus Alexam* 
drinus in the 3d Book of his Mathematical CqIUQumi^ 
but the demonilraticHi is of a kind that does not belong to 
this place. If it be required fimply to (hew, that in certaia 
cafes the fum of the two lines drawn to the point within the 
triangle may exceed the fum of the fides of the triangle, the 
demonftration is eafy, and is given nearly as follows by Pap< 
pus, and alfo by Proclus, in the 4th Book of his Commentary 
on Euclid. 

Let ABC be a triangle, having the angle at A a right angle; 
let D be any point in AB *, join CD| then CD will be great* 
er than AC, becaule in the 
triangle ACD, the angle CAD 
is greater than the angle ADC. 
From DC cut off DE equal to 
AC ; bifed AE in F, and join 
BF ; BF and FD are greater 
than BC and CA. 

Becaufc CF is equal to FE, 
CFand FB are equal to EF 

and FB, but CF and FB are greater than BC, therefore EF 
and FB are greater than BC. To EF and FB add ED, and 
to BC add AC, which is equal to ED by conftru£Uon, and 
BF and FD wUl be greater than BC and^CA. Q^ E. D. 

It is evident, that if the angle BAC be obtufe, the fame 
reafoning may be applied. 

This propofition is a fufBcient vindication of Euclid for. 
having demonftrated the 21ft propofition, which fome affeft to 
confider as felf-evident ; for it proves, that the circumftance 
on which the truth of that propofition depends is not obvious, 
nor that which at firft fight it is fuppofed to be, viz. that of the 
one triangle being included within the other. For this reafon 
I cannot agree with M. Clairault, that Euclid demonftrated this 
propofition only to avoid the cavils of the Sophifts. But I 
muft, at the fame time, obferve, that what the former has feid 
on the fubjeft has certainly been mifunderftood, and in one re- 
fpeft, unjuftly cenfured by Dr Simfon. The exa6t tranflation 
of his words is as follows : " If Euclid has taken the trouble 
*^ to dcmonftrate, that a triangle included within another has 

"the 
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" the fum of its fides lefe than the ftim of the fides of the tri- Book I.. 

<* angle in which it is included, we are not to be furprifed. 

•* That geometer had to do with thofe obftinate Sophifts, who 

" made a point of refufing their afient to the nioft evident 

** truths," &c. (Elemens de Geometrie par M, Clairault. 

Pref.) 

Dr Simfon fuppofes M. Clairault to mean by the pro« 
pofition which he enunciates here, that when one triangle 
Ls included in another, the fum of the two fides of the m- 
eluded triangle is neceflarilj lefs than the fum of the two 
fides of the triangle in which it is included, whether they 
be on the fame bafe or not. Now, this is not only not Eu- 
clid's propofition, as Dr Simfon remarks, but it is not true, 
and is direftly contrary to what has juft been demonftrated 
Grom Proclus. But, the fad feems to be, that M. Clairault's 
meaning is entirely different, and that he intends to fpeak not 
of two of the fides of a triangle, but of all the three, fo that 
his proportion is, ^ that when one triangle is included within 
" another, the fum of all the three fides of the included tri- 
" an^e is lefe than the fum of all the three fides of the other," 
and thiis is without doubt true, though, I think, by no means 
felf-evident. It mud be acknowledged alfo, that it is not ex- 
aftly Euclid's propofition, which, however, it comprehends 
under it, and is the general theorem, of which the other is on- 
ly a particular cafe. Therefore, though M. Clairault may be 
blamed for maintaining that to be an Axiom which requires de- 
monftration, yet he ought not to be accufed 'of miflaking io 
this }nfiance a falfe prbpofition for a true one* 



PROP. xxn. 

Thomas Simpfon in his Elements has objeded to Euclid's 
dcmonflration of this propofition, becaufe it contains no proof, 
that the two circles made ufe of in the confirudion of the 
Problem muft cut one another ; and Dr Simfon, on the other 
^and, always unwilling to acknowledge the fmalleft blemifli 
in the works of Euclid, contends, that the demonfiration is 
[)erfeft. The truth, however, certainly is, that the demon- 
Iration admits of fome improvement ^ for the limitation that 
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is made in the enuneiation of any fhroUem ouglit alwap to 
be fliewn to be neceiTarilj connefi^ed with the conftmdibn of 
it, and this is what Euclid has negleAed to do in the {>refent 
inftance. The defe& may eafily be fupplied, and: D^ Simfon 
himfelf has* done it in efieft in his note on this piropofition; 
though he denies it to be neceilar j. 

Becauie that of 
the three ftraight 
lines DF, FG, GH, 
any two are greater 
than the third, by 
hypothefis, FD is 
lefs than FG and 
OHy that is, than 
FH, and therefore 
the circle defcribed 
from the centre F 
with the diflance 
FD muft meet the 
line FE between F 
and H ; and for the 
like reafon,the circle 

defcribed from the centre G at the diftance GH, muft meet 
DG between D and G, and therefore, the one of thefe circles 
cannot be wholly within the other. Neither can the one be 
wholly without the other, beCaufe DF and GH are greater 
than FG 5 the two circles muft therefore interfeft one ano- 
ther, ^ 




PROP. XXIV. 

The fubjeft of parallel lines is one of the moft difficult in 
the Elements of Geometry. It has accordingly been treated 
of in a great variety of different ways, of which, perhaps, 
there is none that can be faid to have given entire fatbfaftion* 
The difficulty confifts in converting the aytli and a 8th of 
Euclid, or in demonftrating, that parallel fbraight lines, or 
fuch as do not meet one another, when they meet a third Kne, 
make the alternate angles with it equal, or which comes to 
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the feme, are equally inclined to it; and make the exterior ®<><^^ ^* 
mgle e^ual to the interior and oppofite. In order to demon* 
Irate this propofition,. Euclid affumed it' as an Axiow, that 
' if a ftraight line meet two ftraight lines, fo as, to make the 
' interior angles on the fame fide of it lefe than- two right 
' angles, tliefe ftraight lines being continually produced, will 
' at length naeet on the fide on which ,the angles are that are 
' lels than two right angles.' This propofition, however, is 
not felf-evident, and ought the lefs to be received without 
proof, that, as Proclus has' obfeiyed, the converfe of it is 
a propofition that confeffedly requires to be demonftrated. 
For the converfe <rf it is, that two ftraight lines which 
meet one another make the interior angles, with any third 
line, lefs than two right angles -, or, in other words, that the 
two interior angles of any triangle are lefe than two right, 
angles, which is the 17th of the Firft Book of the Elcmepts; 
and it fiiould feem, that a propofition can never rightly be 
taken for an Axiom, of which the converfe requires a demon* 
ftration. 

This defe£t in Euclid is, therefore, abundantly evident, but 
the manner of correfting it is by no means obvious, as will 
appesu: from a review of the methods chiefly employed for 
&at purpofe. 

Thefe have been of three forts : i . A new defimtion of paral- 
lel lin^s : 2. A new manner of reafoning oti the properties 
of ftraight lines without any new Axiom : 3. The intror 
sdulEtion of a new Axiom^ leis exceptionable thsm Euclid's. 

I. One of the definitions that has been fubftituted for Eu- 
clid's is, that ftraight lines are parallel, v^hich preferve always 
the fame diftance from one another, by the word diftance be- 
JOg underftood, a perpendicular drawn to one of the lines from 
any point whatever in the other. If thefe perpendiculars be 
every where ef the fame length, the ftraight lines are called 
parallel. This is the definition given by Wolfius, by Bof- 
covich, and by Thomas Simpfon, in the firft edition of his 
Elements. It is, however, a very faulty defimtion, for it 
(>onceals an Axiom in it, and takes for granted a property of 
(baight lines, that ought either to be laid down as felf evir 
ient, or deraonftrated, if poflible, as a Theorem. Thus, if 
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Book l^ Irom the thjQ0^^|K>ints A, By and C of the ftraigbt line AC, 
j^oerpendici^Iaffs AD, B£, CF be 
di *avrn aH equal to <mt another, it 
is^ implied in Jth;^ definition, that 
^fhe points D, E and F are in the 
janie itvdght line, which, though it 
/be tfue, it was not the bufinels of 
^^ev'iefinitiontoJAformusof. Two 

perpe ndiculara, its ^D and CF, are alone fufficient to deter- 
mine ^hepofition of the ftraiglit line DF, and therefore the 
diBfinit^A ought to be, «* that two ftraight lines are paraHcl, 
^ lAen'^Vre are two points in, the one, from which the per* 
** pehdicu1a.rs dnnm to the other are equal, and pn the fame 
« fide of iC'f 

This 18 the definition of parallels which M, D'Alembcrt 

-^ftcm^ to prefer to all others •, but he acj^powledges, and yery 

' jttftiy, that it ftijl remains a matter of difficulty to demon- 

ftrate, that all the perpendiculars drawn from the one of thcfe 

Ibes to the other are equsJ. ( Encyclopedie^ Art. ParaUek.) 

Another definition that has been given of parallels is, dial 
the J are lines which make equal aiigles with a third ijine, to- 
ward the jfame parts, or fuch as make the exterior angle ^- 
qual to the interior and oppofite. Varignon, Bezout, and fe- 
veral other mathematcicians have adopted this definition, whicb* 
it muft be acknowledged, is a perfectly good one^ if it be un< 
derftood by it, that the 
two lines, called parallel, 
are fuch ds make equal 
angles with a certain 
third line, but not with 
any line that falls upon 
them. For, if this iaft is 
fuppofed, we, in fad, in- 
volve a Theorem in the 
definition, viz. That if 
AB and CD make equaj 
angles with GH, they will 

do lb alfo with any other line whatfpever, which 13 a pro- 
pofition to be proved. But, the definition, when thus ex- 
plained, has no advantage whatever above Euclid's \ and it 
iiill remains to demonftrate, i. That ftraight lines which arc 
equally inclined to a certain line that falls upon them, muflbe 
equally inclined to all the others that fall upon them j and al- 
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fe, 2. That ftrwght lines which do not meet when produ- Book I. 
ced, xhuft make eqttal angles with every line that falls upon 
tihem. On the whole, therefore, we may conclude^ that of 
tii^ three definitions that may be given of parallels, Euclid's, 
and the other two jufl mentioned, no one, as to the objedt of 
facilitating the demonftration of the properties of fuch lines, 
iias any advantage above the reft. 

Next, with refpeft to thofe who have fought to demonftrate 
the properties of parallel lines by help of any of the prece- 
ding definitions, without any new Axiom, all their attempts, 
2B hoc as I know, have been imfuccefsful. Of thefe I (hallt 
however, mention only two, the one the moft ancient, and 
the other the moft recent of which I have any information. 

The firft is by Ptolemy the aftronomer, who, as Proclus 
informs us, wrote an entire Book in proof of the propo- 
fition which Euclid has confidered as an Axiom, concern- 
ing the meeting of fuch lines, as md^e with another line the 
interior angles lefs than two right angles. Proclus has pre- 
fer ved an account of this work, in the fourth book of his 
Commentaries, from which it appears, that Ptolemy had en- 
deavoured to give his demonftrations without introducing any 
new Axiom ; and it is remarkable, that he reafons there jex- 
affly on the principle which the modems have diftinguiflied 
by the name of the fufficient reafon. To prove, tha^ if two 
{Mtrallel ftnught lines, AB and CD, be cut by a third line EF, 
in G and H, the two interior angles AGH, CHG will be 
eqUal to two right angles, he reafons thus: If the angles 
AGH, CHG be not equal to two right angles, let them, if 
poflible, be greater than two right an^es *, then, becaufe the 
lines AG and CH are not more parallel than the lines BG and 
DH, the angles BGH, DHG are alfo greater than two right 
angles. Therefore, the four angles AGH, CHG, BGH, 
I>HG arc greater than four right angles ; and they are alfo 
^qual to four rij^t angles, which is abfurd. In the fame man- 
ner it is fhewn, that the angles AGH, CHG cannot be leis 
than two right angles. Therefore they are equal to two right 
angles. 

Proclus objeSs to this reafoning, and it certainly cannot be 
cuiniitted as conclufive. For why are we to fuppofe that the 
•interior angles which the parallels make with the line cut- 
fiflg thexn^ are either in every cafe greater than two right 
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^Book y. angles, or in every cafe lefe than two right angles ? For any 
- * , - thing that' we are yet fuppofed to know, they may be fome- 
times greater than two right angles, and fometimes lefe, and 
therefore we are not entitled to conclude, becaufe the angles 
AGH, CHG are greater than two right angles, that therefore 
the angles BGH, DHG are alfo neceffarily greater than two 
right angl^. It may fafely be aflerted, therefore, that Pto- 
lemy has not fucceeded in his attempt to demonflrate the pro- 
perties of parallel lines without the afliflance of a new Axiom. 
The other attempt to demonflrate the fame propofition widi- 
out the affifiance of a hew Axiom is, by a modem geometer, 
Francefchinis, Profeflbr of Mathematics in die Univerfity of 
Bologna, in an effay, which he entitles. La *Teoria delle pa^ 
r allele rigorofdmente dimojlratay printed in his Opufcoli Matht* 
mattcu at Baflano in 17^7. 

The difficulty is there reduced to a propofition nearly the 
fame with this. That if 
BE make an acute angle 
with BD,and if DE be 
perpendicular to BD at any 
jpoint, BE and DE, if 
produced, will meet. To 
demonflrate this, it is 
fuppofed, that BO, BG 
are two parts taken in 
BE, of which BC is great- 
er than BO, and that 
the perpendiculars ON, 
CL are drawn to BD ; then 
iliall BL be greater than 
BN. For, if not, that is^ 

if the perpendicular CL falls either at N, or between B and 
N, as at F •, in the lirft ot thefe cafes the angle CNB is equal 
^ to the angle ONB, becaufe they are both right angles, which 

is impoJGSble ; and, in the fecond, the two angles CFN, CNF, 
of the triangle CNF, exceed two right angles. Therefore, 
adds our author, fince, as BC increafes, BL alfo increafes, and 
lince BC may be incfealed without limit, fo BL may become 
greater than any given line, and therefore may be greater than 
BD •, wherefore, iince the perpendiculars to BD from points 
beyond D meet BC, the perpendicular from D neceffarily 
meets it. Q^E. D. 

2 Now, 
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Now, though at firft fight this reafoning may appear found, it ^^^^ ^' ^ 
will be found, on examination, to be entirely inconclufive. For, ' 
unlefs it be proved, that whatever multiple BC is of BO, the 
fame is BL of BN, the indefinite increafe of BC does not ne- 
ceffarily imply the indefinite increafe of BL, or that BL may 
be made to exceed BD. On the contrary, BL may always 
increafe, and yet may do fo in fiich a manner as never to ex- 
ceed BD : In order that the demonfixation fhould be conclu- 
five, it would be necefTary to fliew, that when BC increafes 
by a part equal to BO, BL increafes always by a part equal 
to BN ; but to do this will be found to require the knowledge 
of thofe very properties of parallel lines that we are feeking 
to demonflrate. 

The foregoing propofition, therefore, is not dcmonftrated ; 
if it were, the doArine of parallel lines would be fubjedl to no 
farther difficulty, as will appear from the demonflration of Cla- 
vius, 

r 

Clavius is one of the geometers who has treated moft 
fiilly of this fubje£t, but it may be doiibted, whether he con- 
fidered his demonflration as being founded on a aew Axiom^ ^ 
or not. The propofition that ferves as the foundation of his 
reafoning he certainly does not lay down entirely as felf 
evident, for he ofFefs a fort of metaphyfical proof of it, by 
which he endeavours to ponne£t it with Euclid's definition oi > 

a ilraight line. In this he is not fucceisful, and, by what he fays s 

at the conclufion of t^e whole, he appears to have been wil- 
ling to wave this proof, and to coniider the faid propofition as 
an Axiom ; for he fays, ** ^amvis autem^ conceffo principio 
** noftro optime a nobis' demonjt rat urn Jit tertium decimum hoc 
" Axioma^ (fc. Euciidis^J" tiff.; where he certainly fpeaks 
of the principle of his ' demonflration as a thing taken for 
granted. It is this, **• That a line of which the points are all; 
'' equidiflant from a certain flraight line in the fame plane 
•* with it, is itfelf a Ilraight line." From this propofition,' 
which, however, ought not in flridtieis to be held an Axioms 
it follows, that if two equal perpendiculars be drawn to any 
(Iraight line on the fame fide of it, the flraight line joining 
their extremities will be equidiflant from the former linej 
For, if not, it is plain from it, that two flraight lines majf^ 
:Ocnprehend a fpace. 
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i66 



NOTES. 




« 

Book r. Hence, if through the extremities C and D of twd per- 
pendicidars, AC and BD, to the fame ftraight line AB, a 
ftraight line CD be drawn, CD fliaH make ri^t angles widi 
the perpendiculars AC and BD. 

For, if AB be bifeded in E, and EF be drawn petpcndi- 
cular to AB meeting CD in F ; and if AF, BF be dravn, 
becaufe the fides AE, 
EF of the triangle AEF 
are equal to me fides 
BE, EF of the triangle 
BEF, and becaufe they 
contain the equal angles 
AEF, BEF, each of 
which is a right angle, 
therefore the bafe AF 
is equal to the bafe BF, 

and the angle EFA to the angle EFB, as alfo the angle 
EAF to the angle EBF. Now, fince the whde angle C AE 
is equal to the whole DBE, and the part EAF to th^ part 
EBF, therefore the remainder FAC is equal to the rcroaifti 
<}er FBD. Therefore, fince AC is equal to BD, aq4 Aj" to 
BF ; and, fince the angles C AF, DBF are alfo equal, the tri- 
angles ACF, BDF are equal, the angle ACF to the angle 
BDF, and the angle AFC to the angle BFD- Now, it has 
been (hewn, that the angle AFE is equal to the angle BF£> 
therefore the whole angle CFE is equal to the whole angle 
DFE, and therefore CFE, DFE are each of them right 
angles. But, becaufe AC and EF are equal perpendiculars 
drawn to the line AE, and CF pafles through their extremi- 
ties, the angles ACF, CFE will be fhewn to be equal, in the 
fame way that the angles ACF and FDB have juft been 
fhewn to be equal. But CFE is a right apgle, therefore ACF 
is alfo a right angle. For the fame reafon BDC is a right 
angle. 

Hence, laftly, the dcmonftration of Euclid's lath Axiom, 
viz i that when a ftraight line, falling on two other ftraight lines, 
makes the internal angles, on the fame fide of it, lefs than iwo 
right angles, the two lines will meet, if continually produced 
towards that lide on which the two angles are that are le& 
than two right angles. 
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et AG iHd BD be two ttraight Knes, on which AB ^^^ 
and makes ' ^ 

igles CAB, 
) lefe than 
ight angles, 
ind BD wiU 
, if prckiu- 
on the fide 
and D* 
il,letABD 
right angle, 
therefore 
i an acute 
. In AC 
inypointE, 

raw EF perpendicular to AB ; alfo, let AL be a multiple 
F fuch as to exceed AB, and let AM be the fenae mid- 
of AE that AL 19 of AF. Take FG eqind ta AE^.- 
£K equal to EA, produce FE to H, fo that EH may be 
to EF, and join HK ; join aKo LM. 

caufe AE is equal to EK, FE to EH, and the angle 
' to the angle KEH, the triangks AFE, KHE are equal, 
afe HK to the bafe AF, and the angle EHK ta tlie angle 
\, But AFE is a right angle, wherefore EHK is aMb a 
angle, and HK being equal to AF, that iif, to FGt,JSLGE 
ight angle, by the laft propofltion, aild KG a perpen- 
w to Ad ; and, a^ the fame may be proved of aH the 
joining the correfponding points of divifion in AB and 
k is true alfo of LM, and therefore LM is perpeiidicra- 
• LA. But BD is alfo perpendicular to LA, therefore 
ind BD are parallel, and the whole of the line LM is 
fore on the fame £de of BD, namely^ on the ^ide of it 
dte to A, therefore the liae MA, that is^ AC^ muft cut 
ne BD. 

ixt, Let the angles BAG and ABD, which the two 
make with the third line, be neither of them right angles., 
ugh A draw HAF making the angle B AF equal to the 
EBD, and make AG perpendicular to BD; and, bc- 
the angles B AC» ABD are leis than two right angles, 
:he angles EBD, ABD equal to two rijht angles, tha 
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Book I. angles £fiD and ABD are together greater tbatl Itiie angks 

" 'cab, ABD, and ta- 

king away the ansle 
ABD, there remains 
the angle EBD great- 
than the angle 



cr 
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BAG; but EBD 
equal to BAF, there- ..• 
fore BAF is greater 
than BAO, and AC* 
falls between AF and 
BD. Now, becaofe the 
anjgle EBD is equal to 
the angfc BAF, BD 
is parallel to AF ; and 
becaufe AG is at 




right angles to BD, it is alfo at right angles ta AF ; for, if 
not, the angle GAF will either be acute or obtufe, but it is 
not acute, for then^ by the laft cafe, the ftraight lines AC and 
BD would meet toward C and D, which is abfurd, for AF 
and BD are parallel. Neither is the angle GAF obtofe, 
for the angle HAG would then be acute, and the (baight 
lines AH and GB would meet, if produced toward B and H. 
Since the angle GAF, therefore, is a right angle, the angle 
GAC is lefs than a right angle, and therefore, by the laft cde> 
AC and GD will meet, if produced continually toward C 
andD. Q^^E. D. 

It is thus that Clavius demonftrates Euclid's Axionii, an4 
of confequence, the whole doftrine of parallel lines, in a man- 
ner altogether unexceptionable, if the principle be taken for 
granted, " that a Une, of which the points are all equidiftant 
*' from a certain. ftraight line, in the fame plane with it, is it-' 
" felf a ftraight line." A demonftration, not very different 
"from the preceding, is given by Dr Simfon in the fecond, 
and the fubfequent editions of his Euclid. In his firft edi- 
tion he followed a method which he admits not to be ftr id- 
ly demoiiftrative, grounded on this, than when two ftraight 
lines cut one another, they may be prodiiced till their di- 
ftance become greater than any given line, a principle which 
Proclus has alfo employed for the fame purpofe. In his other 
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demonftration he differs from Clavius, -firft, as to the priri- . ^°^ ^- 
ciple which he takes for granted ; which is, ** that a ftraight 
•* line cannot firft come nearer to another ftraight line, and 
** then go farther from it without meeting it ;" where, by 
Coming nearer y is underftood, according to a previous definition, 
the diminution of the perpendiculars drawn from the one line 
upon the other 5 and the contrary by going farther off. This 
Axiom is, no doubt, more readily alTented to than that of Cla- 
vius, and muft be regarded as the more fundamental propoC- 
tion of the two, though there be, in fa6l, no great difference 
between them. It is evident how it may be employed to 
demonflrate Clavius's firft Theorem, viz. That if the perpen- 
diculars drawn upon one ftraight line from two points in ano- 
ther be equal, all the perpendiculars drawn to the firft of 
thefe lines from the points of the fecond are equal to onie 
another. For otherwife the perpendiculars muft firft in- 
creafe and then decreafe, which, by the Axiom, is impoflible. 
After this the demonft ration proceeds in the fame manner 
with that which has jufl been given, except that in fome parts 
the proof is rendered direft where Clavius has it indireft, as 
intlie fecond ^afe of the laft propofition. On the whole, 
however, the two dcmonftrations are fo nearly alike, that as 
the one of them has been frilly explained, the other does not 
require a particular confideration. 

Thefe, then, are fome of the napft remarkable demonft^ra- 
tiofts tff the properties of parallel lines,; that have been giyen, 
fo far as I know, by ancient or modem geometers. I fhall 
mention only one more, which I cannot help regarding as fu- 
perior io fimplicity andneatnefs to any of them. It is that 
which is given by Mr Thomas Simpfbn, in the fecond edition 
of his Elements, which is very different from that oi' the firft 
edition, where he lays down the faulty definition of parallel 
lines that was already taken notice of. The Axiom employ- 
ed by Simpfon is effentially the lame with that which was 
lall mentioned, but it is prefented in & fimpler form. It is, 
that ** if two points in a ftraight line are pofited at unequal 
** diftances from another ftraight line in the fame plane, thofe 
** two lines being indefinitely produced on the fide of the 
•* leaft diftance will meet one another." 

By help of this Axiom it is eafy to prove, that if two ftraight 
lines AB, CD be parallel, the perpendiculars to the one, termi- 
matod by the otlier, are all equal, and are alfo perpendicular 
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Bo^k I. to both die parallels^ Tbat thej are equal is evident* other* 
' wife the lines would meet by the Axiom : Tbalt they are pcf- 
pendicular to both is demoQlbated thus : 




If AC and BD, which are perpendicular to AB, and equal to 
one another, be notalfo perpendi- 
cular to CD, from C let C£ b^ 
drawn at right angles to BD^ 
Then, becaufe AB and CE are 
both perpendicular to BD, they 
are parallel, and therefore, the 
perpendiculars AC and BE are 
equal. But AC is equal to BD> (by hypothefis), therefore 
BE and BD are equal, which is impdffibie ; BD is thetefiue 
at right angles to CD. 
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Hence the propofition, that " if a ftraight line fall on two 
parallel lines, it makes the alternate angles equal," is ea% 
derived. Let FH 
and GE be perpen- 
dicular to CD, then 
they will be paral- 
lel to one another, 
and alfo at right 
angles to AB, and 
therefore FG and 
HE are equal to one 
another, by the laft 

propolition. Wherefore in the triangles EFG, EFH, the fides 
HE and EF are equal to the fides GF and FE, each to each, 
and alfo the third fide HF to the third fide EG, therefore 
the angle IIEF is equal to the angle EFG, and they are al- 
ternate angles. Q^ E. D. 

This method of treating the do^ne of parallel lines is ex- 
tremely plain and concife, and perhaps does not admit of anj 
improvement, except that of putting the Axiom on which it 
is founded into a more fimple form : It might, for example, 
be cxpreffed thus : " If two ftraight lines interfeft one apo- 
" ther, and if from any two points of the one^ perpcndicu- 
** laxs be drawn to the otl^ex ^ the perpendicular th^t is near- 



*v. 



NOTES. 37» 

^ er to the point of interfeftion is kfs than that which is more ^ Book I. 
• rfBinote/* 

The demonftration founded on this Axiom* and conduced 
jx i^e manner juil explained, I am difpofed to think prefer-* 
»ble to any that has jet been given. If I have not followed 
diis method, it is becaufe I W]ihe4 to prefe^ve the text of £u« 
E4i4 with the lead akeration po^hle. I therefore aflumed as 
9& Axiom, a prppoiition that is not perhaps fo obvious a pro- 
iper^y of iiraight lines as that which has juft been ftated, but 
which is certainly much n^ore fo than Euclid's, and one which 
I know from experience that beginners fipd no difficulty in 
^^mprehending, or in admitting to be true. By n^eans of it 
^e 29th, and alfo what was formerly the lath Axiom, are de- 
tnmftrated without changing any thing in the feries of Eu- 
clid's propofitions. 

From the detail that has juft been given, it is evident, that 
U^ demcmftrate the properties of p^ndlel l^jies without having 
secourle to fome Axiom, or which is the £ime |hing, without 
afTuming fome pioperty of ftraight lines, not contained in the 
drfinition of a ftraight line, is ftUl a defideratum in elementsi- 
ry geometry. And, if we confider how much ikill and in- 
gcnutty have in the courfe of many ,ages been applied to 
this inveftigation ; and alfo refied, th^t the thing fought 
&h: belongs to the very rudifnents of ^e fcience, and there- 
fjore, if it exifts at all, can be at no great 4iftai^ce, we fhall, 
be inclined to confider the difcovery of it, as a prpbleip in 
geometry never likely to be refolvedt At ^e &me time,, 
it appears extraordinary, that the definition of a ftraight line, 
if it is complete, fliould not lead us to the knowledge of every 
property of fuch a line, without the afiumption of any thing 
Aoc contained in it. Why ought not thepropofi^on, for inftance, 
that has been juft ftated as an A xiom, that " if two ftraight lines 
** inter&A one another, and if from any twp points in the one 
^ perpendiculars be drawn to the other, the perpendicular 
^ ne^r to the point of interferon will be lefs than that 
'^ which is more remote," to be capable of demonftration, or 
of being deduced from the definition of a ftraight line ? If 
there be nothing obfcure or imperfe^ in our notions of a 
ftraight line, of a perpendicular, or of the interfecdon of two 
iiraight lines, from whence can it pofiiibly arife that we are 
unable to demonftrate this prppofition? It was noway won-, 
derfuly that, when Euclid gave his vague and cbfcure defi- 
nition 
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Book 1. ji{ti6n of a ftraight line, he fliould not be able to dtmaa- 
ftrate even the moft fimple property of redilineal figuresi 
without the affumptibn of the Axiom, that two ftraight 
lines cannot inclofe a fpace. But, when the defefb of dils 
definition feem to be wholly corredted,- we might Ceitamlj 
expert to be able to derive all the properties of ftraight lino 
direftly from that definition, and yet the faft is, that we art 
not at all afllfted by it, in the cafe before us. I confeis thi 
is not eafily accounted for ; but there are two confiderations, 
which, though they may not contain the folution of the para- 
dox, will perhaps ferve to render it lejls wonderful. 

The firfi is, tiiat the definition given of an angle is certainlj 
imperfedl. An angle is the inclination of two lines ; now, the 
word inclination is not much better underftood than the word 
angle, fo that we have here the very fame defeft that there 
is in Euclid's definition of a ftraight line. It is, at the fame 
time, difiiicult to conceive any way in which this definitioa 
can be amended ; and it is, perhaps, on account of its imper- 
fedtiort that we are obliged to affume fome property of the lines 
fubtending an angle, or of two lines making angles with a 
third line, as an Axiom ; juft as the imperfed: definition of e 
ftraight line muft be afiifted by the aflumption, that two ftraight 
lines cannot inclofe a fpace. 

It muft farther be remarked, that whatever be the fource 
of this difficulty, it is not the only one of the kind that we 
meet with in the Elements of Geometry. A fecond inftance 
occurs, where a certain relation between the lengths of 
ftraight, and curve lines is affumed as an Axiom, without 
being logically deduced from our ideas, either of ftraight- 
nefs, or of curvature. This is the Axiom on which Archi- 
medes, and all the geometers after him have founded the cora- 
parifon of the lengths of curves with the lengths of ftraight 
lines, and is the fame which is placed here at the beginning of 
the 8th Book. It would be in vain, I believe, that one would 
feek to give a rigorous demonftration of that propofition, yet 
it is of a nature purely elementary, though more complex, 
without doubt, than that which we have been conlidering. 
There is a third propofition of this fort, relative to furfaces, 
which is alTo laid down by Archimedes, for the foundation of 
the comparifon of curve fuperficies with plane figures, and of 
which no demonftration is given^ Thefe are the only three 

properties 
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iTOpertles of geometrical magnitudes in the whole fcieoce, Book I. ^ 
hat are taken for granted without being deduced from the 
Icfinitions j that it ia impoffible to demonftrate anj of them, 
S "what no one will take upon him to affirm ; but the many 
Jid powerful efforts made for that purpofe, which they have 
Jready withftood, ought to deter any one from throwing a- 
way much of his time in fearching^ after fuch demonftra- 
xons. 



BOOK IL PROP. yil. 

THE demonftration of this propofition ufually occafipns feook II. 
fome difficulty to beginners, and on that account anq- 
"^er is added, which is fomewhac fhorter. 



PROP. A and B, 



Thefc Theorems are added on account of their great ufe in 
pometry, and their clofe connedtion with the other propoli- 
tions which are the fubjeft of this Book. Prop. A is an ex- 
tenfion of the 9th and loth. 



BOOK III. 
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BOOK m. 

l5Ef INITIONS. 

THE definition which Euclid makes the firft df this Book 
is that of equal circles, which he defines to be ** tbafe 
** of which tjie diameters are equaL** This is rejeded firom 
among the definitions, as b^ing H Theorem, the trudi of 
^hich is proved bj fuppofing the circles applied to one soo- 
ther, (6 that their centres may coincide, for the whole of the 
one muft then coincide with the whole of the other* The 
converfe, viz. That circles which are equal have equal dia« 
meters, is proved in the fame way. 

The definition of the angle of a fegment is alfo omitted, 
becaufe it is not a re6Hlineal angle, but one underflood to be 
contained between a flraight Ime and a portion of the etr< 
cumference of a circle. For the fame reafon, no notice is 
taken in the i6th propofition of the angle comprehended be- 
tween the femicircle and diameter, which is faid by Euclid to 
be greater than any acute reftilineal angle. The reafon for 
thefe omiilions has already been afligned in the notes on the 
fifth definition of the firft Book. 



BOOK V. 



Book V. fTpHE fubjeft of proportion has been treated fo differently I 
"^ "^ ' JL by thofe who have written on elementary geometry, ■ 
and the method which Euclid has followed has been fo often) 
and fo inconfiderately cenfured, that in thefe notes it will not 
perhaps be more neccffary to account for the changes that I 
have made, than for thofe that I have not made. The changes 
are but few, and relate to the language, i^ot ta the effence of flic 

dcmpnftrationsi 
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Lemonftrations ; they will be explained after feme of the de- Book V. 
Hoitions have been particularly confidered. * 



DEF. III. 

The definition of ratio given here has been greatly extol- 
led by fome authors ', but whatever vahie it may have in the 
^ftaro£ a metaphyfician, it has but little in thofe of a geome- 
ter, becaufe nothing concerning the properties of ratios can 
Ic deduced from it. Dr Barrow has very judicioufly remark^ 
fed concerning it, ** That Euclid had probably no other defign 

* in making this definition, than to give a general fummary 

• idea of ratio to beginners by premifing diis metaphyfical 
.^ definition, to the more accurate definitions of ratios that ar6 
^ equal to one another, or one of which is greater or leis than 
" the other : I cafl it a metaphyfical, for it is not properly a 
** mathematical definition, fince nothing in mathematics de- 
^ pends on it, or is deduced, nor, as I judge, can be deduced 
** from it." (Barrow's Ledures, left 3.) Dr Simfon thinks 
tlie definition has been Tadded by fome unikilful editor, but 
there is no ground for that fnppofition, other than what arifcs 
firom the definition being of no ufe ; we may, however, weH 
enough imagine, that a certain idea of order and method in- 
duced Euclid to give fome general definition of ratio, before 
]it pfed the term in t}ie definftjon of equal ratios. 



DEF. IV. 

This definition is a little altered in the expreffion ; Euclid 
has it, that *^ magnitudes are laid to have a ratip to one ano- 
^* ther, when the leis can be omltiplied fo as to exceed the 
" greater." 



D E F. V. 

. One of the chief obfiacles to the ready imderftandmg of 
thp jth^ ^ook of Euclid is the difficulty that moft people find 
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^ Book V. of recoQciling the , idea of proportion which they haye 
already acquired, with, the account of it that is given in doj 
definition. Our firit ideas of proportion, or of proportional^ 
tj, are got by trying to compare together the magnitodq 
of external bodies ; and, though they be at .firft abundaadf K 
Vague and incorreft, they are ufually rendered tolerably pit. 
ciie by the ftudy of arithmetic ; and we then learn to diffin- 
soifh a particular relation, in point of magnitude, which being 
m any cafe the fame between two things that it is between 
other two, we fay of all the four, that they are propord^ 
als. 

The fimpleft form in which this relation can appear is, whei^ 
the firft contains the fecond the &me number of times 'dttt 
the third contains the fourth ; or, a^ we may expreis it, vihai 
the firft is the fame multiple of the fecond that die third is of 
the fourth. From this fimilitude of relations between t& 
firft two and the fecond two, we ca]l them proportionals, ik 
lay, that the firft is to the fecond as the third to l3k 
fourth. 

Proceeding to general! fe this idea, and taking number In 
the firft place for the fubje£l of comparifon, we loon come to 
fix on this as the general notion of proporti6nal numbers,. tha^ 
when there are four numbers, fuch that the quotient arifing 
ifrom dividing, according to the common rules of arithmetic, 
tne firft by the fecond, is the fame with' the quotient that ari- 
fes from dividing, in like maimer, the third by the fourth, 
thefe numbers are proportiouuls, or, we fay that the firft is to 
the fecond as the third to the fourth. 

Now, as the operation of arithmetical divifion applies as readi- 
ly to any two magnitudes, of the fame kind, as it does to two 
numbers, the notion of proportion thus obtained may be confi- 
dered as perfcclly general. For, in arithmetic, after finding 
how often the divifor is contained in the dividend, we mqltiplf 
the remainder by lo, or loo, or looo, or any power, as it is 
called, of ic3, and proceed to enquire how oft the divifor is 
contained in this new dividend; and, if there be any remam- 
der, we go on to multiply it by lo, lOo, &c. as before, and 
to divide the produd by the original divifor, and fo on, the 
divifion fometimes terminating, by no remainder being left, 
and fometimes going on ad ijifuiitum^ in confequence of a re- 
mainder being left at each operation. Now, this procefs 
niay eafily be imitated with any two magnitudes A and Bt 

providing 
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prCA^idiilg thejbe of the (ante kind, or fuch that the one J^ kV. ^ 
bkn be multiplied fo as to exceed the other* For, fuppofe chat ^ 
B is the leaft of the two ; take B out of A a& oft as it can ht 
loand, and let the quotient be noted, and alfo the remainder, 
if there be anj ; multiply this remiainder bj lo, or loo, &c. 
lb ias to exceed B, and let 6 be taken as oft as it can be found 
out of the quantity produced bj this multiplication, and let 
Bie quotient be noted, and alfo the remainder, if there be an j. 
Ptoceed with this remainder as before, and fo on continually ^ 
fmd it is evident, that we have an operation that applies to aU 
imdes whatfoever, and that may be performed with re- 
to any two lines, any two plane figures,'or any two folid^^ 




Now, when We have twb inignitudeii and two others, and 
^Indihat thcfirft divided by the fecond, according to this me* 
^Bibd, gi^es the very fame feries of quotients that the third 
does when divided by the fourth, we fay of theie magnitudes, 
't» we did of the numbers above defchbed, that dienrft is to 
tfafc fiecond as the third to the fourth. There are only two 
'inore circumilances to be taken notice bf as neceiTary to give 
:tD Ais idea of proportion, the utmoft generality of which it is 
.d^hable. 

.-*- T&ft, it is known from ariflimfetic, thslt the ihultiplication 
tfTthe fuccefiive remainders each of them by lo, is equV 
vaient to multiplying the quantity to be divided by the pro- 
daft of iJl thofe tens -, fo that multiplying, for inftance, th6 
frft remainder by lo, the fecond by lo, and the third by lo, 
is the ikihe things with refped to the quotient, as if the qtlanti- 
hr.to be divided had been at fxrft multiplied by looo ; and 
ttere fore ^ our ftandard of the proportionality of numbers may 
VeexpreflTed thus : If the firft multiplied any number of times 
¥jr zo, and then divided by the fecond, gives the fame quo- 
tient as when the third is multiplied as often by lo and dien 
ifivided by the fourth, the four magnitudes ate proportionals. 

Again, it is evident, that there is no neceffity in thefetnut^ 
ttplicadons for confining ourfelves. to xc, or the powi^ "of lo, 
and that We do fo, in arithmetic, only for the codveniency 
Of the decimal tiotiition \ we may therefore ufe' dny nufn- 
b^ whatfoever. providing we life the fame in bodi cafes. 
K^tict, w^ have this definition of proportionals, when there 
are fi^or magnitudes, and any multiple whatfoever of the 
Ik9j "vvlieii divided by the fecond^ gives tiie ibme - quotient 
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?^^\ with the like multiple of the third when divided hj^-jk 
^ ' fourth, the four liiagnitudes are proportionals, Or tbc^ tm}m 

the ikme ratio to the fecood that the third has to thefmA 
We are now arrived very near to Euclid's defiiutipav% 
let A, B, C, D be four pn^ortionals, according to ths dcM 
tion juft given, and m an j number ; and let the mnltipJeiE 
A by fttf that is mAp be divided bj B ; and, firft, let Ap 
quotient be the number n txsL&ij^ then alfp. when mdii 
divided bj D, the quotient will be n exadlj* But, y^ 
«iA divided by B gives for the quotient, mA zz nj^by 
nature of divifion, fo that when mAz: »B, mC = nBr.vluA 
is one of the conditions of Euclid's definition . /. 

Again, when mA is divided bj B, let the drvifion notrk 
exadly performed, but let « be the quotient .as fiiF as i| qmit 
expfeff^ in whole numbers, then mA> mB^ vai^iiKj^ 
fame reafon, mC > «0, which is another of the cooditiaiMf 
Euclid's definition. 

Lafily, Let us fiippofe, that orAdoes not contasa B £1 ofip 
as there are units in », then mA will be leis than iiB:( tl* 
becauie, hy hjpothefis, mC does not contain D o&etner duB 
mA contains B, mC wiU not contain X) fo often as tb^^ 
are units in a, and therefore mC < irD. Therefore^ wexiV 

A, B, G, D proportionals, when they are £uch» that if 
mA > nRj tnC > nt)-, if mA zz »B, mCzu nJ^_\ and if 
mA < nB, mC < 0D, m and ir being any numbers whalfo 
ever. Now, this is exadly the criterion of proportionaliqr. 
efiabliihed by Euclid iir the 3th definition, and isderived inat 
by generalifing the common and mod familiar idea of psopoa^ 
tion. 

It appears from this, that the condition of mA contaioiat 

B, whether with or without a remainder, as c^en as ptQ 
contains D, with or without a remainder, and of this beij!|| 
the cafe whatever value be afiigned to the number m, inclqjiff 
in it all the three conditions that are mentioned ia Euclid^ 
definition ; and hence, that definition may be e^reiSad ft 
littk^moire fimply by faying, tliat four magnitudes are fror i 
portionalsa^when any multiple of the firil contains the fecoofb |i 
(with or without remainder), as oft as the iame multiple ^ 
the third contains the fourth. But, though this definition iseo^ 
tainlyf in the expreffion, more fimple than Euclid's, it js.n<}^ 
as will be found on trial, £b eafily applied to the purpofe,^ 
demonilration. The three conditions which EucHd.j^nilff 

together 
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K»gother in his de£nition, though they fomewhat embarrais the ^odc v. 
i^preflSoil of it, have the advantage of rendering the demon- 
ttretions more fimplethati thej would otherwife be, by avoiding 
iB diibaffioci about the magnitude pf the remainder left, after 
Bis M^cn out of mA, as on as it can be found. All the at- 
livnptSy indcedj to demonflrate the properties of proportion* 
||| nfforoufly, by means of other definitions than Euclid's, either 
^Mtlhave made myielfy or that I have feen others make, 
iHkve only ferved to convince me of the excellence of the me- 
ifbiod followed by the Greek geometer, and of his fingulaf 
Ihccffi in generalifiag the idea of porportion. 

The great objection to the other methods is, that if they 

Wte'tneant to be rigorous, they require two demonflrations to 

^tiy prc^fition^ one when the divifion of mA into parts 

^ifttiX to B can be ezafUy perforn-ed, the other when it can- 

Wti^ exA&ly performed, whatever value be afligned to m, 

cr wh^en A and B are what is called incommenfturable ; and 

^iMi^ laft caie 'will in general be found to require an indired 

4bmoiiiftrationy or a reduBio ad ahfurdutn. 

^"^ MwD'Akmbert, fpeakiog of the dodrine of proportion, 

4ft' » dificoorfe that contains many excellent obfervations, but 

4ft -which he has overlooked Euclid's manner of treating this 

^bbjeft entirely, has the following remark : '^ On ne pent de- 

^ montrer que de cette maniere, (la r^du6tion a rabfurde) la 

'^ popart dcs propofitions qui regardent les incommenfura- 

f-lles* L'idee de I'infini entre au moins implicitement dans 

^^ la notion de ces fortes des quantitds ; et comme nous n*a« 

\^- irooa qo'une idee negative de Tinfini on ne pent demontrer 

' * diredement, et a priori^ tout ce qui conceme Tinfini mathe- 

J!^ itUldque." {Encyclopedie. Mot^ Giometrie.) 

-'^^This remark leta in a firong and juft light the difficulty of 

tfemonftrating the propofitions that regard the proportion of 

iiteommeflfurable magnitudes, without having recourfe to the 

TiAfSio ad abfurdum , but it is furprifing that M. D'Alem^ 

tertf a geometer no leis learned than profound, {hould have 

aegleA^ to make mention of Euclid's method, the only one 

m which the difficulty he ftates fo ftrongly is completely over- 

Coaie^ It is overcome by the introduction of the idea of in- 

dfcfimtttde, (if I may be permitted to ufe the word), inftead of 

die iileaof iofijcdty; for ^ and fr, the multipliers employed, 

toe bigffdkA to be indefinite, or to admit of all poffible va- 

loea^ find it is by die ikilful u& of this condition that the ne- 

• • 1 : • C c 2 ceffity 
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Boot V, ceffity of ihdirefl: demonftrations is avoided. In the.WhoK 
of geometry, I know not that any hippier invention i^ to B2 
found', and it is worth remarking, that Euclid appeals in a£ 
other of his works to have availed himfelf of the ijea d 
indeiinitnde with the fame fuccels, viz. in his bobks^ct 
Porifins, which, have been reftored by Dr Simfon, iciilPl 
which the whole analyfis turned on that idea, as I havd ttr^ 
at length, in the third volume of the Tranfai^oils of tiK' 
Royal Society of Edinburgh. The inveftfgations o{ Adt 
propofitions were founded entirely oh the principle of iceftafi! 
magnitudes admitting of innumerable values ; and the'&- 
thods of reafoning concerning them feem to Jbave "been '^i- 
trcmely fimilar to thofe employed in the fifth of the B3fc 
ments. It is curious to remark this analogy between, the S£^ 
ferent works of the fame author ; and to confider, thai the 
fkill, in the conduft of this very refined and ingenious ib<e- 
thody which Euclid had acquired in treating the projeitia 
of proportionals, may have enabled him to fucceed 16 Wdl it 
treating the ftill more difficult fubjeft of Porifms. ^ -1 ^ 

With fuch an opinion of EucKd's manner of treatiii^ jtoi 
portion, as I have now exprefled, it was impoCible tliat *? 
fhould attempt to change any thing in the principle of lia de- ' 
monftrations. I have only fought to improve the language 
of them, by introducing a , concife mode of expreifion, oif 
the fame nature with that which we ufe in arithmetic, and 
in algebra. Ordinary language conveys the ideas of the di£ 
ferent operations fuppofed to be performed in thefe demon-- 
ftrations fo flowly, and breaks them down into fo many paitSi 
that they make not a fuiHcient impreffion on the underhand- ? 
ing. This, indeed, will generally happen when the things' 
treated of are not reprefented to the fenfes by Diagrams, as 
they cannot be when we reafon concerning magnitude in 
general, as in this part of the Elements. Here we ought 
certainly to adopt the language of arithmetic or algebra, 
which, by its iliortnefs, and the rapidity with which it 
places objefts before us, makes up in the beft manner pot 
fible for being merely a conventional language^ and 'UfiQg 
fymbols that have no refemblance to the things exprefled by ^ jj 
them. Such a language, therefore, I have endeavoured to 
introduce here ; and, I am convinced, that if it lliall be fbp^a 
im improvement, it is the only one of which the fifth of Eu 

clid 
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lid win admit. In other refpeds I have followed Dr Sim- Book.V* 
m's edition, to the accuracy of which it would be difficult to 
lake any addition. 

. In one thing I muftobferve, that the doSrine of proportion, 
I laid down here, is n^ant to be more general than in £uclid's 
Iknientsl It is intended to include the properties of propor- 
^Qual numbers as well as of all magnitudes. Euplid has not this 
^$gn, for he has given a definition of proportional numbers in 
iie jteventh Book, yery different from that of proportional 
Magnitudes in the fifth ^ and it is not eafy to juftify the logic 
f-tqis manner of proceeding -, for we can never fpeak of two 
unibers and two magnitudes both having the fame ratios, 
nlfiift the word ratio have in both cales the fame fignifi- 
fttien. All the propofitions about proportionals here given 
re.therefore underftopd to be applicable to numbers ; and 
ocqrdingly, in the eighth Book, the proportion that proves 
qniangular pai^allelograms to be in a ratio compounded of 
lie ratios of the numbers proportional to their fides, is de- 
lonflrated by help of the proportions of the fifth Book. 

On account of this, the word quantity, rather than magni- 
ode, ought in ftrifbieis to liave been ufed in the enunciation 
f thele propofitions, becaufe we employ the word quantity 
denote, not only things extended, to which alone we give 
he name of magnitudes, but alfo numbers. It will be fuffi- 
iient, however, to remark, that all the propofitions refpeding 
be ratios of magnitudes relate equally to all things of which 
Ufiiples can be taken, that is, to all that is ufually exprefied 
tj[^ the word quantity xn its jnoift extended fignificadon, ta- 
"liig care always to obferve, that ratio takes place only amon^^ 
^ quantities. (See Def.- 4.) 
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The definition of compound ratio was firft given aceurate- 
By lir Simfon j fpr^thotigh Euclid ufed the term, he did lb 

Aoift'defintirtgit. I have placed this definition before thofe 
j|bblScate Tand triplicate ratio, as it is in fa6l more general, 

df'w'w ridjatipn of all '.the three definitions fe bell feen 

"^ \:' "' '" '' ' Cc 3 when' 
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vhoii thtj arjertfiged in this order, and eiq>re£MlatiM 
ner dohe here ; duplicate ratio being calkd arstio com| 
ed^f two equal ratios, and triplicate of three ^oftl radio 
It was juAlj dbferved bj Dr Simfon, tfiat the ea^ 
compound ratio is introduced merely to pnevwnt ofarcnndoi 
and for the lake prinoipalfy of en unctatin g tbofe propi 
with tsoncifenels that are dononftrated by rekfeninflp tt 
that is, bj reafoning from the 22d ^r 23d of tbis Boofc 
will be' evident to any one who ccsffiden ccuspfoHj the jR 
of Ais, or the 23d m ihe Wi Book« 
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ROOK VI. 



DEFINITION n. 



Pook VI. r I -ijiis definition id changed firom that of r^dproctd^ 
* ~ ' A which was of no ufc, to one that cocre^jponds % 

language ufed in the 14th and l^^ pj::op<^tionfi, and in 

parts q£ ^eoQietiyt 



PROP, xxvn, XXVIII. XXIX. 

As confiderable liberty has been tali^en with thefe pn 
tions, it is neceflary that the reafons for doing fo ihould I 
plained. In the firft place, when the enunciaUoos are 1 
lated literally from the Gh:eek> they Xbund ^ttj barfiil} 
are, in fsft, extremely obfcure. The phrafe of applyj 
a ftraigbt line, a parallelogram deficii^nt, or es^ceeding bjf 
ther parallelogram, IS fo elliptical and fo little ansUogc 
ordinary language, that there could be no dou1)t of the 
pri^ty of at leaft changing th<^ enunciation^. 

3 
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7, It -jicxt occurred, that the problems themfelves in the ^ Book VI. 

iSflh and a9th propofitions are propofed m a n:iore general ^ 

CMrxn than is neceSarj in an elementary work, and that, 

berefbvey to take thojie cafes of them that are the moft 

i|!^sfo}| af t^y . happmi to l)e the i^oft fimpl)e, m\;ift be the 

IB^ ;wgy .of aycwrnxod^ting then^ to the ^apa^Uy c^ a le^rn« 

gu. "lof pfoUem vthiqh Euclid propoles in th^ 28th is« 

tb jTo a gLYBii ftn^igkt line to apply a pardlek>graii(l eqi^al %a 

If A giyefi r^^m^Q^e^l figuren and defi^iept by a parallelograin 

^ nmilar to a given paraUelograBo^ ;" which aUb mifiht he 

snore intelli^bly enunciated thu^ : '' To cut a given ht\e» fo 

^' that the parallelogram that has in it a given angle, and that 

^ is contained under one of the fegi^ents of the given line, 

** and a ftraight line which has a given ratio to the other feg- 

^ ment, may b^ equal to a given fpace -" ifillead of which 

{H^kpa I have fabflituted this others ^Xo divide a given 

^ firaight line ft> that the re^angl^ under its fegments may 

** be e^ual to a given ipace." In the adual fohition of pro- ' 

blems, the greater generality of the former propofition is an 

advantage more apparent than real, and is fully compenfated 

by the umplicity of the latter, to which, alfo, it is always 

eafily reducible. 

The fcune may be faid of the 29th, which Euclid enunci- 
ates thus : ". To a given ftraight line to apply a parallelo- 
•* gram equal to a given rectilineal figure, exceeding by a pa- 
^ tallelogram fimilar to a given parallelogram." TTiis might 
^'propofed otherwife; "to pro4^ce a ^ven line, fo that the 
^LparaUeiogram having in it a given angle, and contained by 
*^ the whole line produced, and a ftraight line that has a gi- 
^ v^ ratio to the part produced, may be equal to a given 
*• rectilineal figure.'" Inftead of this, is given the following 
problem, more finftple, and, «& was obferved in the former in- 
fiance, very little leis general : " To produce' a' given ftraight 
•* line, fo that the rectangle contained by the iegments, be- 
*^^ twecti' the- extremities of the given line, and the point to 
^** ivhicfa it % Jroduced^ fioiiy b« equal to a given fpace." 
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ii4 NOTE 6. 



BootcVI. 



PROP. A, B, C, Vc. 



^l 



There are eight propofitions added to this Book/oa ae- 
count of their utility and their conneftioii V9tAi this pan of 
the elements. The iirft four of them are in Dr SinfaA 
edition, and among thefe Prop. A is given immediately afiir 
the third, being, in fad, a fecond cafe of that propofition, H 
capable of being included ivich it, in one enunciadon. Ptpp.1) 
is remarkable for being a theorem of Ptolemy the ailnxib- 
mer, in his Mcyo^Ti ^urra^i^^ and the foundation of the oobfliQC- 
tion of his trigonometrical tables. Prop. E is the fimpU 
cafe of the former ; it is alfo ufeful in trigonometry, ndt 
under another form« was the 97th, or, in fome editions, tbe 
94ch of Euclid's Data. The propofitions F and G flreWf 
iifcful properties of the circle, and are taken from the Ui 
Plani of Apollonius. Prop. H is a very remarkable proper- 
ty of the triangle. 



2 



BOOK VII. 

Book VIT. The reafon for departing from Euclid in the geometxy of 
' ^"^ folids has been already explained in the Pre&ce^ fo that it 
only remains to make a few remarks on ibme particular de- 
finitions and theorems. 



DEF. VIII. and PROP. XX- 

Solid angles, which are defined here in tfie fame manner is 
in Euclid, are magnitudes oif a very peailiar kind, and .may 
be remarked for not admitting of that accurate companfont 
pne with another, which is coxpmpn in the other fubjeds of 

geometry. 
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geometry. It cannot, for example, be Cud of one folid angk, ^^ ^P» , 
that it is the hal^ or the double of another folid angle, nor ' " ' 
did any geometer ever think of propofing tlie problem of bi« 
feeing a given folid angle. In a word, no multiple or fub* 
multiple of fuch an angle can be taken, and we have no^way 
of expounding, even in the fimpleft cafes, the ratio which one 
.9^ .them bears to anodier. 

In this refped, therefor^ a folid anrle differs from every 

.joijher magnitude that is the fubjeft of mathematical reafdn- 

f-ing, all of which have this conunon property, that multiples- 

aod fubmultiples of them may be found. It is not our bufi- 

lieis here to enquire into the reafon of this anomaly, but it is 

.plain, that on account of it, our knowledge of the nature and 

the properties of fuch angles can never be very far extended, 

.and that our reafonings concerning them, muft be chiefly con« 

fitted to the relations of the plane angles, by which they ve 

.^qoptafoed.. Doe of the moil remarkable of thofe relations is 

^at wHck is dempnftrated in the 20th of this Book, and whiich 

> 19, that all the plane angles which contain any folid angle muft 

together be lels than four right angles. This propofition is 

the 2ift of the i|th of £ucli4« 

This propofition, however, is fubjed to a reftriftion in cer- 
tain cafes, which, I believe, was firft obferved by M. le Sag« 
of Geneva, in fi communication tp the Academy of Sciencet 
of Paris in 1756. When the (e£tion of the pyramid formed 
by the planes that contain the folid angle, is a figure that has 
none t>f its angles exterior, f^ch as a triangle, a parallelo^ 
gram, 8cc. the truth of the propofition juft enunciated cannot 
pe queftioned. But, when tfie afpr^faid fedtion is a figure like 
tiimt ndiich is annexed, vik* 
ABDC, having fome of i^ 
^gles, foch as BDC, pxx»* 
rior, or, as they are fome- 
times called, re-entering 
Mgles, the propofition is not 
neceflarily true; and it is 
plsdn, that in fuch cafes the 
demonilration which we 
■have given, . and which 
|s uie fame with Euclid's, 

■l^ill no longer apply. ■ Indeed, it were cafy to flxew, that on 

*^afes of this kind, by multiplying the numbn: of fides, folid 

. . angles 
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•v*^^^ <^P^^ ^B^7 ^ fonnedt fiv:h that the pboe aa^ks -whxA coir 
tsin them fhall exceed four right angles by anj <}umntity i^ 
figned. An illuftration of thu from the pvoperties of the 
f^icre is perhaps the fimpleft of all othozs. Soppofe dur, 
en. die fivface of a hemifphcre there is defcribed a ^tfiu«» 
bounded by any nutober of archee oi greet c^lea auung 
angles with one s^ipther, on oppofite fides altcrmt^yf iIm 
plane angles at the oisfttr^of the iphere that ften4 en. tbafe 
arches may evidently exceed four right angles, and that, too^ 
by multiplying and extending the arches, in any affigncd ra- ' 
tie. Now, the^ plane angles contain a folid angle at the centie 
<»f the fphere, according to the definition of a folid angle. 

We are to underftand the propofition in the text, d&erefore, 
to be true only of thofe folid angles in which the inclinaUon 
^ the plane angles are all the fame way, or all dire£ke4 to- 
ward the interior of the figure. To diflinguiih this olafi of 
jblid angles from that to which the propofition does not nf- 
Iply, it is perhaps bed to make u£e of this criterion, that .they 
are fuch, that when any two points whatfoever are taken in 
the planes that contain the folid angle, the ftraight £ne join- 
ing thofe points falls whoUj within the folid angle ; or thus, 
they are fuch, that a ilraight line cannot meet the planes which 
contain them in more than two points. It is thus, too, that I 
would' diflinguiih a plane figure that has none of its angles 
exterior, by laying, that it is a redtiHneal figure, fiich that a 
ibraight line cannot meet the boundary of it in more than two 
points. 

We diftinguifh, therefore, folid angles into two fpecies, one 
in which the bounding planes can be inter£e£ted by a ftraight 
line only in two points; and another where the bounding 
planes may be interfe6ied by a ftraight line in mere than two 
points ; to the firft of thefe the propofition iu the text applies^ 
to the fecond it does not. 

Whether Euclid meant entirely to exclude the confiders- 
tion of figures of the ]atter kind, in all that he hay faid of fo^ 
lids, aud of folid angles, it is not now eafy to determine i It is 
certain, that his definitions involve no fuch exclufion j and 
as the introciudlion of -dny limitation would coniiderably «^a- 
barrafs thefe defiii it iui^-h. and render them difficult ■ ^^ ; - uo- 
derftood by a beginutr^ I have kft il ou-, rri-rv £ to' this 
place the full ex;MaiiJuion :-i ihe diflV.:\it:j'. 1 can !iot qm- 
clude this note wiLhaut: itc^arl^iug/vvita' the hilloriau of.'^e 

Academy, 



NOTES. 3»» 

Aend0iii<rt that it i* extremely Gngular, (hit ii«t one of aU BactWfc 
tbofe wbo had read or cnhined Euclid before M. 1« Sage, ' 
^^MKs toliaTe been feafible oi thii miftake. (Mtmoirti A 
fJttad. A' Scimeu 1756, Hifi. p. jy.J A circnmftance that 
TCRden dais lUll more fingnlar ia, diat another miflake of Eu- 
clid on the fame fal^efti aod perhaps of bU other geometen^ 
eCeaped M. k Sage alio, trnd was firft difcorered by Dr Sifll- 
foti, « win s^qiear in tfae fiiUomng note. 



P E F. IX. and P R O F. XXI. 

Tbefc relate » fimilar and equal fdids, a fidqeft on wbich 
mift^tcB have prevailed not unlike to tbat which has jnit 
1>eea mentioDed. The eqttaltty of folids, it b natural to ex- 
peft, mnft be proved like the equalir^ of plane figures, by 
flievring that diej may be made to coincide, or to occupy ilie 
lame fpace. But, though it be true diat all fblids which can 
be (hewn to ctnncide are equal and fimilar, yet it docs not hold 
converfely, tfiat a3i io&is which are equal and fimjlar can be 
made to coininde. Thon^ this afiertion wA, peiitaps, at 
firO, aipp«u a paradox, yet the proof of it is eztremdy 
fimple. 

Let ABC be an ifb&eles tfianglc, of which ±e equal fides 
are AB and AC ; from A draw A£ perpendicular to the 
bafe BC, and BC iJUl be bifbOed 
in E. From E draw £D per- 
pendicular to the plane ABC, 
and from D, any pcnnt iif it, draw 
DA, DB, DC to die three angles 
of-the triangle ABC. The py- 
ramid OABC is' dttided into 
two pyramids DABE, DACE, 
whid), ^oogh no (^e will dif- 
pute their equality, cannot be fo 
applied to one another u to co- 
incide. For.though the triangles 
ABE, ACE arc equal, BE be- 
}0K equal to CE, £A common 

to Roiu, and the angle| AEB, AEC equals becaufe they are 

right 
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Book VII. right angles, yet if thefe two triangles be applied to one anp- 
*"^ ther, fa as to coincide, the folid DAGE will, n^vettbeleis, as 
isjevident, fiall without the folid DABE, for the two iblida 
will be on the oppofite fides of the plane ABE. In the lame 
way, thoagh all the planes of the pyranid DABE may ea&-. 
ly.be fhewn to be equal to thofe of the pyramid DACE* 
each to each ; yet will the pyramids tbemfcdves never coin- 
cidt:, though the equal planes be applied to one auottier, be- 
cau& they are on the oppofite fides of thofe planes. 

It may be laid, then, on what ground do we conclude tl^ 
pyramids to be equal ? The anfwer is, becaufe their confimc- 
rion is entirely the fame, and the conditions that detentiine 
the magnimde of the one, identical with thofe that detennine 
the magnitude of the other. For the magnitude of the py- 
ramid DABE is determined by the magnimde of the tri« 
angle ABE, the length of the line ED, and| the pofidoa. 
of ED, in refped of the plane ABE-, three circumflanoes 
that are precifely the fame in the two pyranaids, £b tha.t th^ 
is Aothing that can determine one of them to be greater tl^ 
another. 

This reafoning appears perfefily conclufive and fatisfa&ory, 
and it feems alfo very certain, that there is no other piinciple^ 
on which the relation of the fblids DABE, DACE to one 
another, can be determined. Neither is this a cafe that oc- 
curs rarely ; it is one, that in the comparifon of magnitudes 
having thr^e dimenfions, prefents itfelf continually ; for, though 
two plane figures that are equal and fimilar can always be 
made to comcide, yet, with regard to folids that are equal 
and fimilar, if they have not a certain regularity in their 
conftruclion, there will be found juft as many cafes in 
which they cannot, as in which they can coincide. Even 
figures defcribed on furfaces, if they are not plane furfa- 
ces, may be equal and fimilar without the poflibility of co-' 
inciding. Thus, in the figure defcribed op the furface of a 
fphere, called a fpherical triangle, if we fuppofe it to be iibf- 
celes, and a perpendicular to be drawn firom the vertex on the 
bafe, it ^ill not be doubted, that it is thus divided into two 
right angled fpherical triangles equal and fimilar to one ano- 
ther,.aad which, nevertheleis, cannot be fo laid on one another 
as <o agree. The fame holds in innumerable other inftances, 

. ?md: 
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and therefoiie it is evident, that the Axioms at prefent admiN BookVlT, 
ted'iAto Creometrj are not fufficient for the companion of 
all g^eometrical magnitiides, and that there is a prindpie, mor^ 
general, and fundamental than that of the eqiiality of coinci- 
ding figures, which ought to be introduced. What this principle 
is has stlfo appeared yerjr clearly in the poutfe of thefe remarks"; 
and |t'is^ indeed, no other than the principle fo celebrated in 
the fjhnbfophy of Leibutz, under the name of the suffi ciKN't 
REASON. For it was mewn, ;hat the pyramids DABE and 
DAC£ are concluded to be equal, becaufe each of them is 
deti^rniined to be of a certain magnitude, rather than of any* 
other/ by conditions that are the fame in both, fo that there is 
ho REASON for the one being greater P^ the other. This 
Axiom inay be rendered general by f^yiii^, That things of 
which the magnitude is determined by conditions that are e%-^ 
tdSy ^theiame, are equal co one ;another*, or, it might be ex- 
prefied thus : Twq magnitudes A and B are e^ual> when there 
is no ceafon that A ihould exceed B, rather than that B fhould 
exceed A* Either of thefe will ferve as the fundamental prm* 
ciple for comparing geometrical magnitudes of every kind j| 
thejr will apply in thofe cafes where Uie coincidence of tnUg-: . 
nitudes with one another has no place ; and they will . apply 
-with gr^ait readinefs, to the cafes in which a coincidence may 
take place, fuch as in the 4tli, the 8 th, or the 2 6th of the Firft 
Book of the Elements. 

The only objedion to this Axiom is, that it is fomewhat of 
a metaphyiical kind, and belongs to the do^bine of the /t^- 
Jicient reafon^ which is looked on with a fufpicious eye by 
fome philofophers. But this is no folid objedion ; iot~ 
fuch reafoning may be applied with the greateft fafety to; 
thofe objedis with the nature of which we are perfedHy ac- 
quainted, ^d of which we have complete definitions, as in 
pure mathematics. In phyiical queftions, the fame principle 
cannot be applied with equal fafety, becaufe in fuch cafes we 
have feldom a complete definition of the things we reaibn 
about; or one that includes in it all their properties. Thus/ 
when Archimedes proved the fpherical figure of the earth, by' 
reafoning on a principle of this fort, he was led to a f ilfe con- 
clufion, becaufe he knew nothing of the rotation of the earth 
on its axis, which places the particles of that body, though at 
equal diilances from the centre, in circum (lances very difierent 
from one another. But, concerning thofe things that are the 

\ creatures 
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^^^2^ creatures of the mind altogether, like the objeds of mathe- 
matical inrefligationy there can be no danger of being miiled 
by the principle of the fafficient reafon, which at thie fmt 
time fiimiihefl us v^ith the only fingle Axiom, by help d 
which we can compare together geometrical qusntitiesy whe- 
ther they be of one, of two, or of three dimenfioos- 

From the remarks juft made, it mecefiaiily fbDows, that fame 
demonftrations relating to the companion ^f loli<la tfiathavE 
hitherto been reckoned unezceptionaUe^ are not conclnfiTcr, 
at leaft, not lb generally fo, as die enunciations import. Soak 
is the Prop. C, which Dr Simfon has introduced into the iith 
of Euclid, with a view of fupplying the defeda of £uclii^ 
metliod. The proportion Is, that ^* foli4 figures contained by 
the fame number of equal and fimilar planes, alike fituatel, 
and having none of their fblid angles contained by mcci^tiiia 
three plane angles, are equal and hmilar to one aaodier«T'i:fir 
Simfon proves the truth of this propofition by placing the £»* 
fids on the fame bafe, and Co making them to coincide. TfaiSi 
however, cannot always be done with fidids that ar« fimikt 
and eqaal, as has been (hewn, fo that the propc^ticm is nccet 
£uily limited in its extent, and that limitation ought not' tOilit 
underfiood as implied in the words, alike fituated. -Tm 
this phrafe is applied to plane figures, in which, when Atj 
are fimilar and equal, a coincidence may always be fixppoCiBd \ 
and it certainly iignifies in that cafe nothing but that the fidfli 
are placed in the fame order, and that the angles they make 
with one another, are direded the fame way with reijpe&'to 
the figure in each ; that is, if any angle is exterior, or r#*^ir- 
tering in the one, it is the fame in the other, and £b on« It 
is in the fame way that it fhould be underftood when appHed 
to folids. 

For the fame reafon, the aifl propofition of the leventh 
Book of thefe Elements is not demonftrated in its full extent*' 
This, however, does not affed the fubfequent reafoning, be- 
caufe the cafe which is demonftrated is fumcient for the pro^L 
of the propofitions that follow* 

Another remark concerning the geometry of folids is, that 
Euclid, and the mathematicians who followed him, were -in 
the wrong, when they held, that thoie folids are equal whidi 

. .. :.. are 
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-asK^cxmuined Tinder the £u»eniimberof equal and£miIarp1aBe$,^^^ '^* 

-ivitlioiit adding, ibat the planes mud be fimiiarljr fituated. * 

For this remark we are indebted to Dr Simibn, who has ihewa, 

A9t unleis the condition^ of the planes being £niilarlj fituated, 

be added^ the propofitilA is fidfe, in fo much that innumerable 

folids may exift, contauied by the Ifanie nmnber of- fimikr 

«ad«qual planes,/fha(t i&all be all unequal to one another. 

He has proved tke fiMn^' with refpeft' to foUd anglesi, which 

wei*e before lield to be >eqnal when, the j were contain* 

fidhy the fame nuitkbet o£ e^al plane angles; for he ihews 

idiat there, too> unleis the plane angles be ilmilarly fito^ 

ted, the £t)lid itilgles may be Unequal. 

V This remark was pilUiihed by Dr Siaafon, in the &cSt edi* 

tiicm of his Euclid, in t 756, <m tiie very iame year when i/L 

tff Sftgjg co m m t imca t ed to the Academy of Sciences the obfisi* 

vation on ite fame fubjed mentioned in the lait note ; and 

it is fingular, that thefe; two seometers, without any comtDH^" 

nictation with one another, uioald, alm(>ft at the &nie. tiisc, 

have made two difcoveries fo nearly conneded with one ai|o* 

theff» and yet, that neither of them ttiaaid have perceivi^ iJie 

|riK>le of the itnith, fo that the di&Qvery of each is incompbte 

without that of the other, r 

;- .When we fpeak of tbe-pjanes.of two folids being finulady 

filfured, it is always sisanii, that the planes, ai^ 'in. the fame 

^lEder^ond their indtaatioiis direSed the.£une way aaii^^peft 

tti'^bc foUd. Dr Simion has proved the trutk ofiiis c^ 

tnaritap follows: 

'' ** Let there be any plane rediKneal figure, as ^e triaaigle 
A:BC> and from a point D within it, *^tr thfe Itrat^ Ihie 
D£ at right angles to the plane ABC ; in D£ take i>£', DF 
leqnal to one anodier, upon the oppofite fides of the ^aiie» 
Ad let G be any point in EF; jom DA, DBt IK!; EA 
Efi, EC ; FA, FB, FC -, GA, GB,.GC : Becanfe the ftnu^ 
line EDF is at right angles to the plane ABC, it makes H^ 
angles with DA, DB, DC, which it meets in that plane ; and 
in the triangles EDB, FDB, ED and DB are equal to FD 
and DB, each to each, and they contain right angles ; there- 
fia%^i}ie BafeEB is eqoal to the bafe FS ; in the lame manner 
£A'iseqDslito FA, andEC to FC : And in the triangles 
£BA, FJ^A, £B, BA an: tqual to FB, SA, atid the bafe 
£Aise(]pialtothebaf(d FA) tlrhere^M the aa^ £BA is 

^equal 
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Ro^ v]U.c^uaI to die uigle FBA, and the ttiuigle £BA «qiial to till 
• ■ tnaogle FB A, And the other angles cqou to the atibxr Mt^ ; 
dieTMore tbefe tri- 
ahglea sre fimilar : 
In the fame manner 
the trianj^ £BC u 
Cmilar to the tri- 
angle FBC. and the 
triangle EAC to 
FAC ; therefore 
there are two folid 
figures, each of which 
is contained by fix 
tnanglei,oneofthcm . 
liy uaee triangles^ 
the common vertex 
, of trbich is the pwnt 
G, aftd th^ bafea 
the Afaight lines AB, 
BC, CA, and bj tJiree other triangles the coibmon veiteC 
of which is the pinnt £'i and their bafea the fame lines AB, 
BC, CA 1 The other folid is contained by the fame three trt- 
angles, the cotnmen vertex of which is G, and their bafcs AB, 
BC, CA ; and by three other triangles, of which the com- 
mon vertex is the pmnt F, and their bafea the fame flraight 
lines AB, BC, CA : Now the three triangles GAB, GBC, 
~GCA are common to both folids, and the three others EAB, 
EBC, ECA of the firli folid have been Ihown equal and fi- 
milar to the three others FAB, FBC, FC A of the other fo- 
lid, each to each ; therefore, thefe two folids are contained hj 
the &me number of equal and limilar planes : But that [he^ 
.are not equal is manifdt, becaufe the firit of them is contained 
in the other : Therefore it is not univerCally true, that fdids 
are equal which arc contained by the £une number of cqoii 
and fimilar planes." 

*' CoR. From this it appears, that two unequal folid an^ 
may be coi.tained by the lamo number of equ^ plane asglei." 

" For the folid angle at B, which is contained by the igut 
plane angles EBA, EBC, GBA, GBC is not equal to the fo- 
lid angle at the fame point B, which is contained by the four 
plane angles FBA, FbC, GBA, GBC ; for Uus lalt contaios 
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tte odierr-.A^ieach. of them is contained ^.by four plan^ .^^P^J?^ 
ai|^^,^ wUi^ ^ .1^^^ to one, another, each to each, or arc^ . r , 
the felf fame, as has been proved : And indeed, there may 
be innumerable folid angles all unequal to one another, whidh 
are each lof them contaiji^d by plane angles that are equal to 
one another, each to. ^kdby It is likewise roamfeft^ that the 
before mentioned fofids are^not fimilar, iince their folid angles 
are not all equal. V^ 
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/ ^ PHOT. xxxm. ' 

IThe principal departure from the method of Euclid, intro- 
diiMl into this Book, relpe£la the p3nramid ^ in treating of 
which, the- method of exhauftions b firft employed, as in this 
propofition. The demonfbation uied here has the advantage 
of applying very generally to all the folids which require that 
method, and which can be treated of in the Elements ; and it 
ha»,alfo a very clofe and evident, affinity to the methods ufed 
in the higher geometry. 
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•^'"l^fiE objcft of this Book being to compare with one aUo-Book vm, 
■JL thcr, and with the parallelepiped, the folids that depend ' 
ta<the circle, it is neceflary to begin with the quadrature of 
that figure, or the comparifon of the fpace contained within 
it with redilineal figures. The firft eight propofitions relate 
eptiitly tathis fubje£l, and contain the rules both for finding 
the leiigth of 4he circumference nearly, and aifo the fpace 
aofitained .within it^ and in demonlbrating them, I have 
fiilloi^ed partly the method of Thomas Simpfon, in his £le- 
OLtets, and psordy that of Archimedes, in his Dimenjio cir^ 
\mH. A^'thefoundatum of the prqpofition for finding the 
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Book vnhiong^ of the cifcum^^fieno^ 99 A^wn h f^ccBpLcd to the be* 
ginfiing of this Book» the. fsim^ k^. ttk& wkh that which Af- 
chiioedjcs. emploj^ as the hiajSs oi loist myeOigajdiosXt though 
ibmiewhat more concj^elj- expreflcd^ I ha^ve already t^en 
notice of this Aj^om, ifk the no^^ on pafisShl lines, (p. 37^) 
as a proportion wtikh it ha9 l^n^en. fouad iviipoifl^ble t» de- 
monftrate, though it ceriiaioj^ i»jig)H; hQ expeded to folkw 
neceflarilj from the ideas of a ftraight, and; ^ curvQ^lm* 
Another thing remarkable concerning this Axiom is, that 
in the fimpleft cafe of it, when the figures are re^ineal, 
it admits of demonftratipn ; for it then, coincides with the 
20th and 2ift of the firft of Euclid, in the former of which it 
is fliewn, that any two fides of a triangle are greater than the 
diird, and In the latter, that of two toongles. which. hav« the 
fame bafe, that which is withiia die other^ haetbe ftm o£iit9:fito 
the lead. But when, infteadi q£ twa fides of. a tariangls^ we 
have a curve AEB, and a/ihraight line 
AB terminated- in the .fitme points. 
A and B^ it then cea&s to.be poffible 
to prove, that AEB is. greater dian 
AB •, as alfo, that any curve line 
which includes AEB, and is ter- 
minated in A and B, is greater than 

AEB ; and the truth of both thefe propofitions muft be taken 
for granted. At leaft, after Archimedes has confidered them 
as Axioms, we may reafonably defpair of ever feeing them 
demonftiated. Here, therefore, we find ourfelves under the 
neceffity of taking for granted a general propofition, after 
having demonftrated the fimpleft cafe, of it. For all this, the 
trouble taken, to demonftrate that cafe, ought not to be confi- 
dered as fuperfluous, for we are thereby prepared to admit the 
general Axiom, and. have the fatisfadion of obferving its per- 
feft agreement with, truths, previoufly demonftrated» It is 
probably from the circumftance of a. curve line haying no 
definition, but one which is merely negative, viz. that it.is a 
line of which no part is a ftraight line, that the impoffihility 
of demonftrating this propofition takes its rife. 
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PROP. IV. V. &c. 

The demonfttajtibns of the 5 th and 6th prbpofitions rcquiffe 
the method of exhauflions, that is to faj?^, diey prove a ceitaih 
property to belong to the circle, becaufe it belongs to the rec- 
tilineal figures mfcilbed in it« or defcribed about it according 
to a certain law, in the cafe when thofe figures approach to 
rfie circle fo nearly as not to fall (hoTt» of it, ot to exceed It 
hy any afBgnable difference. Thjs principlfe is general, and is 
the only one by which 'we can poifliblv cotopare curvelineal, 
with reftilineal fpaceS, of the length of our ve lines with the 
length of ftraight liAeS, wliether we follow the methods of the 
ancient or of me modern geometers. It is, therefore, a great 
injuftice to the latter methods to reprefent them a^ Handing 
on a foundation lefe fecure than the former ; they ftand iri 
reality on the fame^ and the only difference is, that the ap- 
plication of the principle, common to them both, is more ge- 
neral and expeditious in die one cafe than in tile othef . 
This identity of principle, and affinity of the methods 
l^ed in the elementary and the higher mathematics, it feems 
the more neceffary to obferve, that fome learned mathe- 
maticians have appeared not to be fofficiently aware of it, 
and have even endeavoured to detnonfirate the contrary. An 
inflance of this is to be met With in the preface of the 
valiiiatle edition of the works of Archimedes, lately prin^;- 
ed at Oxford. Ift that preface, Torelli, the learned cotti- 
mentator, whofe labours haVe done fo much to elucidate 
the writings of the Greek geometer, but who is fo unwilling 
to acknowledge the merit of the modern analyfis, undertakes 
to prove, that it is impoffibk from the relation which the rec- 
tilineal figures infcribed in, and ciTcumfcribed about, a given 
curve, have to One another, to coAclttde any thing concerning 
the properties of the curvelineal fpace itfelf, except in certain 
circumuances which he has not precifely defctibed. With 
this view he attempts to fl^w, that if we are to reafon from 
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Book Vin. the relation which certain redilineal figures belonging to the 
~ circle have to one another, notwithftanding that thole figum 
ipay approach fo near to the circular fpaces within wmdi 
they are infcrihed, as not to differ from them bj any affign- 
able magnitude, we ihall be led into error, and ihall feem to 
prove, that the circle is to the iquare of its diameter exa£U 
ly as 3 to 4. Now, as this is a conclufion which the dif- 
coveries of Archimedes himfel^ prove fo clearly to be falfe, 
ToreJli argues, that the principle from which it is deduced 
mull be falfe alfo ^ and in this he would no doubt be 
njghe, if his former concluiion had been fedrly drawn. But the 
truth is, that $1 very grois paralogifm: is to be found in that 
part of bis .reafoning, where he make$ a tranfition from 
the ratios of tjie fcnajl rectangles, infcribed in the circular 
fpaces, 10 the ratios of the ll^ns pf thofe re£hmgles, ojr 
of the whole reciilineal figures. In doing this, he takes 
for granted a proportion which, it is wonderral, that one who 
had ftudied geopaetry m the fchool of Archimedes, fhould for 
a moment have fuppofed to be true. Tbe propofition taken 
in the fimplelt view of it is this : If A, B, C, D, E, F, be 
any nuxaber of magnitudes, and a, b, c, d, e, i^ as manj 
pthers ; and if A : S : : a : b, 

C : D : : c : d, 

E : F : ; c : f , then the fum of A, C and E 
will be to the fum of B, D and F, as the fum of a, c and e, 
to the fum of b, d and f •, or A+C+E : B+D+F : : a+c+c : 
b-j-dff. Now, this propofition, which ToreUi fuppofes to be 
perfeftly general, is not true, except in two cafes, viz. either 
firlt, when A : C : : a : c, and 

A : E : : a : e ; and confequently, 
B : D ; : b ; d, and J'^ 

B : F : : b : f ; or, fecondly, when all 
the ratios of A to B, C to D,E to F, &c. are equal to one 
another. To demouftrate this, let us fuppofethat there are 
four magnitudes, and four others, 

thus, A : B : : a : b, and 

C : D : : c : d, tlien we cannot have 
A-f C : B+D : • a+c : b-fd, unlefs either, A : C : : a : c, and 
3 : D : : b ; d 9 or A : C ; : b : d, and confequently a : b : ; 
c ; d. 
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-. Take a magnitade K, fuch that a : c : : A : K, and another ^^^llY^ 

Ly foch that b : d : c B : L ; and fuppofe 

ifc true, that A+C : B+D : : a-fc : b+d. 

Tbea, becaufe by inverfion, K : A : : 

p : a, and, by hjpothefis, A : B : : a : b, 

and alfo B : L : : b : d, ex aquo^ K : L : : 

c : d ; and confeqnentlj, K : L : : C : D. 



K9 Ay By Li. 

c, a, b, d. 



Agun, becaufe A • K ^ "• a : c, by addition, 

A+K : K : : a+c : c ; and, for the ikme reafon, 

B+L : L : : b+d : d, or, by inverfion, 

L : B+L : : d : b+d. And, fince it has been 

(hewn, that K : L : : c : d ; therefore, ex ajuop 



A+f; K, L, B+L. 
a+c, c, dy' .b+d. 



* A+K : B+L : : a+c : 1^+d ; but by hypothefis, 
A+C : B+D : : a+c : b+d, therefore 
A+K : A+C : : B+L : B+D.. 

Now, firft, let K and C be fuppofed equal, then, it is evi-p 
dent, that L and D are alfo equal ; and therefore, fince by 
cpnflruSion a : c : : A : K, we have alfo a : c : : A : C ; and, 
for the fame reafon, b : d : : B : D, and thefe analogies forn^ 
the firfi of the two conditions, of which one is afiirmed above 
to be always effential to the truth of Torelli's propofition. 

Next, if K be greater than C> then, fince 

A+K. : A+C : ; B+L : B+D, by dirifion, 
A+K : K— C : : B+L : L— t). But, as was (hewn, 
K : L : : C ; D, by converfion and alternation, 
K-^C : K : ; L— D : L, ^refore, ex aquo^ 
A+K : K : : B+L : L, and, lalUy, by divifion, 
A : K : : B : L, or A : B : : K : Ly^at is, 
A : B : : C : D. 



Wherefore, in this cafe the ratio of A to B is equal to that 
|f C to D, and confequently, the ratio of a to b equal to tha^ 
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BookVlg qf^^od^ Thc6mfiinaybelhewii,ifKisIefitliaHiC; Aofr 
fore, in everj cafe there are condidons aeceftuy to the ind 
of Torelli's propofitioHy which he does not tftke into ueamnif 
Bad wiiich, as is eaiilj fhewo* do not bel<mg to the ougni- 
ludes to which he applies it. . 

In confequence of this, the concluik)n that is meant to it. 
efiablifhed refpe£ting the circle falls entirely t30 the gnu^ 
and with it the more general inference that was aimed againit 
the modem analjfis* 

It will not, I hope, be imagined, that I have tak^n notice 
of thefe circumflances with anj defign to leflen the reputation 
of the learned Italian, who has in £6 many refpeds deferved 
well of the mathematical iciences, or to detraft from the va- 
lue of a pofthumous work, which, by its elegance and corred- 
neis, does fo much honour to the Englifh editors. But I would i: 
warn the fludent againil that ipirit of party, which feeksto ll' 
introduce itfelf even into the inveftigatioas of geometry, and p 
to perfuade us, that elegance, and even truth, are qualities 
pofleffed exclufively by the ancient methods of demonftration. 
The high tone in which Torelli cenfures the modem mathe- 
maticSf is the more calculated to produce an opinion of tbi$ 
kind, that it is affumed by one who had ftudied the writings 
of Archimedes with fo much diligence ; and therefore, the ob- 
fervations, that have been made above, may be ufeful, by 
teaching us to liilen with caution to his decifions. h 
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This proportion is the foiuidation of the application of 
ariihmetic to geometry, and may be faid to be the truth that 
connecls together thefe two branches of the mathematics, 
though, in elementary treatifes, I think, it has for the moil 
part been omitted. In no cafe do we compute, in numbers, 
the area of any figure, or even calculate the length of a 
fide of a triangle, from the other parts which determine it 
being given, without having recourfe to this Theorem. If, 
for initance, from having two fides of a right angled triangle 
as ABC expreffed in numbers, we would compute the lengdi 
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C tbe ]»mum&g fide BC, we rnuft make efe of Ums pn)po*B«wfc vu^ 

tt^on^ aa w«U a» o£ the 47tb of 

jbe^firft Book. I^ iom MifiaDce« 

\B:::6yaiid ACi:Si ^nd^ if \t be 

rcqiHsed to find BC ;« tlieiK, fiece 

IkiB IS) t^ AC as 6 to> S^ ike 

ifHiHife o£ AB wiU be x» tbe 

l^ofkre^of AG, by dii» preft^t]o% 

as 6x6 to 9x8, eras 36 to 64^ 

«ikd therefore, aUb the fum o£ tl^e 

SlpiauQS oBr ABaiid AG wiH be 

ttitb«£|u«re cf AB as. looio 

36% Burtbefifoar^ef A&eitd AGaxtt cqaaL tatiie ^qaam 

of BC ; therefore, the fquare of BC is to the fqiiare of A B as 

100 to 36, and therefore, by the fecond corollary, BC is to 

BA as 10 to 6. It is the fame in other cafes; and, though 

the fteps may not all be taken fo regularly as is done here, 

they are nevertheleis as certainly implied. 




PROP. VIII. 



This enunciation is the fame with that of the third of the 
I^imenfio Circuli of Archimedes; but the demonftration is 
different, though it proceeds, like that of the Greek geome- 
ter, by the continual bife£tion of the 6th part of the circum- 
ference. In this propolition a particular notation is ufed, by 
putting the fign + after a number, to denote that fomething 
is to be added to it, and the fign — , to denote the contrary. 
Thus, when it is faid, that AQjs to AD as 866.0254+ to 1000, 
this fignifies, that AQ^is to AI^ ^ a number greater than 
S66.0254 is to 1000, and it is the fame thing with faying, that 
AQhas to AD a greater ratio Kthan 866.0254 to 1000. In 
the feme manner, when it is demonftrated in the fecond part 
of the propolition, that LN is to CD as 32.71927— to looo, 
it is meant, that LN is to CD as a number lels than 32.7 1927 
to 1000, or that LN has to CD a lefs ratio than that of 
32.71927 to 1000. 

The advantage that refults from this mode of expreffion is, 
that when we are to reafon about the fums or differences of 
two lines, of which the ratio h thus expreffed, it can be done 

by 
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^fc yJl^' by the fimpk addition or diyifioa of proportionals, widw 
any new propofition. Thus, when it is (hewn that AQ, 
which is the fame, DH is to DA as 866.0254+ to 1000, u 
evident from the 1 8th of the 5 th, that DEI and DA tO| 
ther, thas is, AH is to DA as 1866.0154+ to 1000 ; when 
if it had been laid that DH is to DA in a greater ratio d 
866.0254 to looOf a ieparate propofition, or lernma^ muft ha 
been introduced, for the exprd& purpofe of proving that E 
has to DA a greater ratio than 1866.0254 to 1000. 

It mud alfo be attended to, in reading thb propofition, tl 
the fecond figure is a part of the firft, reprefented on a kr| 
fcale, for the fake of rendering the fmall divifions of the c 
cumference, and the lines belonging to them^ more diftin& 
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